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Foreword to Earlier Series Editions 


More than a generation of German-speaking students around the world have 
worked their way to an understanding and appreciation of the power and 
beauty of modern theoretical physics — with mathematics, the most fundamental 
of sciences — using Walter Greiner’s textbooks as their guide. 

The idea of developing a coherent, complete presentation of an entire field of 
science in a series of closely related textbooks is not a new one. Many older 
physicists remember with real pleasure their sense of adventure and discovery as 
they worked their ways through the classic series by Sommerfeld, by Planck and 
by Landau and Lifshitz. From the students’ viewpoint, there are a great many 
obvious advantages to be gained through use of consistent notation, logical 
ordering of topics and coherence of presentation: beyond this, the complete 
coverage of the science provides a unique opportunity for the author to convey 
his personal enthusiasm and love for his subject. 

The present five volume set, Theoretical Physics, is in fact only that part of 
the complete set of textbooks developed by Greiner and his students that 
presents the quantum theory. I have long urged him to make the remaining 
volumes on classical mechanics and dynamics, on electromagnetism, on nuclear 
and particle physics, and on special topics available to an English-speaking 
audience as well, and we can hope for these companion volumes covering all of 
theoretical physics some time in the future. 

What makes Greiner’s volumes of particular value to the student and 
professor alike is their completeness. Greiner avoids the all too common “it 
follows that ...” which conceals several pages of mathematical manipulation 
and confounds the student. He does not hesitate to include experimental data to 
illuminate or illustrate a theoretical point and these data, like the theoretical 
content, have been kept up to date and topical through frequent revision and 
expansion of the lecture notes upon which these volumes are based. 

Moreover, Greiner greatly increases the value of his presentation by includ- 
ing something like one hundred completely worked examples in each volume. 
Nothing is of greater importance to the student than seeing, in detail, how the 
theoretical concepts and tools under study are applied to actual problems of 
interest to a working physicist. And, finally, Greiner adds brief biographical 
sketches to each chapter covering the people responsible for the development of 
the theoretical ideas and/or the experimental data presented. It was Auguste 
Comte (1798-1857) in his Positive Philosophy who noted, “To understand a 
science it is necessary to know its history”. This is all too often forgotten in 
modern physics teaching and the bridges that Greiner builds to the pioneering 
figures of our science upon whose work we build are welcome ones. 
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Foreword 


Greiner's lectures, which underlie these volumes, are internationally noted 
for their clarity, their completeness and for the effort that he has devoted to 
making physics an integral whole; his enthusiasm for his science is contagious 
and shines through almost every page. 

These volumes represent only a part of a unique and Herculean effort to 
make all of theoretical physics accessible to the interested student. Beyond that, 
they are of enormous value to the professional physicist and to all others 
working with quantum phenomena. Again and again the reader will find that, 
after dipping into a particular volume to review a specific topic, he will end up 
browsing, caught up by often fascinating new insights and developments with 
which he had not previously been familiar. 

Having used a number of Greiner's volumes in their original German in my 
teaching and research at Yale, I welcome these new and revised English 
translations and would recommend them enthusiastically to anyone searching 
for a coherent overview of physics. 


Yale University D. Allan Bromley 
New Haven, CT, USA Henry Ford II Professor of Physics 
1989 


Preface to the Second Edition 


We are pleased to note that our text Quantum Mechanics — Symmetries has 
found many friends among physics students and researchers so that the need for 
a second edition has arisen. We have taken this opportunity to make several 
amendments and improvements to the text. We have corrected a number of 
misprints and minor errors and have added explanatory remarks at various 
places. In addition to many other smaller changes the sections 8.6, 8.11, and 11.4 
and the exercises 3.9, 7.8, arid 9.5 have been expanded. Two new exercises on the 
Wigner—Eckart theorem (Ex. 5.8) and on the completeness relation for the 
SU(N) generators (Ex. 11.3) have been added. Finally, the. Mathematical 
Supplement on Lie groups (Chap. 12) has been carefully checked and received a 
new introductory section. 

We thank several colleagues for helpful comments, especially Prof. L. Wilets 
(Seattle) for providing a list of errors and misprints. We are greatly indebted to 
Prof. P. O. Hess (University of Mexico) for making available corrections and 
valuable material for Chap. 12. We also thank Dr. R. Mattiello who has 
supervised the preparation of the second edition of the book. Finally we 
acknowledge the agreeable collaboration with Dr. H. J. Kólsch and his team at 
Springer-Verlag, Heidelberg. 


Frankfurt am Main and Durham, NC, USA Walter Greiner 
July 1994 Berndt Müller 


Preface to the First Edition 


Theoretical physics has become a many-faceted science. For the young student it 
is difficult enough to cope with the overwhelming amount of new scientific 
material that has to be learned, let alone obtain an overview of the entire field, 
which ranges from mechanics through electrodynamics, quantum mechanics, 
field theory, nuclear and heavy-ion science, statistical mechanics, thermo- 
dynamics, and solid-state theory to elementary-particle physics. And this know- 
ledge should be acquired in just 8—10 semesters, during which, in addition, a 
Diploma or Master's thesis has to be worked on or examinations prepared for. 
All this can be achieved only if the university teachers help to introduce the 
student to the new disciplines as early on as possible, in order to create interest 
and excitement that in turn set free essential, new energy. Naturally, all 
inessential material must simply be eliminated. 

At the Johann Wolfgang Goethe University in Frankfurt we therefore 
confront the student with theoretical physics immediately, in the first semester. 
Theoretical Mechanics I and II, Electrodynamics, and Quantum Mechanics I 
— An Introduction are the basic courses during the first two years. These lectures 
are supplemented with many mathematical explanations and much support 
material. After the fourth semester of studies, graduate work begins, and 
Quantum Mechanics II — Symmetries, Statistical Mechanics and Thermo- 
dynamics, Relativistic Quantum Mechanics, Quantum Electrodynamics, the 
Gauge Theory of Weak Interactions, and Quantum Chromodynamics are 
obligatory. Apart from these, a number of supplementary courses on special 
topics are offered, such as Hydrodynamics, Classical Field Theory, Special and 
General Relativity, Many-Body Theories, Nuclear Models, Models and Ele- 
mentary Particles. and Solid-State Theory. Some of them, for example the two- 
semester courses Theoretical Nuclear Physics and Theoretical Solid-State 
Physics, are also obligatory. 

The form of the lectures that comprise Quantum Mechanics — Symmetries 
follows that of all the others: together with a broad presentation of the necessary 
mathematical tools, many examples and exercises are worked through. We try 
to offer science in a way as interesting as possible. With symmetries in quantum 
mechanics we are dealing with a particularly beautiful theme. The selected 
material is perhaps unconventional, but corresponds, in our opinion, to the 
importance of this field in modern physics. 

After a short reminder of some symmetries in classical mechanics, the great 
importance of symmetries in quantum mechanics is outlined. In particular, the 
consequences of rotational symmetry are described in detail, and we are soon led 


X Preface to the First Edition 
to the general theory of Lie groups. The isospin group, hypercharge, and SU(3) 
symmetry and its application in modern elementary-particle physics are broadly 
outlined. Essential mathematical theorems are first quoted without proof and 
heuristically illustrated to show their importance and meaning. The proof can 
then be found in detailed examples and worked-out exercises. 

A mathematical supplement on root vectors and classical Lie algebras 
deepens the material, the Young-tableaux technique is broadly outlined, and, by 
way of a chapter on group characters and another on charm, we lead up to very 
modern questions of physics. Chapters on special discrete symmetries and 
dynamical symmetries round off these lectures. These are all themes which 
fascinate young physicists, because they show them that as early as the fifth 
semester they can properly address and discuss questions of frontier research. 

Many students and collaborators have helped during the years to work out 
examples and exercises. For this first English edition we enjoyed the help of 
Maria Berenguer, Snježana Butorac, Christian Derreth, Dr. Klaus Geiger, Dr. 
Matthias Grabiak, Carsten Greiner, Christoph Hartnack, Dr. Richard Herr- 
mann, Raffaele Mattiello, Dieter Neubauer, Jochen Rau, Wolfgang Renner, Dirk 
Rischke, Thomas Schónfeld, and Dr. Stefan Schramm. Miss. Astrid Steidl drew 
the graphs and prepared the figures. To all of them we express our sincere 
thanks. We are also grateful to Dr. K. Langanke and Mr. R. Kónning of the 
Physics Department of the University in Münster for their valuable comments 
on the German edition. 

We would especially like to thank Mr. Béla Waldhauser, Dipl.-Phys., for his 
overall assistance. His organizational talent and his advice in technical matters 
are very much appreciated. 

Finally, we wish to thank Springer-Verlag; in particular, Dr. H.-U. Daniel, 
for his encouragement and patience, and Mr. Michael Edmeades, for expertly 
copy-editing the English edition. 


Frankfurt am Main Walter Greiner 
July 1989 Berndt Müller 
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1. Symmetries in Quantum Mechanics 


1.1 Symmetries in Classical Physics 


Symmetries play a fundamental role in physics, and knowledge of their presence 
in certain problems often simplifies the solution considerably. We illustrate this 
with the help of three important examples. 


a) Homogeneity of Space. We assume space to be homogeneous, i.e. of equal 
structure at all positions r. This is synonymous with the assumption that the 
solution of a given physical problem is invariant under translations, because in 
this case the area surrounding any point can be mapped exactly by a translation 
from a similar area surrounding an arbitrary point (Fig. 1.1). This “translation- 
invariance” implies the conservation of momentum for an isolated system. Here 
we define homogeneity of space to mean that the Lagrange function L(r;,/;, t) of 
a system of particles remains invariant if the particle coordinates r; are replaced 
by r; + a, where a is an arbitrary constant vector. (A more general concept of 
“homogeneity of space” would require only the invariance of the equations of 
motion under spatial translation. In this case a conserved quantity can also be 
shown to exist, but it is not necessarily the canonical momentum. See Exercises 
1.3 and 1.5 for a detailed discussion of this aspect.) Thus 


TA 


i OF; 


oL 
or; = at) — = . 
rj, =a 3 or, 0 (1.1) 
must be valid. Since a is arbitrary this implies 
(1.2) 


Here we have abbreviated 


aL fôL ôL ôL 
ôr; (ôx: dy,’ dz; 


the gradient of L with respect to r;. From the Euler-Lagrange equations 


a1 


P, a2 


Pz 


Fig. 1.1. Homogeneity or 
translational invariance of 


_ space means that the area 


around P follows from that 
of any other arbitrary point 


(e.g. Pi, P2,...) by transla- 


tions (41,45, we) 
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it follows immediately with (1.2) that 


dn ôL d 
alo uT? , thus P, = const. 


Here we have used the relation 0L/0X; = P,, for the canonical momentum and 
Y; Px, = P,. P, is the x component of the total momentum 


P= b Pais Y Py. DP} XB. (1.3) 


This is the law of momentum conservation in classical mechanics. In nonrelativistic 
physics, it allows for the definition of a centre of mass. This is due to the fact that 
this law holds in all inertial systems, because in all of these space is homogene- 
ous. Let P = Y , m;v; denote the total momentum in the system K. Then in the 
system, K', which moves with the velocity v with respect to K, it is given by 


P' = ¥ mvi =} mv; — ») = P- v} m , 


because nonrelativistically v; = v; — v. The centre-of-mass system is defined by 
the condition that the total momentum P’ vanishes. In K it moves with the 
velocity 


x ne) 
(zra) Bral GGe] na 


where 


r= (gmr) (3m) is 


is the coordinate of the nonrelativistic centre of mass. 


b) Homogeneity of Time. The homogeneity of time has no less importance than 
the homogeneity of space. It stands for the invariance of the laws of nature in 
isolated systems with respect to translations in time, i.e. at time t + to they have 
the same form as at time t. This is expressed mathematically by the fact that the 
Lagrange function does not depend on time explicitly, i.e. 


L-L(q.di . (1.6) 
Then it follows that 


dL oL oL 

— = ð — Åi Ll . 1.7 
[Note that if L depends explicitly on time, the term 0L/0t has to be added on the 
right-hand side (rhs) of (1.7).] 
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Making use of the Euler-Lagrange equations 


d ôL OL | 0 
dt 04: ôq; 7 
one finds 
dL .doL OL .. df ôL 
aligat Dag Dalta) 
or 
d ôL 
— liz--—-L]-0. . 
trat) a 
This expresses the conservation of the quantity 
ôL 
E=} å a7 —L=Lam-L=H , (1.9) 


which represents the total energy (Hamilton function H). The quantities 
7; = OL/0q; are the canonical momenta. Since the energy (1.9) is linear in Z it is 
additive, so that for two systems which are described by L, and L3, respectively, 
the energy is E = E, + Ez. This is valid as long as there exists no interaction 
L,2 between the two systems, i.e. if ZL, and Lz depend on different dynamical 
variables q; and q. The law of energy conservation is valid not only for 
isolated systems, but also in an y time-independent external field, because then L is 
still independent [the only requirement of Z, was time-independence, which led 
to the conservation of energy 1.9)]. Systems in which the total energy is 
conserved are called conservative systems. 


c) Isotropy of Space. Isotropy of space means that space has the same Structure 
in all directions (Fig. 1.2. In other words: The mechanical properties of an 
isolated system remain unchanged if the whole system is arbitrarily rotated in 
Space, ie. the Lagrangian is invariant under rotations. Let us now consider 
infinitesimal rotations (Fig. 1.3) 


0$ = 100,,00,,00.) . (1.10) 


The modulus 6¢ characterizes the size of the rotation angle, and the direction 
09/d@ defines the axis of rotation. The radius vector r changes under the 
rotation 6@ by ôr. We have 


or = | ôr] = rsin0óó 
and the direction of ór is perpendicular to the plane spanned by 6¢ and r. Hence 
ôr —óóxr . (1.11) 


In addition to the position vectors r;, the particle velocities v; are also altered 
by the rotation; they change their direction. In fact all vectors are changed in the 
same manner by a rotation. Thus the velocity change ôv; is given by 


óv-óóxw. (1.12) 


z 


z 


Fig. 1.2. Isotropic space is 
equally structured in every 
direction of e 


Fig. 1.3. Illustration of an 
infinitesimal rotation of the 
position vector r and an ar- 
bitrary vector 4 
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Since the infinitesimal rotation is assumed not to change the lagrangian, we have 


oL oL 
ôL = —-*ór, + —-:0v; | = . 1.13 
z( ar, or; + 2s. ôni) 0 (1.13) 


The canonical momenta are 


E ôL L) 


m = — =< —— 
ÔVix ° OViy ° Ovi, 


Qv; 


and according to the Lagrange equations we obtain 


“= Gt dv, ar; 


After substituting these quantities and also using (1.11) and (1.12), Eq. (1.13) 
becomes 


» [i:i (09 x ri) + m (09 x v;)] 
-MeIGxAE a n) = 06°F (Lan) =o (1.14) 
Since 
L-Ynxm (1.15) 


is the classical angular momentum, and the infinitesimal rotation vector 6¢@ is 
arbitrary, it follows that 


dL 

— = 1.16 
thus 

L = const. 


Because the sum in (1.15) extends over all particles, the angular momentum is 
additive — like the momentum, noted earlier in (1.3) -, i.e. if further particles are 
added their contribution to the total angular momentum is simply summed 
according to (1.15). This is valid, no matter whether the additional particles 
interact with the old particles or not. 

We may get further insight into these conservation laws by solving the 
following two problems. 
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1.1 Angular Momenta in Different Reference Frames 


Problem. 3) What is the connection between the angular momenta in two 
reference systems which are at rest relative to each other and whose origins are 
separated by the distance a? 

b) What is the relation between the angular momenta in two inertial systems 
K and K’ which move with velocity V relative to each other? 


Solution. a) Let us consider a system of particles with the position vectors r; in 
one coordinate system, and with the position vectors r; in another system. Since 
the origins of the coordinate systems are separated by a, we have 


K,=rje+a. (1) 


The total angular momentum of the system is given by 
L= Y FXDy;. (2) 


Inserting (1) into (2) it follows that 


L-Yrnxp-)rixptaxYp . (3) 


Now Y; ri X p; = L', because the momentum of a particle does not change if we 
transform between systems which are at rest relative to each other, and 
>, Pi = P is the total momentum of the system; thus, 


L=L'+axP . (4) 


The total angular momentum is composed of the internal total angular mo- 
mentum and of the angular momentum of the entire system with respect to the 
origin, at a distance |a|. L = L' only if P is parallel to a (or P = 0), ie. if the , 
whole system moves in the direction of the translation. However, the angular 
momentum of the system is a conserved quantity, because the linear momentum 
P is conserved also! 

b) Consider K and K' at the time when the system origins coincide, i.e. 
r; = r;. The velocities are v; = v; + V; hence 


L=Y mrixv = Yo mrixvi +9 mrixV. . (5) 


Since r; = rj, we have L' = Y , mir; x vj, and the position vector of the centre of 
mass reads 
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where M is the total mass of the system. Therefore, (5) yields 
L=L'+M(RxV) . (6) 


If the particle system is at rest in the system K’, then V is the velocity of the 
centre of mass and P = MV is the total momentum of the system with respect 
to K, ie. L = L'- RxP = L' + Ls. This means that angular momentum is 
composed of the angular momentum L’ in the rest frame and of the angular 
momentum of the centre of mass Ls. 


EXERCISE Ss 


1.2 Conserved Quantities of Specified Fields 


Problem. What components of the momentum P and the angular momentum 
L are conserved when moving in the following fields? 


a) field of an infinite homogeneous plane, 

b) field of an infinite homogeneous cylinder, 
C) field of an infinite homogeneous prism, 

d) field of two points, 

e) field of an infinite homogeneous semiplane, 
f) field of a homogeneous cone, 

g) field of a homogeneous circular ring, 

h) field of an infinite homogeneous helix. 


Solution. The projection of momentum and of angular momentum onto a sym- 
metry axis of the given field remain conserved, because the mechanical proper- 
ties (Lagrangian and equation of motion) are not changed by a translation along 
this axis, or by a rotation around it. For the component of angular momentum, 
this is only valid if the angular momentum is defined with respect to the centre of 
the field, and not with respect to an arbitrary spatial point. The momentum or 
the component of momentum, respectively, remains conserved in the sense of 
Lagrangian mechanics, if, and only if, the potential of the field does not depend 
on the corresponding generalized coordinate. 


a) field of an infinite homogeneous plane. We choose the xy plane. Because of 
the translational invariance of the plane, the potential does not depend on x and 
y So that p, and p, are conserved. In addition, the Lagrange function does not 
change when a rotation around the z axis is performed, i.e. L, is conserved. 

b) field of an infinite homogeneous cylinder. Due to the infinite extent of the 
cylinder, the potential does not change under a translation along its axis (z axis); 
thus, p, is conserved. In addition, we have rotational symmetry around the 
Z axis, Le. L, is conserved. 
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c) field of an infinite homogeneous prism (edges parallel to the z axis). As in b), 
p; is conserved, but there is no rotational symmetry around the z axis, i.e. Z, is 
not conserved. 

d) field of two points (points on the z axis). Here we have only rotational 
symmetry around the z axis. The sole conserved quantity is L,. 

e) infinite homogeneous semiplane. Again we choose the xy plane, which is 
now bordered by the y axis, giving translational invariance only along the y axis, 
ie. p, is conserved. 

f) homogeneous cone (z axis along the cone axis) This time rotational 
symmetry lies around the z axis; L, is conserved. 

g) homogeneous circular ring (z axis along the axis of the ring) Again 
rotational symmetry lies around the z axis; L, is conserved. 

h) infinite homogeneous helix (z axis along the axis of the helix). The potential 
(Lagrange function) does not change under a rotation through ó$ about the 
z axis, as long as one simultaneously shifts along the z axis by 6z. If the pitch of 
the helix is h (for a rotation through 27 on the helix, the change in the z direction 
is h), then a translation of ôz = (h/21)ó$ and a simultaneous rotation through 
dg just conserves the symmetry of the potential, consequently, the variation of 
the Lagrange function vanishes, giving 


OL GL 

ôL =O = a9 tas 00 . (1) 
Now we have 

d OL d OL 

He = Bp d i L, = io” 
hence, 

d h 

a T L. oe =0 
For arbitrary ód it follows that 


d h 
ff, 2 =0 
dt (z. 2x + L.) ° 


and, therefore 


2n 


Le. for the helix a certain linear combination of p, and L, remains conserved. 


As in classical mechanics, the homogeneity of space and time, and the 
isotropy of space also play an important role in quantum mechanics. However, 
in quantum mechanical systems there also exist other symmetries. For that 
reason we want to develop a uniform approach to symmetry properties. In 


h 
(>. — + L) = const. , 
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addition we distinguish geometric symmetries — which correspond to the invari- 
ance of the system under translation and reflections in space and time, and 
under rotation, — from dynamic symmetries, which are often the reason for 
unexpected degeneracies of energy states, e.g. of the hydrogen atom or of the 
isotropic harmonic oscillator. Beyond that we have to mention other sym- 
metries in different branches of physics (e.g. special relativity!). Usually we 
consider only the single-particle problem (or the nonrelativistic two-particle 
problem in the centre-of-mass system, which is equivalent to the single-particle 
problem). However, most results can be transformed without difficulty into the 
problem of several interacting particles, as long as the fundamental symmetries 
are valid for all particles. 


EXAMPLE SE 


1.3 Noether's Theorem (for Improved Insight) 


Noether's theorem, which we will now prove, says the following: 

If the Euler-Lagrange equations of motion are invariant under a coordinate 
transformation t, g — t'(t), q'(q,t), then there exists an integral of motion, i.e. 
a conserved quantity. 

Given a Lagrange function L(q, 4,t) of the coordinates q; (i = 1,...,/) and 
time t, we introduce new coordinates t', q' by defining 


tier) . quo) . () 
This transformation shall be uniquely invertible. We can then write 

'i-t40t( , qi:= qi + ôq) . (2) 
Initially the functions ôt and ôq; are arbitrary. The velocities d, d' are given by 


$5 lll d oh d , 
qi:— dt 2 , di — dt’ di 


The connection between these two quantities reads as 


vat gatght 4 ó ) at 
li = Fr di — q1 di i qu di dt’ 
d 1 
= (4+ Eö a , 
(4 +H 2) raus ©) 


! For a full treatment see Vol. 3 of this series, Relativistic Quantum Mechanics (Springer, 
Berlin, Heidelberg, to be published). 
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where we have used 


e LL 8’) 
dt' dt'/dt 1+(d/dt)ot ` 
For infinitesimal transformations this becomes 
d d 
3. i= 1! — G n Ã— .— f. — . 4 
0d; :— Gi — di i qi — di i ot (4) 


Since physics may not change under this coordinate transformation, the action 
has to remain invariant: 


t2 t (t2) 
S(t1,t2): f L(a(t), d(0.0dt = S'(ti,t2):= J La (t) (t) aec 


tı t’(t1) 


To achieve this aim the following must hold: 
7? I gl s LET yt 7 dt 
L(q',4',t):= L[q(q't'), d(q',d',t')t(t du (5) 


Hf the equations of motion are invariant in form under such coordinate trans- 
formation, we call this transformation a symmetry transformation. In the 
simplest case the Lagrange function itself remains invariant, i.e. 


L'(q5d, t) = L(q'.d', t) , 
but this is not a necessity. It is sufficient that 


d 
L(g 4.0) = La, d, t) + 159650) , (6) 


or in other words, that both Lagrange functions differ by a total derivative with 
respect to time. It is easily proved that for L = d[ Q(qg,t)]/dt, the equations of 
motion 


di 0g, óq, dtd 7 dq, t)  Oq 0g; ^ at 


j i 


d 0Q 672 | a2Q 
=-->- | L> it 
dtóg; X ôqiôq, ^  ĉtĉq; 
-y a7Q " o?Q eo , va) 


=0 , 
are fulfilled. Inserting (6) in (5), we get 


dt d 
L t), Lust) = Lig, t) + — Q(q',t') , 
(q(q’,t’) ( Na (4^. à hg (q',t') 
and, reverting to the old coordinates, 


di d 
Laid = Lahi hD + = GIO) 
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Example 1.3 which together with (2) or (3’), respectively, yields the d 
. , £ 
Lig, d.t) — L(q'(q, 0, -t (0) = L(q'(q, 0, ...) 9t + tog (4.9.0) . C7) 


If the transformation is continuous, it is sufficient to consider infinitesimal 
transformations in (2). Then (7) may be written (to a first order approximation), 


— 6L:= Lí(q,4,t) — L(q + ôq, d + ôġ,t + òt) 
d 
= L(q, q, Da; ; ör td zS + ôq,t + öt) 


In particular, if we choose óq, ôt = 0, then q = q', t = t' and [from (6)] it follows 
that d[Q(q,t)]/dt = 0. We may use this to rewrite ( — dL) as 


d d 
— ôL = L7 ot + gle + og, + dt) — 2(4,0)] 


dt 
d d 
= Lot + giLa’ . (8) 
Now if 
OL OL oL l 
— ôL = DELE + 55, °4 à |- a (9) 
is inserted in (8) then, in view of (4), 
OL Ld OL oL d d 
v — = —— §2(q,t 1 
E( emi Zarfi Lagt as) 5 à? (o0. (09 


is, for arbitrary q, t, the condition that a mechanical system described by L remains 
invariant under the infinitesimal symmetry transformation (2). In particular, if 
6Q = 0, d(ót)jdt = 0, then 6L = 0 and the Lagrange function itself is invariant 
under the transformation. If (10) is fulfilled, then, using the equations of motion 
OL/0qi; = d(0L/04,)/dt, it follows that 


1l eL . OL NO x 
—| 5 òq +| L z4)’ óQ 


r 6i i 
-y| qi + TM (sd EOD 
eie (L- Esca) noce oao , 
ie. the quantity 
Yu ôq; + (z — E ôt + ÒQ = const. (11) 


is an integral of the motion (conserved quantity). 


1.1 Symmetries in Classical Physics 


EXERCISE Se 


1.4 Time-Invariant Equations of Motion: The Lagrange Function 
and Conserved Quantities 


Problem. Which condition must be satisfied by the Lagrange function L(q, 4, t), 
and what conserved quantities can be found, if the equations of motion are 
invariant under translations in time? 


Solution. A translation in time is parametrised by the coordinate transforma- 
tion ôq = dq = 0, ót(t) = dt = const. and the condition [Example 1.3, Eq. (10) ] 
reads 


OL d 
— = =æ — . 1 
A: OT i ?? (1) 


If L is not explicitly time-dependent then 6Q = 0, and the Lagrange function 
itself has translational invariance in time. The corresponding conserved quanti- 
ty [Example 1.3, Eq. (11)] is the total energy, 


ôL 
E=L- Xt . (2) 


If the kinetic energy T in L = T — V is explicitly time-independent, and a time- 
dependent potential V is present, then 5Q ought to be found in such a way that 


OV id 


L- L 3 
Ot tdt 6) 


is valid. In general this is not possible, because ôV/ĉt need not be a total 
derivative with respect to time. 


EXERCISE Se 


1.5 Conditions for Translational, Rotational and Galilean Invariance 


Problem. Given the Lagrange function (in cartesian coordinates) 
L-24mP — Vir) (1) 


and the following transformations: 
a) spatial translations 


ôx, = 6x,=0 , 6x3=const. , ót-0 ; (2a) 
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b) spatial rotations, 


6x; = —Ó$óx; , 6x2= + 66x, , 6x3=0 , 


ót 0 , (ô¢ġ = const.) ; (2b) 
c) Galilei transformations, 
OX; =0x2=0 , 6x3=603t , ôt=0 , (óvy-— const) . (2c) 


Which conditions must hold, so that these are symmetry transformations? What 
are the conserved quantities? 


Solution. For ôt = 0 the conditional equation for a symmetry transformation 
(see Example 1.3, Eq. (11)) reads 


eL | OLd d 
D(a ian- -4929200 . (3) 


The left-hand side (Ihs) has to be a total derivative with respect to time. If such 
a óQ can be found then (from Noether's theorem — see Example 1.3, Eq. (12)) the 
quantity 


aL 
Y zz 5x; + ÖN = const. (4) 
; OX; 
is conserved. In our case we have 
ôL — 0Y ôL ——. 
ie có T o) 


a) The condition for invariance in the form of the equations of motion reads 
here as 


oV d 
— ax; 0X3 = — dt óQ(r, t) 
= Y ô ôN (r, t) X ô óQ(r,t (6) 
— ax; , i ôt r, ) . 
The Ihs does not contain Xj; thus, 
Ó 
Em óQ(rt)-0 or óQ(r)-óQ(t) . (7) 


Hence our condition is 


(o 
ox, "3 = ar óQ(t) . (8) 


It follows immediately that 0V/0x4 must be constant (independent of x, t), and 
with 


oV 
óQ = oxy 26 ; (9) 
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the equation of motion is form-invariant. In this case the spatial translation is 
a symmetry transformation, and the conserved quantity is (see (4), after reduc- 
tion by 6x3) 


oV 
mš + — t = const . (10) 
0x3 


In particular, if the constant force in the x3 direction vanishes, then 


Vio. (11) 
0x3 


and the conserved quantity is the momentum 
P3 —— = mxX3 » (12) 


Since now óQ = 0, the Lagrange function itself is invariant. 

We thus have shown that the conservation of momentum follows from the 
spatial translational invariance of the Lagrange function, but not from the 
invariance of the equations of motion against spatial translations. In this 
(general) case the conserved quantity is 


P=p-—Ft=m—-Ft , (10’) 


implying that the momentum is a linear function of time. Now F is a constant 
and homogeneous force field. 

From a broader perspective, the constant force field illustrates the difference 
between local and global homogeneity of space. The field-filled space is locally 
homogeneous, because no point in space can be distinguished from any other by 
local measurements. However, the force field must be generated by some source, 
e.g. a distant mass for a gravity field, or distant capacitor plates for a constant 
electric field. This source configuration destroys the global homogeneity of space 
(see figure below). 

b) Here we have 
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Difference between fasca! 
and global homogeneity of 
space. Global homogeneity 
implies conservation of mo- 
mentum, while in a locally 
homogeneous field the mo- 
mentum changes as a lisear 
function of time 
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(Za - Fox) ôb = ~ g Lt) . (14) 

The Ihs is essentially the torque around the X3 axis, 
d 

(rx VV)36@ = 4: 29.0 (15) 
With the same argument as in case (a) we conclude that only for 

(r x VV), = const. (16) 
are the Euler-Lagrange equations invariant in form. The student should check 
that if 

(rxVV),20 (17) 


is valid, then we have E óQ = 0 and 


óQ 20 . (18) 
The corresponding conserved quantity is 

— MX, X + mX;x, = const. (19) 
which is just the x4 component of angular momentum, i.e. 

L, = (r x p), = const. . (20) 


Thus the conservation of angular momentum follows from rotational invariance 
of the lagrangian. 
c) For Galilei transformations (1) becomes 


OL ôLd d 
— 4 J = ——§ 21 
(= + 0x4 5) Oust dt 2 or (21) 
eV d 06Q Ó 
( ox, t+ mits Jo d óQ z( E ^ (22) 
Thus, 
? aQ- ? sa=0 ? jo ô 
Ox, 7 OX, i ' 0x3 7 mov , 
and 
ô oV 
— Q = — Spat 23 
à 1 = xc Q3) 
must be valid. It follows from the first three of these equations that 
62 = — mx36v; + f (t) (24) 
and from the fourth equation that 
df(t) 90V nb. (25) 


dt 0x3 
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Thus 0V/0x4 = const. must be valid, implying that 
10V 
6Q=| — ~—— 1? |ô . 26 
( mxa + 2 ax v3 ( ) 


If L also has translational invariance, (0V/Ox4 = 0), then the corresponding 
conserved quantity is 


mX4t — mx3 = const. (27) 


or 
, P, 
X3—X3f = X4 — PL = x3(0) = const. (28) 


and the particle moves with constant velocity. 


EXERCISE m 


1.6 Conservation Laws in Homogeneous Electromagnetic Fields 

Problem. Derive the conservation laws corresponding to translational sym- 
metry for a charged particle in 

(a) a homogeneous electrical field E 

(b) a homogeneous magnetic field B. 

Solution. The Lagrangian of a (nonrelativistic) point particle with mass m and 


charge q in an electromagnetic potential described by the scalar potential ¢ and 
the vector potential A is given by’: 


L=2 .134.x—44 . (1) 
2 c 
The canonical momentum is 
ôL 
p-temiciA. Q) 
Ox c 


Furthermore one finds 


a = o a. A (3) 


2 See J.D. Jackson: Classical Electrodynamics, 2nd ed. (Wiley, New York 1985). 
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eee 


Exercise 1.6 From this one gets the equations of motion 


= min (E az) co x, 43s 
-. 10A; d¢ Qu. (0A; OA, 
= MX; -—— — — = — — — 4 
mxi + a(t at x) tr "dii (s a Í e 


Or, written in vectorial notation 
. 1. m q. m 
mx —q -2:4- V6 +tzžx(VxA) 
q. 
—-qE--xXxB. (5) 
C 


Whenever it is possible that the generalized force OL/éx; can be written as the 
total time derivate OL/0x; = (d/dt) G,, it follows due to the Euler-Lagrange 
equation that there is a conservation law: 


dóL ƏL d[OL d 
= — -G |= -fP -G1 . 6 
E G: zP- G] © 

Here P; is the canonical momentum. 
(a) A homogeneous electric field E can either be described by the potential 


COE S. 400 (7a) 
or by 
0-0, A4A--E. (To) 
Both representations correspond to different gauges. In the first case we can 
write 
a= taba aneta, uu (82) 


from which we get the conservation law 
d ( Et) 20 (9a) 
— — = . a 
dt P-—d 
In this gauge the conserved quantity is not equal to the canonical momentum. 
However, in the second case we have 
óL' 
2026-290, 8b 
m (8b) 
so that the canonical momentum is conserved: 


d 
72=0. (9b) 


1.1 Symmetries in Classical Physics 


The apparent discrepancy between (9a) and (9b) can be explained by the fact that 
(2) yields two different expressions for the canonical momentum. In the first case 
we have 


p=mx , (10a) 
whereas in the second case we get 

p=mx—qEt . (10b) 
In both cases one finds that the quantity 

mx — qEt (11) 


is conserved. From that we learn that the physical meaning of a law containing 
the canonical momentum in the presence of external electromagnetic fields may 
depend on the gauge! 

(b) A homogeneous magnetic field B can, e.g., be described by the vector 
potential 


A=4Bxx , 


© 
N 
o 


(12) 


Here we get 


^4. Xk » £i; Bi , (13) 


OL q. díq d 

— => = —|—xxB]=—G . 4 

Ox 7 *8 RUM dt (4) 
Thus the conservation law corresponding to translational symmetry reads 

d xB)=0 15) 

aV x 2c" ' 


Note that in this case the conserved quantities are not equal to the components 
of the canonical momentum. Due to (2) the canonical momentum is given by 


pami+ 2 Bxx=mi~2xxB . (16) 


Thus we can express the conserved quantity by the velocity: 


mi — "xx B (17) 
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Fig. 1.4. Illustration of the 
translation of a wave packet 
by Q. w,-(r) has the same 
value at r — r' + ọ as y,(r) 
atr=r’ 


Fig. 1.5. (a) (active) rota- 
tion of the state y tx), about 
the angle 0, into the state 
Wa (x). (b) (passive) rotation 
of the coordinate system. 
The state wW,(x) remains 
fixed. However, with respect 
to the coordinate system ro- 
tated by — 0, it looks like 
the state y, (x) in (a) rotated 
by 0 with respect to the old 
coordinate system 


1. Symmetries in Quantum Mechanics 


1.2 Spatial Translations in Quantum Mechanics 


Consider a state which is given by the ket |x) or by the wave function V. (r, t). If 
this state is spatially shifted by the vector Q, then a new state is created. We call it 
|a? or V. (r, t), respectively. More precisely, we have 


Yalt + gt) pelr, t) . (1.17) 


This is made evident by Fig. 1.4, for the wave function Wa(r,t) which has its 
maximum at r = rọ. 


Vd e M Sailr, t) 


Then the shifted wave function Ya (r) has a maximum at r = rp + g. In this 
operation we have shifted the entire wave function Wa, although the coordinate 
system is x, y,z remains the same. 

This is a so-called active execution of the symmetry operation (in our case 
a shift). The passive execution of the symmetry operation, where the wave 
function V, is imagined to be unchanged (fixed), but the coordinate system is 
shifted by the vector — g with respect to the original coordinate system, is 


(b) 


vi = (a) 
Á 


P 
- 
-—— 


1.3 The Unitary Translation Operator 


equivalent to the active execution. (See Fig. 1.5 above, where the same concept is 
illustrated for rotations). 

Usually we will deal with the active execution, except later? where the 
passive execution of, say, Lorentz transformations seems to be more suited: 
There the same physical system is observed from different inertial systems. 


1.3 The Unitary Translation Operator 


Earlier* we became acquainted with two kinds of transformations in Hilbert 
space, namely 


Palt, t) = Y, Sur, t) (1.18) 
and 
wir, t) = exp( — : iue 0). (1.19) 


The first equation expresses a transformation of the base vectors w,(r,t) of 
Hilbert space to new base vectors $,(r,t) Thus it describes a coordinate 
transformation (rotation of the axes) in Hilbert space. Contrary to this the 
second transformation (1.19) retains the axes and changes the vector y (r, 0) into 
the vector v (r, t) of the same Hilbert space. Therefore (1.19) describes a general- 
ized rotation of the state vector y in Hilbert space without changing the axes. 

Here we shall consider transformations of the second type, namely active 
translations of the state vector in coordinate space, which correspond to rota- 
tions of the state vector in Hilbert space. Since, during the translation of the state 
vector in position space, its length remains unchanged, we expect that the 
corresponding spatial translation operator U,(g) is unitary (conservation of 
probability). The subscript r indicates spatial translations. Subsequently, we will 
become acquainted with the time-translation operator U,(t) (which shifts by the 
time interval t), where t is the usual subscript for time. For the shifted state we 
write 


Wa'(r) = Ü, (o) V. (r) (1.20) 
and because of (1.17) we conclude that 
Wa(r) = Vr m 9) = Ü.(o)v.(r) . (1.21) 


To determine the operator U,(g) explicitly, we orientate the translation vector 


3 See Vol. 3 of this series, Relativistic Quantum Mechanics (Springer, Berlin, Heidelberg 


1989). 
4 Vol. 1 of this series, Quantum Mechanics I - An Introduction (Springer, Berlin, 


Heidelberg 1989). 
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9 parallel to the x axis; thus ọ = ge,, and by a Taylor expansion we get 


War = 9) = V ux 7 Q, y, 2) 


= yal 2 FF Walosys2) — (1.22) 
T Wa X, y, 2) ex Va(x, y, z) T 2! óx? a m wee . . 
Clearly the rhs of (1.22) may be written in the form 
pey) — oand - Le Do y- 
a X, y. On a Y, + 2! ax? a m^ eee 


= e 0092 yy (x, y, 2) 


If the translation vector g has an arbitrary direction, ie. Q= gie, 
+ Q2€2 t Q3€3, We May generalize the method just applied [o(0/0x) must be 
replaced by g- V] and we obtain by a three-dimensional Taylor expansion, 


Yalt = Q) = Wa(x — Q1 Y — Q2,2 — Q3) 


i " 
= exp( — @°V)W,(x, y, z) = exp( -— P at (1.23) 
Here we have introduced the momentum operator p= —ihV. Comparing 
(1.21) with (1.23) yields the translation operator 
U,(g) = exp( — e) . (1.24) 


Equation (1.24) is valid for arbitrary W.(r), Le. for all state vectors. Because the 
V operator (which is defined only in coordinate representation) was replaced by 
the momentum operator, equation (1.24) is valid in every representation. Using 
the hermiticity of f, we shall now verify that U,(g) is unitary. 


` i0-n ae t 
wen (89) -[ar =) 


iep) a 
= E - zl =U,+(9) . (1.25) 
Tt will turn out that for all Lie-groups the group operators can be written in the 
form U (Xi, Xz...) = ei ibit 22* 9. with certain operators L,,Z2,.... These 


operators will be called generators of the group. In this sense the momentum 
operators p; in (24) are the generators of the translation group. 


1.4 The Equation of Motion for States Shifted in Space 


The state w,(r, t) is transformed to Ýa (r,t) by a spatial displacement at a fixed 
time t. Also w,(r, t) satisfies the time dependent Schródinger equation, 


Yar. t) 
ot 


ih = y(r, t) . (1.26) 


1.4 The Equation of Motion for States Shifted in Space 
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Equation (1.26) describes the evolution in time y,(r,t), and gives rise to the 
question: Under what conditions do we have the same temporal evolution of the 
shifted state y, (r, t) and the initial state V, (r, t)? This is precisely the meaning of 
the homogeneity of space: All spatially displaced states satisfy the same laws of 
nature (here the same Schródinger equation). No difference between shifted and 
unshifted states is observed. Hence, it follows that 


ih 2 dots) mihi Oet) Ü (ih e 


= Û (QÊ prt) = 0,9) HO, pet) . (1.27) 
and using (1.25) we get 


= Ü,(g) HU; (o). (r,t) 
Clearly w,(r, t} only satisfies the same Schrödinger equation as w,(r, t) , if 
Ü,(g) HU; (g) = 
or using (1.25) 
U,g)H = HU,(@) . (1.28) 


Consequently the Hamiltonian H and the displacement operator U,(g) must 
commute, i.e. 


[H,U(e)]-=0 . (1.29) 


According to (1.24) we can write. this as 


E exp — : e2)| =O. (1.30) 


Since g is an arbitrary vector, this equation leads to the condition that 
[H,p]_=0 , (1.31) 


ie. the momentum operator f must commute with the hamiltonian H. Hence? 
the momentum p is a constant of motion; this equation is analogous to the 
classical equation (1.3). Furthermore, it follows from (1.31) that H and f can be 
diagonalized simultaneously. Therefore, states can be constructed that have 
fixed eigenvalues of the energy as well as of the momentum operator. 

According to these considerations, if the displaced state Y, (r,t) satisfies the 
same Schrödinger equation as the initial state w,(r, t), the momentum is a con- 
stant of motion. Hence the requirement for the homogeneity of space is equiva- 
lent to stating that each spatially displaced wave function has to satisfy the 
Schrodinger equation (i.e. the laws of nature) as well. This symmetry of the laws 
of nature (here the Schródinger equation) with respect to displacements in space 
implies the law of momentum conversation. States are characterized by constant 
energy and constant momentum, and such systems are called space-displacement 
invariant or space-displacement symmetric. 


> See Vol. 1 of this series, Quantum Mechanics — An Introduction (Springer, Berlin, 
Heidelberg 1989). 
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Fig. 1.6. The displaced wave 
function is not an eigenfunc- 
tion of the potential shown. 
Such a state would decay 
immediately 


Free particles are examples of such systems. However, this symmetry will be 
lost if a force is introduced (e.g. a particle in a localized potential), when the 
shifted wave function will be outside the potential: therefore, it decays because it 
is no longer an eigenstate. The potential disturbs the homogeneity of space. 
: hus the eigenfunctions of such a potential are not translation invariant (see 

ig. 1.6). 


Potential a 
Wave function ,/ 
~ Pd 


^. displaced 
‘\wave function 


T7 
t 
! 
L| 
I 


J ` 
-2a PLIN MEM. E 


1.5 Symmetry and Degeneracy of States 


The initial state (r,t) is assumed to satisfy the stationary Schródinger equa- 
tion: 


Hy. D f= Erst). (1.32) 
Furthermore, the operator $ should commute with É so that 

[3,3]. 2-0 . (1.33) 
For (1.32) also, Sw, is an eigenstate of H with the same eigenvalue E,, i.e. 

H($y,) = SH, = SE Y, = EQSV,) . (1.34) 


If the state x, = Sw, is linearly independent of Wns the eigenvalue E, is degener- 
ate. In the case of symmetry with regard to spatial displacement, the operator 
p commutes with the Hamiitonian according to (1.31). Hence, for all states Xpo» 


. A 1 i 
XPo = a' Py polr, t) = a: f ————exp| + z(po'r — Et) 
J 2xh? h 
a’ po 


Apeester- Bo] 


with the arbitrary constant vector a will have the same energy eigenvalue 
E = pó/2m. In this case, however, the wave functions y differ from ¥ only by 
a normalization factor, and we cannot draw a conclusion with regard to 
degeneracy. Degeneracy becomes apparent if we investigate rotations of the 
wave functions as later in (1.72). There we will utilize the rotation operator Ug (9) 
similarly as we introduced the translation operator in Sect. 1.3. Accordingly, the 
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plane wave rotated by the infinitesimal angle 5¢ is written 


xr. t) = Up (59) Up. (r, t) 
= exp( — 9L) gs eo [gn — zn) | 
~ |: - jen | em [e - zn | 
= |: + ; 06 «n)r] seo E (Por — zo | 
= A | sen E (Por — zn) | 
= ls [(po + 5¢ x po): r — zn 
=| gern t0] (135) 


where p = po + óó x po is the rotated momentum, cf. (1.11). Furthermore we 
have |p| = |pol, as can be seen in (1.35). The rotated wave y (r, t) is like Y, part 
of the set of linearly independent plane waves and can as such not be construc- 
ted from these by linear combination of other plane waves. Thus the waves Xp are 
degenerate if U(5¢) commutes with the hamiltonian, and y,,(r, t) is an eigen- 
state of the Hamiltonian. This is evident, because the energy of a particle 
depends on the square of the momentum, but does not depend on its direction. 


Resume: The considerations presented above will be of interest if two operators 
Sand A exist, which commute with H, but do not commute with each other, i.e. 
[H,$]. = [H,A]- = ; [A, $].. #0 


If y, is an eigenvector of A and Ê, Y, is not eigenvector of S, ie. Vr, t) and Sy, 
are linearly independent. This is utilized in the example above, where A is the 
momentum operator, and $ the angular momentum operator. 


EXAMPLE Se 


1.7 Matrix Elements of Spatially Displaced States 


Let us investigate the matrix element of an operator A between translated states, 


Ql. DEA MW 0D)» = Qo 010 (9) AU (go Q D» . (1) 
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Example 1.7 


If A = A(p), ie. A is a function of the momentum operator, the translated 
operator can be written as 


Uf (9) A(p) U, = Alp) UU, = A(p) , 


ie. the matrix elements of Á between shifted and unshifted states are equal. If 
A — A(r) is a function of position it follows by (1) that 


Ut (p) A(r) Ü,(g) = exp( + vd A(r) e» — eh) 
= A(r+ 9) 
This will be proved in Exercises 1.8 and 1.9. Hence, the matrix elements of A(r) 


between displaced states are equal to the matrix elements between the original 
states, but in this case, applying the displaced operator A'(r) = A(r + o). 


EXERCISE See 


1.8 The Relation (if/h)" B(x) and Transformation Operators 


Problem. Prove that the relation 


i ,\" » n (n\ a°B (i N” 
—-p5| Bix) = ——[-5 1 
(s P) (x) i C) 3v (s P) ; (1) 
with P = (h/1)(0/0x), is valid for every differentiable operator B(x). Use this 
relation to calculate 


Ut 4(x)U where (2) 
. fj 
U = exp( — je") 
Solution. a) We prove (1) by mathematical induction. For n = 0 the relation is 
valid, because it yields the identity 
B(x) = B(x) 
Now we assume (1) to be valid for n — 1, which means that 
i n-i a n-1 n—v 3 B i n—-i-v 
- B(x) = - 3 
(s ) (x) > ( , s G ) ; 3) 


should be correct. We show that we can deduce (1) for all n by one further 
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application of (ip/h), 


na-(v+1) n—-1 eB 
+ Á — JE 


n—1\-/i MV —"C/n—-1NVO"Bfi WV 
(QU ECS)RG) . 9 


We have separated the summations above. Now we use the identity 


Cs) 622-77: | 


and introduce u = v + 1 into the first summation; hence, we obtain 
iV n\a"B | "C (n—1Y0^B(i V^ 
GoJo- (at E GaG) 
"i /n=1\ P/i N nafi V 
oT x) +8) 
n\ B "“1(/n-1 n—1 
e X6) 0) 
,g8(i Y (Ngay 6 
ax” AA, oj' im^) - 
In the last equation we relabelled u as v. Using 
—1 —1 
CHHEDHOE i 
v—1 y y 
we can write (5) in the following way, 
i . n n n gÉ i . n-v 
(ie) = 3 GGN 


which corresponds to (1). 
To prove (2) we calculate 


Ut A(x) = exp (s eb) A(x) . (7) 
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Exercise 1.8 


1. Symmetries in Quantum Mechanics 


With the series expansion of the exponential function, it follows that 


il 
ms 
ZIQ 
me: 


il 
Ms 
= 
|S 
< 
€» 
< 
D) 
mA 
[ATTN 
Di => 
R5 
<=> 
“Zz 
1 


vA 2 ifi WV. 
a) Ge) (8) 
n=0 


nao Vl Ox m! 


Here we have used (1) and then separated 9” into two parts. Finally we have 
written the result as a product of two infinite series. The first one represents the 
Taylor expansion of A(x + 9) and the second is Ut. Thus we obtain 


Ut A(x) = A(x + o)Ut 
and therefore 
UtA(x)U = A(x + 0) . (9) 


In an analogous way, we find in three dimensions that for an operator A(r), 
under the transformation 


U = exp[ — (i/h) g- p] 
with the vector g, 
UtA(nÜ-A(r-g . (10) 


1.9 Translation of an Operator .i(x) 


Problem. Prove the validity of 
Ü'Á()Ü = Air + @) for (1) 


U = exp( -ger) , 

using the relations 
Ub(r) = b(r — g) and (2) 
Ut bir) = bir + o) (3) 


which hold for all functions b(r) that depend only on r. 
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Solution. We choose an arbitrary function w(r) and calculate Ut A(nU win. 
Using (2) this yields 


Ü'Á(Uy(r = tAr- e) . (4) 


Because the function A(r)w(r — g) depends only on the variable r, we can apply 
(3) and arrive at the result that 


Ot A) U(r) = Alr + er — e] + o) 
= Âf + oye) . (5) 
Since w(r) is an arbitrary function, (5) will hold only if 
Ut A(nU = Á(r + 9) 


EXERCISE ma 


1.10 Generators for Translations in a Homogeneous Field 


Problem. Derive the quantum mechanical operators for the translational sym- 
metry of a charged particle in a homogeneous electric and magnetic field. 
Suppose that the generator of an infinitesimal transformation has an explicit 
time dependence. Which relation must be fulfilled if this transformation is 
a symmetry transformation? Discuss this for a constant electric field [cf. Exer- 
cise 1.6, case (a) ]. 


Solution. (a) We consider the infinitesimal transformation 
wow -y-—ifóaj or (1a) 
V = y! + iF day’ (1b) 
up to terms of order 6a’, with the time-independent operator F (t). The original 
wave function y obeys the Schrödinger equation 


Q ^ 
ii z y = Hy (2) 
The transformed wave function then fulfills 
pO pl 2 (p 
ih Y haw ER óa y) 


oF 
at 


daw + nFba 2. 


=HAw+h A 


= Hy + nm day — iFéaHy 


-Êy + G +iĝĤf- 2) Say’ (3) 
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Exercise 1.10 


neglecting terms of the order (6a)’. This is just the original Schrödinger equation 
if the operator F satisfies the condition 


dF OF 


i ^ ^ 
= 4 = 4 
dt ap go Fl 0, (4) 


ie. if the total time derivative of the operator F(t) vanishes. Otherwise the 
Hamiltonian is transformed according to 


H>A’=H+h—oa . (5) 


If F has no explicit time dependence, then (4) just means that P and Ê have to 
commute with each other. 
(b) In the gauge 


= —E:x , A=0 (6) 


the classical conservation law 
f (p — gE) - 0 (7 
that we found in Exercise 1.6, Eq. (9a) suggests that we regard the quantity 


F(t) =p — qEt (8) 


as the operator which generates a symmetry transformation. In this case the 
Hamiltonian is given by 


ü-l(.-S4y.q6- lg -qE x (9) 
= p c qo = am? q . 
One easily verifies that the total derivative of F vanishes: 
dÊ oÊ i >A 
dt Or À 


i 
-qE +z- qE- £p] 


- 4E ;(— qEih) 20 (10) 
Note that the commutation relations of F and £ are the same as those of p 
and £: 

(Fi, $y] = (8: — Est, 8] = [0%] = — ihdy (11) 


so that the operators $ change in the same way for the transformations 
generated by F; and f, respectively. 
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(c) For the case of a constant magnetic field we have found (cf. Exercise 1.6): 


A=4Bxx , ¢=Oand 


d q 
i (p-Lzx8)=0 


Therefore we consider the operator 


(12) 


(13) 


(14) 


which does not depend explicitly on the time. The Hamiltonian is given by 


and we calculate the commutator 
by + (2x Bh Fi | =| foo (2X By, Bi — = (2 x B), 
k 2c k»* i 2c > Fi 2c i 


= — L5. G x BJ] + [P5 (€ x B),]) 


Obviously it suffices to calculate only the first commutator explicitly: 


Côr, (£x Bj] = Y [ Pr» Simi Bn | 
im 


Y Eiim( — 15Ó,) Bm 
im 


= ih Y Eikm Bm 
Thus we get 
By d (èx Bh Fi |= — 2 (— ih) Y, (eus + Erim) Bn = 0 
* 2e n! 2c m" 


because of the antisymmetry of £ixm. Therefore we find 


[H,F]-0 , 


(15) 


(16) 


(17) 


(18) 


(19) 


so that F is the operator which generates a symmetry transformation as we have 


conjectured. Obviously, again we find 


[7,,$.] = Cô: €] = = hd x 


(20) 
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Exercise 1.10 


Fig. 1.7. The time-displaced 
wave function y,.(r,t) pos- 
sesses the same value for 
t = t' + q, as the initial wave 
function y(r, t) for t = t' 


1. Symmetries in Quantum Mechanics 


However, in contrast with p the individual components of F do not commute 
with each other: 


^ A A q,, A 
(Fi, Fy] = [a Semen - $e] 


i 


— $ (Ei ($x Bh] — (hy, (è x By) 


ll 


-— a — 1h) (Eim — Ekim) Bm 


= ih etm B, (21) 


The two generators perpendicular to the magnetic field do not commute with 
each other, so that they cannot be diagonalized simultaneously. 


————— U 


1.6 Time Displacements in Quantum Mechanics 


We shall now investigate the temporal displacement of a state W,(r, t) by a time 
interval z (Fig. 1.7). We call the time shifted state V, (r, t). With analogy to (1.7) it 
follows that 


Velrt-)m-yurt) . (1.36) 


bar, t) 


Let us better understand this: If the initial wave function has its maximum at 
t = to, the time-shifted wave function V.(r,t) will have its maximum at 
t = to + t, etc. We express the connection between the time-displaced and initial 
state by the time evolution operator Ü,(z), with analogy to (1.21), 


V. (r, t) = Ü (x) Walr, t) = Walr,t —t) . (1.37) 
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In comparison to our former investigations (1.22) to (1.24), the Taylor expansion 
of (r,t — x) yields 


(“94 yg CË jy d 
Ü (o) Verf) = Vers t) + TS att) + SS urs + 
B (—t)d (-«xd? 
= |: + i d T de +... [vir t) 
ze y (rt). (1.38) 
Hence it follows that 
U,(t) = e7700 = exp G «£) = exp G zA) ; (1.39) 


where we have introduced the energy operator Ê = ih(0/0t) ( = Ê). U,(z) is 
unitary, because 


Ü/ (x) = exp G wn) = ew; zÊ) = ÜT! (i) 


There we used the fact that Ê is hermitian so that Ê = Êt. We can use each one 
of the forms of (1.39), but the last expression will only be valid, if the Hamil- 
tonian É is time independent. This can be seen in the following way: From the 
Schródinger equation we have 


A 
E => HV , but 

afla gôt 1B 1 quy, 10H 
men a (a 4¥)- B tina Y= a Bueno 


We notice that the higher derivatives with respect to time can only be replaced 
by powers of H if dH/dt = 0. Then H is time independent and so (1.39) holds, 
implying that 


[H, U,(z)]_ = |a, exp G ñ) 20. (1.40) 


This relation is analogous to (1.30). It implies that the temporally displaced state 
will also satisfy the Schródinger equation. Indeed, from 


OW. (rt) T 
ih— 7 Ay,(r, t) , 


it follows that 


Ô Pa (P, t) Li 0 | Lo sere ow, 
à 7 ih à U, v. (r, t) = ihU, E 


ih 


= UAW, = HU, (i)a = Hy,-(r, t) . (1.41) 


Alternatively, we may say that the assumption that the time-displaced state 
satisfies the Schrédinger equation implies (1.40), and vice versa. The assumption 
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eee 
that the Hamiltonian H commutes with the time displacement operator Ü,(:) 
ensures that the temporally shifted state w,-(r,t) also satisfies the Schrodinger 
equation. Then the system exhibits symmetry (also called invariance) against time 
displacements. Because this is equivalent to the time independence of the Hamil- 
tonian, energy conservation is valid, as we know from classical physics, due to the 
homogeneity of time [cf. (1.8)]. Otherwise, if Ê is explicitly time dependent, the 
conclusion (1.40) does not hold and the time-shifted state does not satisfy the 
same Schrédinger equation as the original state. 

Let us draw attention to an apparent contradiction; we know from (1.19) that 

the time development of the state V. (r, O), known at the time t = 0, may be 
written 


Yalt, t) = exp( — = H r) y,(r,0) . (1.42) 
On the other hand we find from (1.37) and (1.39) with temporally constant H 
War(t,t) = exp G fs) palti). (1.43) 


At first glance both statements may appear inconsistent. This is clarified when 
we consider that the time shift t in (1.42) has-been denoted by t and the 
time-shifted state has the index « while it carries the index «’ in (1.37)! Hence we 
replace t = — z in (1.42) and obtain 


W.(r, — t) = exp (s As) Walt, O) . (1.44) 
Now, in (1.43) we also fix the initial time at t = 0. This yields 

Ya (r,0) = exp ( : As) alr, O). (1.45) 
and finally we express y, (r,0) through y,(r, — t), using (1.32), 

Valls — 1) = exp (s fr) Walr, 0) 


which is clearly identical with (1.44). Thus we can state that W,'(r, t) has the same 
structure at t = t, as w,(r,t) at t = 0. Thereby one can obtain Wa (r, t) from 
(r,t) by reverse evolution from time t = t to time t = 0. 


1.7 Mathematical Supplement: Definition of a Group 


Symmetries are conveniently described by group theory, and in order to get 
acquainted with group theoretical methods we need to discuss some definitions. 
The elements of the set (a, b,c, ...} form a group, if a combination a» b of these 
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EEEE A 


elements can be found, which is called multiplication and satisfies the following 
conditions*: 


1. The product (ab) is also an element of the group G = {a,b,c,...} forjall a and 
b. In other words, the group is closed with respect to multiplication. 
2. The set G = {a,b,c ...} contains a unit element e, which satisfies 


ae-ea-a , 
where a is an arbitrary element of the group. 


3. To each element of the group there exists an inverse element a^ !, which fulfills 
the condition that 


a`la = aa! = e 


4, The multiplication is associative, i.e. 
(ab)c = a(bc) 


Examples. The set of the integers N = {0, + 1, + 2,...} form a group with 
respect to addition +. The group multiplication is normal addition, and the 
unit element is obviously e = 0. The inverse element of a is —a and the 
associativity of addition is well known. 

Some further terms associated with groups are: 


1) We will call a group abelian, if we can write 
ab=ba , 
for every element of the group, i.e. if group multiplication is commutative. 


Examples. The addition of integers yields an abelian group. However, the group 
of square matrices with dimension N under multiplication is not abelian. 


2) We will call a group continuous, if its elements are functions of one or more 
continuous variables, e.g. G = (a(t), b(t), c(t),...), where t is a continuous 
parameter. 


Examples. The group of spatial displacements within a plane (vector addition) is 
continuous along with the group of temporal displacements. 


3) We will call a group continuously connected, if a continuous variation of the 
group parameters leads from any arbitrary element of the group to any other. 


Examples. The translation group of the elements {a = aye, + aye + a,e3} 
possesses three continuous parameters ay, a,, a,. We can generate each displace- 
ment vector in space by continuous variation of these parameters. However, 
rotations combined with reflection in space [called O(3)], form a continuous, 


* The combination-sign ° is often omitted and instead of a» b we write ab. We will use the 
combination-sign only if misunderstandings might be expected. 
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not connected group. We obtain the same result for the group of Lorentz 
transformations, which contain reflections in time and in space as discontinuous 
parts. 


4) In each sequence within a compact group there exists an infinite partial 
sequence (a,) of group elements, which converges to an element of the group, i.e. 


lma,=a , aeG 


n-*oo 
Examples. (a) The group of the translation vectors on a lattice 
T = {a, = nye, +N2e,+n3e3} , with n,,n;,nyeN 


is discontinuous and not compact, because lim a, does not belong to T and (in 


usual metrics) does not even exist. 
(b) The group of rotations in three-dimensional space SO(3) = (mn, ọ with 
|n| = 1,0 < ọ x r} is compact. Here n denotes the axis of rotation, @ the angle. 


Any vector a’ = lim n; is again a unit vector, and the range of angles is closed, 


i-o 


hence containing the limit of any series of angles. 


5) Two groups (a, b, c, ...) and {a’,b’,c’, ...} are called isomorphic, if a bijective 
transformation between the elements of both groups exists (e.g. ara’, b b, 
etc.), such that 


abeab' , etc. 
Products of the first group are thereby uniquely associated with products of the 


second group and vice versa. 


Example. The group of spatial displacements is isomorphic to the group of 
three-dimensional vectors with vector addition as the group operation. Also the 
group of the translation operators U = { Ü,(g)) is isomorphic to the group of 
three-dimensional vectors and their addition as group operation. 


6) If a group G, is isomorphic to another group G2, whose elements are 
matrices, G, is said to be the matrix representation of G,. 


Example. If G, = {U,(g)} is the group of the displacement operators with three 
parameters and w,(r) is a complete set of wave functions, then the matrices 


A 
exp( — 77) 


will be a matrix representation of the displacement operators. 
More examples and explanations appear in the following section. 


(n|Ü,(g)In» = (m n) =f inen - TO 
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1.8 Mathematical Supplement: 
Rotations and their Group Theoretical Properties 


As in classical mechanics, isotropy of space means invariance of the laws of 
nature — in our case the Schrödinger equation — against any rotation of the wave 
function. Let us call the initial wave function y, (r, t). It is transformed to V, (r, t) 
by an (active) rotation, in which the position vector is transformed from r into r’ 
(see Fig. 1.8). This section covers the mathematical knowledge required to 
discuss the physical consequences of the isotropy of space. 

To describe the additional rotation of a vector r towards r' we write 


r=Rr . (1.46) 


We elucidate this equation with the following considerations. The three ortho- 
normal basis vectors e; are rotated into e; (Fig. 1.9). We know? that 


e; = Rie; , (1.47) 


where we use Einstein's sum convention and always sum over all indices 
occurring twice. Thus (1.47) signifies that 


ei = Rei + Rie; + Ries 


The 3 x 3 matrix R,; must be real, because the basis vectors are real. We will 
denote the inverse transformation of (1.47) as 


€j = Uie; . (1.48) 


From (1.47) it follows by scalar multiplication with e, that 

ej' e, = Rye; ej = Rijóg = Rig (1.49) 
and simply from (1.48) by scalar multiplication with e; 

eje, = Uiej e; = Ujüg = Ug . (1.50) 


Hence the matrix elements R;, and U, respectively, are the directional cosines. 
Making a comparison between the final parts of (4) and (5) yields the result that 
Uir = Ru |, 
or since U is the inverse matrix of R by definition (1.48), 
(Ron = Ru - (1.51a) 
Written in matrix representation, 
R3 -Á, (1.51b) 


$ See H. Goldstein: Classical Mechanics, 2nd ed. (Addison-Wesley, Reading 1980); W. 
Greiner: Theoretische Physik, Mechanik I (Harri Deutsch, Frankfurt 1989) Chap. 30. 


Fig. 1.8. The rotation of a 
vector r yields r’. The ro- 
tated vector r’ is described 
within the initial frame of 
the unrotated basis {e;} 


€3 
€2 
€l 
es , 
\ Ae 
\ / 

\ 7 - Zr 
\ 4-7 1 


Fig. 1.9. Rotation of the co- 
ordinate system 
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Fig. 1.10. The rotated vec- 
tor r' has the same compo- 
nents in the rotated base 
{ei} as the initial vector r in 
the initial base {e;} 


R is the transpose (i.e. reflected along the main diagonal) of the matrix R. From 
the orthonormality of both basis sets we conclude that 


Ò jn = ei ‘ek = RimRin€m* €, = Ris Ry sr = Rim Rs . (1.52) 


This implies the orthogonality of the rows of the matrix R. Equally from (1.48) 
and (1.51) it follows that 


On = eje = Ui, Up en €n = Ui, UinOmn = UinUim = RmiRmk , (1.53) 


implying the orthogonality of the columns of R. In order to obtain an expression 
for the transformation of the vector components of r we note that r rotates along 
with its frame. Accordingly r’ has the same components in (e;] as r in {e;} 
(Fig. 1.10). These considerations lead us to the following equations: 

r= Xil; , F = Xej = Xie; Or Xej = xi(R tye; 


Relabelling the summation indices, we find 


Xie; = xy(R 7 !)se; > (1.54) 
which yields due to (1.51b) 
x; = (R^ gx; = (R) jx) = Rgxj . (1.55) 


Thus the components are transformed contragrediently’ with respect to the 
basis set, if an active rotation is performed. Elsewhere® we have only investigated 
passive rotations of the coordinate frame, where the vector r remained fixed in 
space (r = r’), whilst the coordinate system rotated. Accordingly components 
and basis set were transformed in the same way, i.e. congrediently. 

The inverse transformation of (1.55) can be calculated immediately with 
respect to the orthonormality of the matrix R;; or by the substitution of ej in 
(1.54), i.e. 


Xi = R yx; = (Bx, 5 (1.56) 


which is identical to (1.46). Matrices with row and column orthogonality, such 
as 

RyRy = Oj, RyRy = Oyj, (1.57) 
are called orthogonal matrices. Because the determinant of a product of square 


matrices is equal to the product of the determinants of the individual square 
matrices, it follows that 


det(R;; Rij = det(R;;)det(R;; = det àj;: > 


7 From the Latin gradior, I walk; contragredient, walking in opposite directions; con- 
gredient, walking in the same direction 

8 See W. Greiner: Theoretische Physik, Mechanik I (Harri Deutsch, Frankfurt 1989) 
Chap. 30 or H. Goldstein: Classical Mechanics, 2nd ed. (Addison-Wesley, Reading 
1980) 
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which implies (det(R;;))? = 1, and hence 


Thus the rotations can be separated into two disconnected sets; namely, one 
with det(R;j) = + 1, which forms a group, and the other with det(R;j) = — 1, 


which does not form a group by itself (it is not closed and contains no unit 
element). The first are called proper, the second improper rotations. The rotation 
matrix R;; contains 3 x 3 = 9 real arguments. Only three of them are indepen- 
dent due to the six requirements (1.57) Accordingly the rotations can be 
described by three independent parameters (three components of the rotation 
vector). They form a continuously connected, three-parameter group?. 

This can easily be seen, because matrix multiplication of the matrices Ri; is 
associative, the R;; contain the unity matrix à;; as identity element and each 
Rij has an inverse element (R^ !);; = Rj. The rotation group is not Abelian, 
because in general two rotations in different directions do not commute. This is 
illustrated in Fig. 1.11: The cases (a) and (b) show the same two rotations carried 
out in different order. The resulting vector â’ is different in both case. 

The mathematical reason for a non-abelian character of the rotation group 
is given by the fact that matrix multiplication is not commutative in general, so 
that 


(0 RG 4 RRM 
Ri Rie * Ry Ri 


It will be shown later that the rotation matrices R“ and R®) really do not 
commute. The (special) rotation group is denoted as SO(3). This indicates an 
orthogonal group in three dimensions, which includes all real 3 x 3 matrices with 
determinant equal to + 1. Here S stands for special, denoting orthonormal 
rotations with det R;; = + 1. SO(3) is a typical example of a Lie group, which is 
defined as a continuous group for which the elements are differentiable functions 
of their parameters. For example the group of space and time displacements is 
a non-compact Lie group, while rotations form a compact Lie group. The 
Lorentz group!? is a six-parameter Lie group (3 parameters for rotations, 3 for 
velocities v = (v,, v,, v, } of the inertial systems). It is non-compact, because there 


exists no Lorentz transformation for v = c, whereas a sequence with v, —^ c can , 


be found. 


1.9 An Isomorphism of the Rotation Group 


Each orthonormal 3 x 3 matrix R corresponds to a rotation, which can be 
represented by a rotation vector f= {ġx, ¢,,@,}, giving the direction of the 


? Only proper rotations represent a continuously connected group. Improper rotations 
contain a reflection in space, which is a discrete transformation. Therefore all rotations 
including improper ones form a disconnected group. 

1? See H. Goldstein: Classical Mechanics, 2nd ed. (Addison-Wesley, Reading 1980) or W. 
Greiner: Theoretische Physik, Mechanik I (Harri Deutsch, Frankfurt 1989) 


(a) 


(b) 


Fig. 1.11. (a). Rotation about 
the z axis through 0,, a — a’. 
2. Rotation about the x axis 
through 7/2: a'— a". (The 
vector a" lies in the xz ' 
plane). (b). 1. Rotation 
about the x axis through 2/2 
does not change a, a = œ. 
2. Rotation about the z axis 
through 0,, a'— a". (The 
vector a” lies in the xy 
plane) 
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(a) 


$ = {¢z, y» oz} (b) 


Fig. 1.12. (a) The end points 
of the rotation vectors ¢ fill 
a sphere of radius x. Dia- 
metrically opposed points 
on the surface of the sphere 
describe the same rotation. 
(b) The rotation vector de- 
scribes direction and magni- 
tude of the rotation angle 
$-[02—-60;79:]'". 
Rotation and rotation vec- 
tor are connected in the 
sense of a right handed 
Screw 


Fig. 1.13. The vector a' — 
— a4 can be obtained by 


a rotation $ —(0,0,z) or 
p = —@= (0.0. — 7), re- 
spectively 


Fig. 1.14. Illustration of two 
paths from ¢, to 4; that are 
not continuously deform- 
able into each other 


rotation axis and the magnitude of the rotation. Arranging all possible rotation 
vectors @ around the origin we find the end points of all vectors $ lying within 
a sphere of radius z, because the maximal rotation is given by ¢ = |¢| = x: Each 
rotation about an axis can be expressed through a rotation angle — x < $ < m. 
The rotations $ and — $ with |ó| = x describe the same rotation. The end 
points lie diametrically opposed on the surface of the sphere (see Figs. 1.12,13). 

Note that the result ¢ of two successive rotations $, and $; is not obtained 
by vector addition. ¢ # 4, + $;, except for rotations about the same axis, i.e. 
collinearity of $, and ¢,. In general the resulting rotation vector can only be 
determined by matrix multiplication of the matrices R{)(¢,) and Rf? ($;) and 
subsequent calculation of the rotation vector from the complete rotation matrix 

Ry(f) = RPG.) RP (4) (1.59) 
Clearly, however, there exists a one-to-one correspondence between Rw, 
R2 and R on the one hand and 4,, 4; and ¢ within the “rotation sphere" on the 
other. This obvious isomorphism between rotation group (R) and rotation 
vectors (ø) can be used to show that the rotation group is not simply connected. 
Although SO(3) is continuously connected, it is not simply connected. This 
means that one can reach every element [R;,(¢2)] of the group, starting from 
another element [R;,(¢,)], by variation of the group parameters (the rotational 
angles $,, $,, $,), but that different paths from ¢, to $; cannot always be 
transformed into each other by continuous deformation. 


For the rotational group there exist two paths from R(9,) to R(;) which 
cannot be continuously transformed into each other: The first path leads from 
$ to ó; while completely remaining within the rotation sphere. The second one, 
first leads from 4, to the point P, on the surface of the sphere, then appears at 
the diametrically opposed point P;, and from there finally leads to $2 (Fig. 1.14). 
If a possible third path makes a second jump from P; back to P,, it will be 
equivalent to the first path. This can be seen from the fact that paths of the type 
(1) and (2), cannot be produced from one other and are the only paths, which are 
not continuously deformable into each other. Hence, the rotation group is 
doubly continuously connected. 


1.9 An Isomorphism of the Rotation Group 
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1.9.1 Infinitesimal and Finite Rotations 


From the example of the rotation group we can explicitly study many general 
characteristics of Lie groups. The properties of the group elements (rotations) 
under infinitesimal variations of the group parameters (infinitesimal rotations) 
are of particular interest. In this case much is simplified. Let 
0$ = {5x, 6¢,, 66,} be an infinitesimal rotation vector, then according to 
(1.11) the rotated vector becomes 


r =r + õpxr (1.60) 


or expressed in components 


~ 
~ 


Xt = X; + ij OG jX_ = (Oi + FijeOGj) Xu = RuXy = RiXk . (1.61) 


This can be written symbolically or explicitly as components in matrix repres- 
entation respectively, i.e. 


A. ud 
- Xi Ri Ri Ris \/*1 Rua Ra Ra|[x 
r= Rr; |x | =| Rz R22 Rza || X2 |= Ri2 R22 Ra X2 
4 
X3 R31 R32 R33 /\X3 Ris Ro, R33 X3 


Ri is the rotation matrix according to (1.56) and is given explicitly by 


^ 1 = ô$, Oy 1 og, = Oy 
R = 0$, 1 = px , R =| 0$, 1 6x 
~ 5h, 5b, 1 óó, -öp 1 


(1.62) 


Again we define the rotation operator Ü& (6) in such a way that the rotated 
scalar state V, (r,t) follows from the initial state v.,(r, t) by 


Walr.t) = rp Yal, t) . (1.63) 


The rotated scalar wave function has to satisfy the requirement analogous to 
(1.17) and (1.36), namely that 


V. (Rr, t) = Vr. f) (1.64) 


or equivalently 


GL 


pee D= pÊ Ont) = veld) (1.65) 


Equation (1.64) shows the value of the rotated wave function for the rotated 
position vector, r' = Rr, to be equal to the value of the unrotated wave function 
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at the unrotated position r. From (1.65) we obtain 
Veit) = VR In) = ur — nt) = palt — 66x 1,1) 
= alr, t) = (09 x r) Vy, (r, t) 


= dint) — = (661) plur. t 


-(1-4 —- ô$" £ uet D . (1.66) 
Comparison with (1.63) yields 
U(d¢) 21-— ; ó$-L , (1.67) 


Í — rx being the angular momentum operator. This holds for infinitesimal 
rotations. For finite rotations ¢ the rotation operator can easily be found 
according to the following consideration: We choose the coordinates in such 
a way that, say, the x axis lies along the rotational axis. Carrying out first the 
rotation U(x) and then an infinitesimal rotation U,(4¢,) = 1 — (i/h)4¢,L, 
yields the complete rotation 


Üs(Ó. + 46.,0,,0.) = Un(4bx) Ua (bx bys bz) 
= (1 -$ donb, Usos s. t 


Therefore, 
Ad, Ads 


= — - E, Üs (o. $,, $z), 


ie. in the limit 4¢, — 0 the differential equation 
0 Ur(oz, Py; Pz) = 
Obs 


is obtained. Analogous relations hold with respect to the other coordinate 
directions 


- 5 É.Ü (0. yobs), (1.68) 


OU.) ipa 
ad, = 77 h L, Un (9) , (1.69) 
OUR) — ip 
0$, ~ 7 h L, Ua) . (1.70) 


Integration of (1.69, 70) with respect to the boundary condition Ü,(0) = 1 yields 


Üx() = exp( - ; 2D (1.71) 


1.9 An Isomorphism of the Rotation Group 


for finite rotations. This result is completely analogous to our former results 
(1.24) and (1.39). It shows explicitly that the rotation group possesses three 
parameters (¢.,,,,). The rotation operator (1.71) is unitary since 


Ux (4) = Unig) = exp G sL) 
and, because L is hermitian 

Ui() = exp(; 4-2" = exp(;¢°£) 
Hence, 


Ul) = Ox'*) . (1.72) 


The three operators Ly, Ly L, are called generators of rotations about the three 
coordinate axes. This is analogous to our former results (1.25) and (1.39a) for the 
operators f and É for space and time displacements, respectively. From the fact 
that three generators fx, D, p, commute for translations in space, we can 
conclude that the translation group is abelian (the order of two translations can 
be interchanged). The rotation group, however, is non-abelian, which is ex- 
pressed formally by the three non-commuting generators of this group 
Ly, Ly, Lz, 


1.9.2 Isotropy of Space 
Isotropy of space means symmetry of the laws of nature (here of the Schrodinger 


equation) with respect to rotations in space. Therefore, the following has to be 
valid 


in bed OOO! p qu PAD gp, (e) 
t ot 
= COAG Oe.) = Bout . (1.73) 


Here we have used the fact that the initial state w,(r, t) satisfies the Schrödinger 
equation 


in Pale WMD uen . (1.74) 


The last step made in (1.73) expresses the requirement of invariance of the 
Schródinger equation concerning rotations or, equivalently, isotropy of con- 
figuration space. Hence, for arbitrary rotation vectors ¢, 


Ü&(9)HÜ& (H =H or (1.75) 
[Us(9), H]- =0 (1.76) 
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All directions of an isotropic 
force field are equivalent 
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(b) 


(a) The vector wír) is at- 
tached to the position r. The 
rotated vector w'(r) is at- 
tached to the rotated posi- 
tion r'. (b) The operator 
R locally rotates the vector 
y(r) into its new direction 
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and, since ó is arbitrary, 
[£8] -0. (1.77) 


The equations (1.75-1.77) are equivalent and express conservation of angular 
momentum. As in classical mechanics [cf. (1.16)], we can infer the conservation 
of angular momentum from spatial isotropy in quantum mechanics. 

Isotropy of space means that all directions are equivalent. Of course, a field 
of force may be present, but only one that does not exhibit a preferred direction, 
ie. the field must be spherically symmetric. Otherwise isotropy would be 
destroyed. Spherically symmetric fields always allow for conserved angular 
momentum with respect to the centre of the force. 


EXAMPLE Se 


1.11 Transformation of Vector Fields Under Rotations 


We examine a vector field y = (V1, V2, V3) as another example for the behav- 
iour of wave fields under rotations. An example of a particle that is described by 
a vector field is the photon. Its wave field is described by the vector potential 
A(r,t), which obeys Maxwell's equations. Vector mesons are other examples, 
being subnuclear particles with a non-vanishing rest mass, which are also 
described by a vector field. 

The equation for the rotation operator U(@) of vector fields is more complic- 
ated than that for scalar fields (1.64). It is important to recognize that the 


rotation operator not only shifts the vector y from r to r' — Rr, but also rotates 
the direction of y into a new direction y’ as in (a) of the above figure. The 
operator Ü transforms the vector y into the new vector y’. We call this 
transformation an active rotation of the wave field. The operation R rotates the 
vector y at r (locally) into the same direction as y’(r’) (Fig. b). If the wave field is 
scalar function we do not need this additional operation, since the local rotation 
at r transforms the scalar to itself. On the other hand, the vector y(r) is rotated. 
Hence, 


y (r,t) = Rwir, t) or (1) 
y'(Rr,t) = Ry(r,t) or (2) 
w'(r,t)=Ry(Ro'r,t) . (3) 


On the other hand, the defining equation for the rotation operator is 
w'r, t) = Ung)wlr,t) , (4) 


so that by comparing with (3) we obtain 
Ua(d)y(r,t) = Ry(Ro'r,t) . (5) 
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From this relation, we derive the operator for infinitesimal rotations U,(59) 
Ca(5d)wlr,t) = Ryk ri) 
= w(R 1r, t) + 6g x (Rr, t0) 
= y(r — óóxr,t) + dbx y(r — 66 x r,t) 


~ wir.) — z 0 - Dyte + bxy) © 


In the second line of (6) we have neglected quantities of second order in ó$. We 
can write the last term more explicitly as 


(56 x wr.) = eind = — 90) 
i ^ 
= MO. . (n 


where we have introduced the matrices: 


($)a. = ife (8) 
00 0 

(Sim 2 iħenn - ih|O 0 —-1), 
01 0 
0 0 1 

(S;)y = ihe; =ih| 0 0 0}, 
—10 0 
0 —1 0 

($4), = ihe; = ih 1 0 0 (9) 
0 0 0 


We can regard these three matrices as components of a vector $ = ($,,$;, S3}. 
Returning to vector notation, we can now write (6) in the form 


Un (09) wr. t) = |: - ; 99 * $e. Doe (10) 
We thus obtain an expression for the infinitesimal rotation operator 

0,04) = 1- öp (E + $) . (11) 
Since Ê = f x p is a differential operator, while, according to (9), $ is a matrix 


operator with position-independent components, the two operators obviously 
commute so that 


[Z;,5,]-=90 . (12) 
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Example 1.11 


In order to obtain Ug(g) for finite rotations we could make use of the method 
expressed in (1.67—70), but here we choose to follow a different way. By dividing 
the finite angle ¢ into N small rotations 0$ = ¢/N, we can obtain the operator 
Up by N successive infinitesimal rotations. Hence, 


Ü.(9) = lim 1—1(S-(£ 4 $) . 
R i Noo h N 
= exp] - i6 $ |= e ( - 6-7) (13) 
Here we have introduced the operator J = Ê + $, whose components J; are the 


generators of the rotations for vector fields. As before, isotropy of space implies 
that 


[8]. -[£- $ H].-0 . (14) 
Thus, for vector fields the quantity 
J-L4$ 


is conserved. Since L is the operator of orbital angular momentum, it seems to 
be natural to interpret § as an intrinsic angular momentum or spin of the vector 
field. The commutation relation (14) expresses the conservation of the total 
angular momentum J. 

We know that the components of orbital angular momentum satisfy the 
commutation relations 


[E £;]- = iheig Ly . (16) 


From (9) we can easily infer, by explicit calculation, that the components of 
S obey analogous commutation relations, i.e. 


[S;, $;]- = hein St . (17) 
For instance, in the case of i = 1, j = 2, k = 3 we have 
00 0 0 0 1 
$,$, —$,$, = ihP||O 0 —1 0 00 
0 1 0 —1 00 
0 0 1 00 0 
— 0 0 01/[00 -1 
—1 00/101 0 
0.0 0 0 1 0 
=(ih)?}/1 00] -i0 0 0 
00 0 0 0 0 
1 
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a a ca MEN 
Hence, the components $; of the spin vector satisfy the commutation relations Example 1.11 
for angular momentum operators too. This also holds for J; ; as from 
[E S; ;]- = 0, it follows that 


DAAR = [£; T S, E; T $;]- = [£;,£;]- + [S;, $;]- 
= ilis; Ly + ihe; S, = ihe; Jy . (18) 


This result provides further justification for the interpretation of J as the 
operator of total angular momentum and S as the spin operator. Remember that 
we accepted the commutation relations (16)-(18) as general definitions for 
angular momentum operators, when we introduced the electron spin. Now we 
will calculate the absolute value of the spin S (intrinsic angular momentum) of 
vector fields. From (9) we get 


# = $- = S? + $2 $3 


0 0 0 -10 0 1 0 0 
-GüB||0 -1 o |-l10 o o lil 0 1 0 
0 0 -1 0 0 -1 0 0 0 
100 
-2$8|0 1 O|=11+1A71 . (19) 
0 0 1 


Here we have written the value 2 in the form S(S + 1), known to hold for the 
orbital angular momentum. Obviously, we have to attribute to S the value 1. 
This result is very important: vector fields have a spin (intrinsic angular mo- 
mentum) of 1, i.e. they describe spin-1 particles. Hence photons and vector mesons 
have spin S = 1. 


Comment. In the previous example we learnt that the rotation operator 
Un) = exp - T2) (20) 


contains the sum of the orbital angular momentum and the spin (intrinsic 
angular momentum) of the considered field, because Ü, (4) contains the operator 
J. If we examine a general wave field (scalar, vector or tensor), in order to 
determine the spin of the particles described by this field we must study the . 
transformation properties of the field under rotations. This means that we have 
to construct the operator Ux(¢). The generators J; we obtain indicate the 
angular momentum properties, in particular the spin of the particles described 
by the field. This was exactly the method applied before. In the case of a scalar 
field we obtained J= Ê = fx p, ie. it describes particles which have only 
orbitan angular momentum, or particles without spin (S — 0). In the case of 
a vector field we obtained J = Ê + $, where $? = S(S + D)&? = 1(1 + 1)h?. 

Hence, vector fields describe particles with spin S — 1 (cf. Example 1.10). 
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1.12 Transformation of Two-Component Spinors Under Rotations 


The rotation of scalar and spinor wave fields was evident and easy to compre- 
hend, as easy to imagine as a rotated scalar or vector. In the case of two- 
component spinors it is not so easy. We have to modify the direct method of 
determining the rotation operator, which we developed in previous sections. We 
have to study not only a single wave function, but also the behaviour of an 
equation for two-component spinors under rotation. For simplicity we choose 
the Pauli equation, 


- s ( — 4) + V(r- mê- Boi . (1) 


We denote the two-component spinor by y = ($1). The rotation operator is 
again denoted by Ug&(ó) and the rotated spinor by w’. Both are related by 


y'(ro)- Üsóu(r.) . (2) 


We do not know enough to construct Üg(ó) directly, but we can follow an 


alternative route: [yj d? x must be invariant. Hence, Üg (9) is a unitary oper- 
ator, 


[ityd?x = [y'*y'd?x 
= f yp ÜRP klp d? , (3) 


and 
Üd(f)Ü&(9)-1 . (4) 


From (1.65), we can infer that the value of rotated scalar function f(r) at the 
rotated location equals that of the original function at the original location. If 


f (r) is a product, e.g. V y, this statement holds too, and we must take the related 


locations of the individual factors [cf. (1.65)]. This means that the scalar density 
uw wir, t) behaves under active rotations like a scalar wave function, and 


WIP = VQ yR n). (5) 


We can write the rhs of (5) as a sum over the two spinor components. The terms 
of the sum are scalar functions which are transformed by exp( — i/h)@> L), as in 
(1.71), ie. 
WTR pny(R 7! -È Vx(R nya (R r) 
2 i, * i, 
= Y |ev(- h $: E Jn | |» (- ; PE bal 
m=1 


= [UL@YO1'TOL@YO) 
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In the last step we have introduced the operator 
^ 1 ^ 
09 = exp( - TI Q 


known from (1.70). Ü, takes into account the orbital angular momentum of the 
components. We denoted this part by Ü,, as there will be another part 
originating from the spin. Clearly Ü, (d) determines the behaviour under trans- 
formations dependent on the coordinates. Hence, we need another term that 
depends on the spinorial properties, as in the case of the vector field (cf. Example 
1.9). This term Us must not be coordinate-dependent and, we can now write for 
the total rotation operator 


Ug(¢) = Üs(f)Üi(9) . (7) 


Relations (3) and (4) only hold if U;(@) is a unitary operator, because Up and 
U, are unitary. So we make the following ansatz for Us(@): 


Gs(¢) = e - 76a) , (8) 


where the hermitian vector operator @ has still to be determined. 

In order to find å, we have to study the transformation of the Pauli equation 
(1). We require that the spin vector s or — being identical up to a constant factor 
— the Pauli vector operator o = [6,, 62,43 ] transforms under space rotations as 
a vector. This leads us to the relation 


ô! = 01(96,0,() = Rud; , (9) 


which simply expresses that the matrices 6; transform in the same manner as the 
components of a vector under space rotations. If (9) holds, we can be sure that 
c really is a vector. Restricting ourselves to infinitesimal rotations 6¢ by writing 
[cf. (1.61)] 


Ry = Oj + EimjSPm (10) 
and 

Ü, = fa — TEN , (11) 
Writing (9) in the form 

Ry Ü$(9)6,s(9) = 6; (9a) 


and using (10) and (11) yields 


6; = {ji + EimjOP mm} fa + 5 z ĉi fa — ; 5$. 
= { O ji + EimjOPm la T z OPn [ân a 


= 0 — tims Sdmbi + 00 [05,6;]- (12) 
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where we have omitted terms of higher order in 6¢. Since the 6¢,, can be chosen 
arbitrarily, (12) implies the relation 


Lân, ój]- = he gn j Oy . (13) 


The operators à, must be represented by 2 x 2 matrices. Since the three Pauli 
matrices combined with the two-dimensional unit matrix form a complete basis 
for all hermitian 2 x 2 matrices, the à, can be written as a linear combination, i.e. 


à, = Cnn Om + BA, , (14) 


where the coefficients «,,, and f, are real (c-numbers). Without loss of generality, 
we may set f, — 0, as the unit matrix only generates a (trivial) phase transforma- 
tion in (8). Furthermore, it commutes with 8; in (13) which now becomes an 
equation for the coefficients o,,,: 


AnmlÊm jl- = eyo, . (15) 
Taking the commutation relations of the Pauli matrices 

[êm Oj ]- = 2ihg, 4,0, (16) 
into account, (15) reads 

JR mCmjkOk = Ae, . (17) 
This can only be fulfilled by 

Anm = i hÓ.a. . (18) 
Thus, we get 

à, — i he, (19) 
and, after inserting this into (8) 

Us(@) = exp( — 3iho-ó) . (20) 
Introducing the spin operator 

$—ihé , (21) 


we get the complete rotation operator for two-component spinors according to (7) 
and (8), ie, 


^ ^ ^ i ~ A 
Ur(d) = ULA) Us(9) = exp| Eu «(£ +5 3] 
= exp] -;et en] (22) 
We conclude therefore, that the two-component spinors transform according to 
i, s. 
p'e) = exp( - 56°F vin ; (23) 


where the total angular momentum is given by 
J=L+8 . (24) 
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Such an expression is known to us from scalar (total angular momentum 
= orbital angular momentum) and vector (total angular momentum = orbital 
angular momentum + spin 1h) wave functions, but now the spin eigenvalue is 
|s| = 1/2 h. 


EXERCISE i 


1.13 Measuring the Direction of Electron Spins 


Consider a device that allows the measurement of the component of spin of an 
electron in an arbitrary direction. Assume that such a measurement has been 
performed on a certain electron with respect to a certain direction (e;), and the 
result is spin up ( ) in the direction of e;. 


Problem. In which state is the electron after this experiment? Draw the state 
vector in two-dimensional (complex) spin space. 

Let the spin component of the same electron now be measured in another 
direction (e,.), which is inclined to the original direction by an angle of 0 = 90°, 
9 = 180°. What is the probability of the result being spin f or spin | ? What are 
the positions of the vectors spin 1 and spin | in the z' direction in spin space? By 
what angle are they rotated compared with spin 1 and spin | in the z direction? 


Solution. The spin of the electron is represented by a vector (spinor) in two 
dimensional complex vector space with two orthogonal basis vectors, which 
choose as | f zò (spin up in z direction) and | | z> (spin down in z direction). To 
simplify thus we restrict ourselves to the graphical representation of real linear 
combinations a+ |f z> + a | | z» (a.,a- € IR). The state vector |) is an arbit- 
rary linear combination with length 1 (see Fig. a). With the first measurement it 
is projected onto one of the basis vectors, in our case to | f z> (Fig. b). Therefore, 
after the first measurement, the state vector is 


EP E 
TEE tlo (0 


For a measurement of the spin component in the x direction (0 = 90°) we 
assume 50% spin f and 50% spin |. 

The vectors | f zh and | | z? can be written as linear combinations of 
| f x>and | 1 x>, 

ITz»-alf»»-blix» , |La=clTx>+dllx> (2) 
with 

la? = |b}? = |c} 21d? =} . (3) 


I9 > = 


Example 1.12 


ITZ) 
le) 

(a) 

H2) 
ITZ) = |o) 

(b) 

112) 

ITZ) = |¢) 
NITE ) [1x7 


Spin state vector before 
(a) and after (b) the measure- 
ment. (c) and (d) show the 
appearance of the state vec- 
tor from coordinate systems 
that are rotated by 90 and 
180 degrees, respectively 
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Therefore, 
Kel tX? = |< TaITx»P = la? etc. 


is the probability of finding the result “spin f " in the second measurement. The 
vectors | fx}, | | x» are inclined by 0/2 = 45? compared with | 1 z»,! |z> 
(Fig. c). We can infer directly from the figures that by a projection of |@> = | 1 z> 
onto | 1 x» or | | x5, respectively, we obtain the probability 1/2. If we rotate the 
measuring device by 0 = 180°, we get the result “spin | " with the same probabil- 
ity as for spin 1. before. Clearly, the vectors | f — z> and | | — z» are rotated by 
0/2 = 90? compared with | f z) and | | z> (Fig. d). Instead of rotating the appar- 
atus we could have rotated the electron in the opposite direction by the angle 
0 (for instance, with the help of a magnetic field), and then we could have 
measured the z component. 

From the same considerations we can infer that the rotation of the electron in 
configuration space about an angle 8 is related to a rotation of the state vector in 
spin space about the angle 0/2. Configuration space and spin space are not 
directly related, their dimensions are different. It is important to keep this fact in 
mind, especially in the case of spin 1, when both spaces have three dimensions. 


1.10 The Rotation Operator for Many-Particle States 


We consider a scalar (Schródinger), many-particle wave function 

Wa = W(rirs,. = Writ). (1.78) 
It is dependent on the various particle coordinates r; and on time, and obeys the 
many-particle Schrodinger equation 

Svar = Abarat). (1.79) 

Ci 

The rotation operator Üg (9) may be defined in precisely the same way as for the 
single-particle case by the equation 

Viri t) = Or @ alr, (1.80) 


and can be determined in analogy with the method used in (1.63-1.71). For 
instance, the determining equation (1.66) for infinitesimal rotations is 


Viri t) = VR r t) 
= yiri — 00 xri t) = viri t) — 2, (69 x ri): Vipal: t) 


= Ye) - 86-49 Ehted = (1- i0 E)r » qn 


Biographical Notes 
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where 
L-YL -Yrxbi (1.82) 


is the total angular momentum of the system. Hence, the rotation operator is 
now 


Up($) = exp — E t) (1.83) 


Formally, it is identical with the operator for single-particle states (1.71), but 
now L stands for the total angular momentum of all particles. Again the sym- 
metry of spatial isotropy, as in the single particle case, leads to 
CL, H(p;,r;)]_- = 0. This means that the total angular momentum is conserved, 
a result which is not surprising. 

From a mathematical point of view, the operators of angular momentum 
J; in (1.71) and ZL, in (1.83) are the generators of the Lie group SO(3). This will be 
explained in detail in the third chapter, but from now on we will occasionally use 
the language of group theory. They satisfy a Lie algebra, which is defined by the 
commutators 


[Ji Jj]- = ihtip J, : (1.84) 


The Lie algebra is closed, i.e. the commutator of an arbitrary pair of generators 
J; can be expressed as a combination of the generators (in our case, due to the 
Eijk» by just one generator). We will show in the next chapter that the Lie algebra 
largely determines the possible matrix representations of the generators J;. 


1.11 Biographical Notes 


NOETHER, Emmy, * Erlangen 23.3.1882, T Bryn Mawr 14.4.1935. N. studied in 
Góttingen and Erlangen, becoming associate professor in Góttingen in 1922. After her 
emigration to the United States in 1933, she obtained a guest professorship at the small 
college of Bryn Mawr. N. has deeply influenced various branches of algebra by her work. 
It may be ascribed to her influence that structural theoretical thinking became a domi- 
nant principle of modern mathematics. 


LIE, Sophus, *Nordfjordeid 17.2.1842, T Kristiana (Oslo) 18.2.1899. L. passed his exam- 
ination as a teacher in Kristiana in 1965. In 1869/1870 he visited Berlin and in 1870, 
together with Klein, Paris. From 1872 L. was professor in Kristiana, and between 
1886/1898 in Leipzig, until he returned to Kristiana as professor in the theory of 
transformation groups. In Paris L. had perceived the fundamental importance of group 
theory for mathematical investigations, had discovered tangential transformations and 
thereby shown that dynamics can be interpreted as a part of group theory. Nearly all his 
further investigations dealt with the theory continuous transformation groups and their 
applications. 


2. Angular Momentum Algebra Representation 
of Angular Momentum Operators 
— Generators of SO(3) 


2.1 Irreducible Representations of the Rotation Group 


In many applications of atomic and nuclear physics, states of particles in central 
potentials are examined. Angular momentum is a conserved quantity in central 
potentials, Le. its eigenvalues can be used to classify the states. Due to this 
significance of angular momentum in the applications of quantum mechanics, in 
this chapter we study once again the angular momentum operators and their 
eigenfunctions. Furthermore, the commutation relations of the angular mo- 
mentum operators represent the Lie algebra of SO(3). 
Angular momentum is classically defined by the relation 


L=rxp . (2.1) 
If we replace the momentum variable by the operator 

p= —ihV (2.2) 
in (2.1), we obtain the commutation relations 

[L,, Ly] = iL, (2.3) 


for the components of the angular momentum operator. If the total angular 
momentum L is the sum of angular momenta L™ of single systems (particles, 
spin, orbital angular momentum, etc.). the commutation relation (2.3) holds for 
the sum as well. With 


L= Y Lo and [Lt Le". = ihein LO Spm 5 
we obtain 


[L,, Ly]- = | LY, ra = DLL, ID] = ZiR? = ind, 
n m -= n n 
We emphasize once more that the angular momentum operators belonging to 
different systems commute, as they act in different spaces, i.e. they act on 
different coordinates. As the commutation relation (2.3) holds generally, we may 
define: 


Any vector operator J, whose components are observables and satisfy the 
commutation relation (2.3), is called an angular momentum operator. 
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Based only upon the commutation relation [the Lie algebra of SO(3)] we 
can infer several fundamental properties of the angular momentum operator 
and its eigenfunctions. 

The square of the angular momentum commutes with all components, that is 


[J^]. 20, with j*-22.J24J? . (2.4) 


We know this to be valid for the orbital angular momentum operator from 
elementary quantum mechanics and we can easily check (2.4) in the generalized 
case, making use of the commutation relation (2.3). 

From (2.4) we may deduce that one component of the angular momentum 
and its total square can be measured simultaneously, i.e. they have a common 
eigenfunction. 

To obtain the spectrum of these operators it is appropriate to use the 
following Hermitian conjugate operators: 


J=] +ib , f -4A—-i. (2.5) 


These operators, which are not Hermitian, are called step operators or shift 
operators. 
From relation (2.4) it follows that 


[.,J2] 2 [.,721. 20 . (2.6) 


The three operators J,, J_, J, determine the vector operator J entirely and are 
more convenient for algebraic transformations than the operators Jx, Jy, Jz. 
From (2.3) we can easily infer the commutation relations of the operators (2.5), 


UA. - A. . iias- , [5]. 22$, . 272) 


To remove the constant h from the right-hand side (rhs) we use the transforma- 
tion J; = hJ;. The operators J} clearly satisfy the dimensionless commutation 
relations. 


WS =F. , = i, [RI -2R . QJ 


They are identical to the relations in (2.7a) with h = 1. From now on we will 
implicitly use the operators J’, but will denote them by J; for simplicity. All 
further work in this section will be based on the relations (2.7b). 

Expressing the square of the angular momentum operator by the step 
operators we get 


P-i jj. (2.8) 
as well as the relations 
AJoP-L-y,JjJ-P-A». (2.9) 


As J? commutes with all of its Cartesian coordinates (2.4), we can find a set of 
common eigenfunctions for one component (we take J,) and for J? with the 
corresponding eigenvalues j(j + 1) and m. We write, therefore, 


Phim =j + DYim , Jai = my. . (2.10) 


2.1 Irreducible Representations of the Rotation Group 


As the eigenvalue of J”, which we denoted by j(j + 1), must be positive, j can be 
chosen as positive without loss of generality since all positive numbers can be 
represented in the form j(j + 1) for positive j. 

We want now to obtain the spectrum of the operators by algebraic methods; 
hence, using (2.9) we get 

JJ ls. = DG +) — mm — Dim, 

J- Jas DU + 1) — mm + 1)] Yim 


The step operators are Hermitian conjugate to each other, Jt-J +; and thus, 


(2.11) 


0 x fJ Wiml AV = ft, S-J himd V (2.12) 
holds. Using (2.11) we obtaine 
[V5 S-J Wmd V = [jG + DY — mn + 1f lig dVz0 , (2.13) 


and, analogously, 
fI Wiml?dV = 5,55 —WimdV = LjG + 1y— mm — 1f Wil AV z 0 
Hence, we can infer the following relations for the quantum numbers j and m: 


jg - 1) —mm+1)=(j-m(j+m+1)20 , 


o (2.14) 
j( - 1)—- m(mm— 1) 2 (j - m(j -mc-1)z0 
For the quantum number m they set the bounds 
-j&msj. (2.15) 


For m= + j we can infer from (2.12), using (2.13), that 
Jig, = 0 for m =j and J_Wim = 0 for m = —j 


In order to examine the effect of the step operators acting on the eigenfunctions 
Wim, We examine the relation 


Js = SI gs = iG + D Jes 
This signifies that Ji Wim is an eigenfunction to the eigenvalue j(j + 1), as indeed 


is J.. The step operators do not change the eigenvalue of the square of the 


angular momentum. 
From (2.7b) we see that 


JJ. =J (J, + 1) 
or, written as an eigenvalue equation for J, 
FF Wim) = (m + DG) - (2.16) 


The step operators J, and J_ raise and lower, respectively, the eigenvalue m by 
one unit. With step by step operations of J, on the wave function Wim, we obtain 
the eigenfunctions of J? and J, which correspond to an eigenvalue increased by 
one in each case. We can arrange these functions with respect to increasing m: 


V jm» Jim Ji Wim SEP LAUDE , 


55 


56 


2. Angular Momentum Algebra Representation of Angular Momentum Operators 


and the corresponding eigenvalues of J, are 
m, m+ lom +2,...,m+p=j 


The number p is a positive integer and the maximal value of m + p must equal j. 
We can understand this in the the following way: consider Yim» to be the 
non-trivial state corresponding to the maximum value of m. Due to (2.16) 
and (2.13) we then have Jy Wine ~ Wj,m*+1 and Vj m1 ~ Je Vise = 0. There- 
fore it also holds that 0 2 JJ, yj = (J? — J,(J, + 1) Wine = [JG + 1) 
— m*(m* + 1)]Wime. Because Vj,» is a non-trivial state, this equation can be 
fulfilled only if m* = j. Correspondingly, we get for the operator J_ the sequence 


Vm» J — Winns «+05 JL Wim 
with the eigenvalues 
m,m — 1,...,m — q = ~j 


From the construction used, q is also a positive integer number. We can use the 
same arguments for the minimal value m — q and get —q = — j. From these 
conditions we can infer that 


p+q=2j 


As p and q are positive integers we get the following values for the quantum 
number j; 


j= 0,1, 1, 3, 2,3, 3, eee 


This is a very important result since it means that from the commutation 
relation (2.7) we can infer directly that in quantum -mechanics there exist only 
systems with integer (j = 0,1,2, ...) or half-integer (j = 4,3,3, ...) angular mo- 
mentum. Other values, for instance h/3 or 5/5 are not allowed by the commuta- 
tion relations. 

The quantum numbers are 


m = 0, +4, 1, t$,. 


The eigenvalues of the angular momentum operator P are j(j + 1), and for each 
fixed value j there are 2j + 1 different eigenvalues m of J,. They are 


-j-jtl.2401.., 4j 


We have shown that we can generate from a single eigenfunction Yim, all 2j + 1 
eigenfunctions of a fixed eigenvalue j by the step operators. We now show that 
they are uniquely defined in this way except for a phase factor. 

Since the eigenfunctions are to be normalized to unity, 

Jis = Om j,m+ 1 
holds and from (2.13) for the constant factor we obtain 


lal? = [JG + 1) — m(m + 1)] 


2.2 Matrix Representations or Angular Momentum Operators 


We choose the phase so that a,, is positive and real (Condon-Shortley Phase)'. 
With the same choice of the phase we apply J, and J- and obtain 2j + 1 
orthonormal eigenfunctions 


Wi, -j V; jen EE Wim cers Wij 


satisfying the eigenvalue equations 
Pim =H + Wim > Sim = im A (2.17) 
According to the choice of the phase they also satisfy 
Sabin IG 1) — mln + Djm+1 and (2.18a) 
Js = JIG + 1) — mm — 1), n-i with 7 (2.18b) 
Wij = F-Wj,-; = 0 


The 2j + 1 eigenvectors are transformed into one another by the operators 
J, J, ? and J,. Applying these operators, i.e. in the context of the rotation 
operator U g(ġ), we always get these eigenvectors and their linear combinations 
as a result. In other words, the (2j + 1)-dimensional vector space spanned by the 
eigenfunctions w,,, is invariant under the application of the angular momentum 
operators. We therefore call it an invariant subspace of Hilbert space. It cannot 
be separated into smaller invariant subspaces and every one of the (2j + 1) 
vectors can be transformed into any other vector by applying the step operators. 
This leads us to the expression of the irreducible representation of the rotation 
group. 


Note. In general there are several states V/;, for one pair of values j and m, which 
we denote by W,jm. Here n is a new quantum number which distinguishes 
between these states (e.g. the principal quantum number of the hydrogenic atom 
eigenfunctions). The operators J+, J, transform the wave functions y, , with the 
same n and j into one another, but wave functions y,y, with w n and/or 
j *j are never obtained. 


22 Matrix Representations of Angular Momentum Operators 


Utilizing the relations obtained up to now, we can easily calculate the matrix 
representations of the angular momentum operators Jx, Jy, Ja. We choose the 
basis of eigenvectors Win which are diagonal in J,. To calculate the matrices for 
J, and J, we apply the expressions 


` a ~ La a 
R= +i) , hsi- . (2.19) 


1 The original definition was first given in the book by E.U. Condon, G.H. Shortley: 


Theory of Atomic Spectra (Cambridge University Press, Cambridge 1935) 
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The matrix elements are the integrals 
[Wea Siima V = Oy (Jom . (2.20) 


In the case of angular momentum j = 5, we obtain the Pauli matrices 


1/0 1 1 

Jx)m =5,= = D0x 3; 

(Je) am’ 2 >) 56 

a a 1/0 —i 1. 

an $ ex JL | 

n ~ 1/1 O0 1 

J. =§, =- =-ĝ, . 2.22 
Dnw = S (o L)7 55 (2.22) 
and 


a 3/1 0 3, 1/1 V1 0 
Pret = (s rata 9G ) 


In the case of angular momentum j — 1 (absolute value JJ2h) we obtain 
three-dimensional matrices with m= — 1,0,1. Using the same notation as 
above, we infer from (2.19), (2.20) and (2.18) that 


,[0 1 0 [o ~i 0 
S=—=|1 01] , $-—-i 0 -il , 
V219 1 9 Vlo -i 0 
10 0 100 
Ś=l0 0 0o | , #=10+n/0 1 0|. (2.22a) 
0 0 =i 0 0 1 


In the same way as we used the spinors y: ,, (y, and x..) to describe the states 
with spin 1, we now may use the vectors ,,; i.e. 


B EU '0 
Xii >= 0 >» X10 = 1 » X1-1 = 0 3 
0 0 1j 


which represent all possible states for spin 1. . 

The vectors Xim are eigenvectors of the matrix S,. Hence, 

SXim = MYim 
holds. An angular momentum vector with j = 1 may take three distinct states, 
corresponding to the vectors y,,,. Formally, there is a complete analogy between 
the spin vectors and the unit vectors of the three-dimensional space, implying 
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This will be discussed in detail in the next exercise. In spherical representation 
the vectors of three-dimensional space transform under space rotations just like 
the spin functions yim. We have show (cf. Example 1.11) that it follows from the 
behaviour of vector fields under rotation that they possess spin 1, e.g. the photon 
as a ‘particle’ of the electromagnetic field (a vector field) has spin 1. The relation 
between the S,-operators [Example 1.11, Eq. (9)] and the representation in (2.21) 
will be clarified in Exercise 2.1. 
For spin 3 we get the 2j + 1-dimensional matrices 


0 /3 0 0 0 -if/3 0 0 
s 1|V3 9 2 0 $1 -i/3 0 -ñ 0 
753502 043] " 2| 0 % 0 -i3|' 
0 0 3 0 0 0 i/3 0 
3 0 0 1000 
~ 1{0 1 0 0 4 3/3 0100 
$£ =- , $2-[l-41 2.22b 
2100 -1 0 Gelo 0 10 (2228) 
00 0 3 0001 


which will not be discussed further here. We can get the matrices for higher 
angular momenta in a similar manner. The corresponding eigenfunctions are 
column vectors (spinors) with (2j + 1) components. 

We have constructed the matrix representations as matrix elements of the 


angular momentum operators, with the states of the invariant subspaces which . 


are not further separable. As we have mentioned above, such representations are 
called “irreducible”. They play an important role in quantum mechanics, as in 
general every matrix representation is separable into a product of irreducible 
representations. 


EXERCISE mmm 


2.1 Special Representation of the Spin-1 Operators 


Problem. Find the basis in which the spin-1 operators S? and S; are diagonal. 
Derive $,, S2, and S; in this representation. Show that the generators of SO(3) 
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Exercise 2.1 for vector fields can be transformed by a unitary transformation to the form 
(2.22). 


Solution. From Example 1.11, Eqs. (9) and (19) we know (setting h = 1) that 


100 

S?=2/0 1 O| and 
001 
0 -1 0 

$,-i|l1 0 O|. (1) 
0 0 0 


Obviously S$? is already diagonal with eigenvalues 2. Since (1) [ respectively (9), 
(19) from Example 1.11] was based on the vector w = (V, Y2, Y3} in Cartesian 
representation, (V, Y2, Y3} are the Cartesian components of y. Thus, 


1 0 0\ [y V 
$y-200 1 0| | |-22|V; =m , 
0 0 1) (ys Ws 
0 -1 0| /y -y 
$w-i|ll 0 olly l =il V4 . (2) 
0 0 0] |y4 0 


We are looking for a unitary transformation of the spinors 


j| Ui, Ui. U3 Vi 
V2 = U2, U22 U23 Wo 
W3 U3, U32 U33 Ws 


or, in shorthand notation, 


y'= Uy (3) 
such that 

Sy’ =2y' , (4a) 

Sy = uy . (4b) 


Equation (4a) is always fulfilled, since by inserting (3) in (4a) it follows 
SUy=Uy , or U'SUy=2w , 
U-4(2-)Uy=2y , 2v —-2y 


Independent of the unitary transformation U, (4a) is always fulfilled because of 
(1). Equation (4b) is an eigenvalue equation with u as eigenvalue. Explicitly it 
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0 —1 0| [Vi 1 
i1 0 0! [whl =u y| or 
0 0 OF} vij. V5 [n 


0 —1 0 10 0 1 
ill 0 0|-u10 1 0 2j =0 , 
0 0 0 00 1 3] u 
thus’ 
-u -i 0 1 
i ~u 0 2| 20 


0 0 —H 3|n 


This is a linear, homogeneous system of equations, which has a non-trivial 
solution only if the determinant of its coefficients is zero, i.e. 
—u -i 0 
i -p 0 |=-—y'?-()’p=0 
0 0 —u 
Hence, the three eigenvalues 4 are 
Ho = 0 , Aem tl , A-- -1 (5) 


The corresponding eigenvectors can be easily determined. Let us first consider 
the eigenvalue u = + 1: 


-1 -i 0 1 


—-yi-—iy-0 yi-4 
iy, —W2=0- > 4 2 =14’ 
—wW3 =0 ys = 0 
where A’ is arbitrary. Thus, 
Vi A’ 
Wa | = fia’ 


W3/+ \0 
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Exercise 2.1 After normalization we find, up to a phase factor, that 
Vi 1 1 
Wo} =—-—=/i] . (6a) 
W3 | + v2 0 
Analogously, one obtains 
Vi 0 Vi 1 
V;| —1|0| and 2| =—=!/ —il . 6b) 
Vsjo |l i: - v2 0 | 


The phases here have been determined in complete analogy to the eigenfunc- 
tions of the orbital angular momentum 1h, i.e. Y1,(0, 9). In order to make this 
clear, we will introduce spherical basis vectors e,(M = + 1,0) and compare them 
with the vectors (6a) and (6b). The spherical basis vectors £, are constructed 
from the Cartesian basis vectors in the following way: 


č% = — e + ie;) 


0 1 
= : 0| +i/ 1 = l +i (7) 
v2 [1o 0 V2\ p 
0 
Čo = 83 = 0 , 
1 


1 
č-1 = —z (e, — iez) 
2 
; 1\ | , | 1 \ 
-—- 0|-—iit =—=| =i 
2 2 
vo j J dd 0j 
These spherical unitary vectors čą, according to (4) and (6) represent the 


eigenvectors of $? and $53. Comparing them with the spherical harmonics 
Yim(8, oy for m = 1, 0, = L, 


—(x + iy)//2, m=1 


Yan(0, 0) = 3707) - Z, m=O , 
(x — iy)/./2, m= -1 


? See J.DJackson: Classical Electrodynamics, 2nd ed. (Wiley, New York 1975) or 
W. Greiner: Theoretische Physik, Elektrodynamik (Harri Deutsch, Frankfurt 1986), 
Chap. 3. 
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the analogy becomes evident. The spherical harmonics Y,,,(6, $) correspond Exercise 2.1 
~ up to the factor ./3/(4z)/r — to the spherical representation of the position 
vector r = {x, y,z}. The transformation (7) is achieved by the matrix U 


G1 €, 
Šo | Ü €2 
Š- €3 
~1//2 -i/J2 Ale 
= 0 0 llle; . (8) 


1/./2 -i/ 2 0j ies 


It is the same matrix as in (3) leading to (6). The transformation (3) describes 
the transition from Cartesian components y = (V4, Y2, Y3} to spherical coordi- 
nates (Ui, Vo, V -1): 

WVi=-Witihny/2 , 

Wo = V3 > 

W-1 = Wi — ih2)//2 or (9) 

| [-1//2 -i2 0 [v 
Vo |= 0 1} | V2 


0 
Yi 2  —i//2 0|. 


An arbitrary vector can be represented in the spherical basis with the help of (7) 
so that 


-1 
A-YAS4-PLA(YR,. (10) 
=i u 
Since 
en "eu = Duy! , 
which can easily be proven from (7), it follows that 


TE 
Thus, 
Ay = Ay = ~ (Ay + i4)/ V2 , 
o=A-Go=Az , 
Aly = AE = (Ay —iA2)//2, 
in accordance with (9). Due to the relations 


& Eur = uy! and Er =(—)*E_, , 
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Exercise 2.1 


the scalar product of two vectors A and B in spherical representation simply 
reads, 
AB - Y Ait By = 3, A,B Ey č- 
y Hs v 


A 


= Y A,B, — 1)6,,-» = Y( - "4, Be, 
Hs. v u 


- Y A,B 
A 
The spin vectors S; in the eigenrepresentation of S? and S, can be calculated in 
two different ways: 


a (S),-&$& . (12) 
This gives 
10 0 
(Ss) = ES -|0 0 0|. (13) 
00 —1 


As an example we check the element ($5),,, giving 


($3). = E1834, 


1 
ici -1 glil-ic 2-1 
73 NEN 


The diagonal representation of S, [in (13)] clearly exhibits the possible eigen- 
values (spin orientations along the z axis), namely 1,0, —1. For the other 
components of S we find analogously 


, /0 1 0) 
(Siw = —! 1 0 1 , 
ve | 
i0 1 0 
, 10 ~i 0 
Ec 0 —i ` 
O i 0 
10 0) 
($5)5129|0 0 0 
00 -1 


We have already seen this representation in (2.21). 
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b) The diagonal representation of S, can also be obtained in the following 
way: Let 


[0 —1 0 
$j2i1 0 0 (15) 
0 0 0 


be the Cartesian representation of the $4 operator. We next evaluate the matrix 
elements 


(Suv = «&.IS SE,» = ELSE, (uj, v = 1, 0, — 1) 


According to (8) we have 


yJ2 ~i/./2 0 
3 
čt = Y Unel with ef = (014,025, 034) 
m=1 


Using č, = Y3-, Uymem the matrix elements follow as 


3 
($5), — X, Uine S3€mU m 


n 1 
S'S) = ef Szem, however, is just the Cartesian representation of the $5 operator, 
given by (15) above, i.e. we obtain 
($5), = Y, UR Sim’ Uvm 
nm=1 
Introducing a matrix V = U*, we can write in a more compact form 


3 
(S3), = Y AS Vin 


n,m=1 
3 

— ar(3 

= M Vase Va 
m= 


or in operator notation 


^^ 


$5, spher. = 3, cart. pt . (16) 
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Exercise 2.1 We verify it by writing out explicitly 
0 -10| /-1//2 0 1,2 
SsanVt=i]1 0 o||-iJ2 0 ~i/./2 
0 0 0 0 i 0 


i2 0 i2 
-i|-1/4/20 -1J2|, 
0 


0 0 


and, therefore, 


i/./2 0 i/./2 


0 
PS, can. Vt =i] 0 0 1| |-1A/2 0 12 
J2 -iy2 0 0 0 0 
-(--i/2 0 0 
=i 0 7 0 0 
0 0 —(-ciy/2 
i.e. 
10 0 
Ss spner. = VS, can.Pt=10 0 0 
00 —1 


Thus we have explicitly shown that the unitary transformation VS, cart yt 
diagonalizes the z component of the spin operator. 


——— IEE TE ae 


2.3 Addition of Two Angular Momenta 


Now we want to consider the case of two angular momenta J, and Jy which are 
combined to form a resulting total angular momentum J, 


J=h, +5, 
At the beginning of this chapter we showed that the sum of angular momentum 
operators obeys the same commutation relations as the individual angular 


momentum operators. Let Wim, and Vim; be the orthonormal set of eigenfunc- 
tions of the operators J?, Jı; and Jz, J;,, respectively. We then have that 


JI =i + DW, and BW = ji 240, , 


T (1) .. (1) T Q) .. (2) 
Ji Jimi 7 mij jm, and J2:V am — MW im 


2.3 Addition of Two Angular Momenta 


The arguments r,, t, and rz, t, are here abbreviated by “1” and “2”, respectively. 
However, these will generally be omitted in the following unless necessary for 
clearer understanding. 

This way of coupling the angular momentum also arises in the theory of 
many-body problems, e.g. the two-electron problem, in which the single elec- 
trons can be described by the wave function Wj,m,(1) and Wjm,(2). The total wave 
function of the two-electron system is then given by v;,(1,2) with a total 
angular momentum of j and its 2-component m. But also in the two-electron 
problem there is a coupling between spin and orbital angular momentum to 
a total angular momentum and we have to use the technique which will be 
introduced now. . . 

The eigenfunctions of the total angular momentum operators J? and J, are 
denoted by w;,,(1, 2). As long as there is no coupling between the two systems, 
the angular momenta J D J5, and J are fixed. The wave function y separates into 
V (1) and v (2) and we can write Wim as a product of W;,m: X V jam. If there is any 
coupling, Yim can always be described as a linear combination of products 
Vim; X Vjam,. We write the coefficients in the form (7 j;j| m,mzm) in order to 
show the dependence on the various quantum numbers. These coefficients are 
called Clebsch-Gordan coefficients. 

Thus, we write for the total wave function 


Wml D= Y, Gijajlmumam Vom ms - (2.23) 
mrt? 

If there is coupling between the angular momenta, then Yim, and Wj, are no 
longer good eigenfunctions (which means that m, and m, are not conserved 
quantum numbers), since the constituent momenta are precessing. around the 
total angular momentum. This is already expressed in the sum over m, and 
m, in (2.23). The relation (2.23) gives a transformation of the Hilbert space, 
spanned by the orthonormal vectors Wim, and Wim to the new orthonormal 
basis set Yim of the same subspace. The total product space is invariant, but can 
be further decomposed, whereas the invariant subspaces, spanned by vy, for 
a fixed j, cannot be decomposed. We decompose, mathematically speaking, the 
representation of the rotation group generated by the product space into its 
irreducible parts. 

If Wim denotes an eigenfunction of the operators J /? and J,, then conditions 
for the evaluation of the coefficients (ji jaj | mmm) can be found, and we write 


J m = (Si, + Jaa) Y. (Jaja | Mmmm) Wj s V iom, 
mı, m2 


Y (m, + m3)(jAJaJ | mmm) Vj m Viam; 


mi,m2 


and in the same way 
J V im = mY im X m(jajl mmm) VjimiV jam; 
mi,ma 


The m, sum is performed over all values — jı € m, < jı, and analogously in the 
m, case over the interval — j} x m; x j2. By identifying the above relations we 
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obtain, because of linear independence, the condition 
(m — m, — m2)(j,j2j|mymzm) =0 . (2.24) 


Thus it follows that the Clebsch-Gordan coefficient vanishes if m z m, + my. 
This means that the double sum in (2.23) reduces to a single sum, since either the 
coefficient vanishes, or m; can be determined by m; = m — m,. Equation (2.23) 
thus becomes 

Wim = 3 GiJaJl m,mjm)VimU; m-m, - (2-25) 


The conservation of angular momentum (more precisely: of the projection of the 
angular momentum on the quantization direction) is expressed by the relation 
m, + m; = m. In the next step we want to calculate the possible values of the 
quantum number j defined by 


I Yim = j(j + 1j 


Since Jis an angular momentum and obeys the commutation relations (2.23) we 
have 


—ji&msj 


In the following we assume that there exist several values of j (at least two). The 
states Yim are assumed to be orthonormal. Since the wave function contains the 
coordinates of two particles (angular momenta), we have 


Ô ;;'Omm’ = [vi jm AV; dV, 


* 
= fav, V. Z Gujajimm — Tm imm 


X ly (ir joJ’ | m,m' m mim Vidi 


m'i 


From this equation it follows that 


jma = }, (ijajlmi — mm)» (jijzj'\mim — mim')ó, us s sm m, 
mim; 
Or 
ày — jm — mm) *(jijaj' |m, — mm) . (2.26) 
mi; 


Equation (2.26) expresses the orthogonality of rows of the Clebsch-Gordan 
coefficients. Since they are real — as we will see - we may omit the complex 
conjugation sign “*” in (2.26). 

From the relation m = m, + m;, derived above, it follows that the greatest 
value of m, which we call m,,, is 


Hgay = À + jz . (2.27) 


This value appears only once in (2.25), namely if m, = j, and m; = j;. This 
shows that the largest eigenvalue j, which we call j,,,,, must be 


Jmax =j + Ja . (2.28) 


2.3 Addition of Two Angular Momenta 


The second largest m value is Mma, — 1. It occurs twice, for 
m,-—j,, m,-j,—1 and m=j,-1 , mij, . (2.29) 


One of the two possible linearly independent combinations of the two states 
(2.29), 


Vi Vs h-1 and Wii- , (2.30) 


must belong to wj-j,.;,*(l.2) since m assumes all values ji +j: >m 
> — jı — jz in integer steps. The other possible combination necessarily be- 
longs to the state 


Wim with j=ji+ja—1 (2.31) 


because there are no states with j > jmax = j1 + j2- There can be only one state of 

the kind (2.31), ie. with j = j, + j2 — 1, since for a second state of this kind the 

corresponding basis combination (2.30) with m = jı + j2 — 1 is missing. 
Continuing with this argument we notice that for j, all values 


À tja 

ihal 
Qj th (2.32) 

lji — Jal 
appear precisely once. This is the so called triangle rule, 
A(j J 2J ) , 

which tells us that two angular momenta jı, j; can only be combined to form 
such a resulting total angular momentum j as is compatible with vector addition 
(triangle). This model, illustrated in Fig. 2.1, is also called the vector model of 


angular momentum coupling. 
We can now count the number of coupled states Wim(1, 2), namely, 


jitj2 
Y QijenDneQü-e-n0D0O5-c)D. (2.33) 


J=li1- jal 


As expected, it equals the number of basis states Yj, X Wim- 

It is difficult to derive algebraically the lower timit for the resulting angular 
momentum j in (2.32). A simpler approach is given by the following considera- 
tion on dimensions: Since the dimensions of Hilbert spaces spanned by y,,, and 
Wim X V jm, rust be equal, and jmax — J1 + j2, one may write (2.33) in the form, 


Jmax 
Y i + 1) = (ji + Yj + 1) 
J * Jain 
This equation determines jmin, for which we find jai, = J1 — J2 (f jı 2 j2) or 
Jmin = j2 — J1 (for j1 < J2). 
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(a) (b) (c) 
fi J2 
J J 
| A 
ji Ji 


Fig. 2.la-c. Illustration of 
the triangle rule: (a) maxi- 
mal coupling by equally 
oriented j, and j2; (b) the 
angular momentum is be- 
tween jmax and Jmin; (c) min- 
imal coupling by opposite 
jı and jz 
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2.4 Evaluation of Clebsch-Gordan Coefficients 


Equation (2.23) defines a unitary transformation from the orthonormal basis set 
Wim (1) Wj2m,(2), consisting of the direct product of single-particle wave functions 
Wim (1) and Wim (2), to the orthonormal basis set Wjm(1,2). The Wjm(1,2) are 
two-particle wave functions. In order to simplify the notation, we will now 
employ Dirac’s bra (|and ket|» vectors. Equation (2.23) then reads? 


| jm» = |mym,><mym2|jm> . (2.34) 


Here |m,m;» stands for the product | m,m;» = j,m,|j2m2>. The quantum num- 
bers j, and j; are omitted, and must be considered as fixed numbers wherever 
m; and m; appear. The matrix element 


<mym| jm» = f Wim (1) s Q2) Vis (1,2) dV, dV, (2.35) 


corresponds, according to our previous notation (2.23), to the Clebsch-Gordan 
coefficient 


(m,mj| jm? = (JAjaj| mim?m). . (2.36) 
From the orthonormality of both basis sets we deduce that 

0 5j’Omm! = < jm| jm» = <jm|mm > <mm jm») , (2.37) 
which, together with 

< jm|m,m2> = Cmym2| jm>* , (2.38) 


forms our earlier relation (2.26). For the inverse transformation of (2.34), de- 
scribing the transition from the two-particle basis |jm» to the product basis 
|j1imi»| jom2> = |mymz>, we have 


|m,m2> = | jm < jm|mym2)_ , (2.39) 
where we now sum over the double indices j and m. From this relation follows 
Ómimi Omam, = (mms |mym2> = <mymy| jm < jm|mım> , (2.40) 


i.e. the complementary relation of (2.37), namely the orthogonality of columns of 
the unitary transformation matrix 4 jm|m,in.>. The sum over j and m is 
performed, according to (2.32), over ail possible quantum numbers 


lji >ja Sj Sjitjz >» -j&msj . (2.41) 
In our original notation (2.40) reads 
jit jz j 
Y Y (ji j2j|mymzm)* (ji j2j| mim2m) = ÓmimiÓmamà - (2.42) 


j*|lh-jz2| m -j 
As we have already mentioned, one may construct the Clebsch-Gordan coeffi- 
cients, i.e. the matrix elements <m,m,| jm), as real numbers. This will be shown 


* We are also making use of Einstein's sum convention, ie. we sum over all indices 


occurring twice on the same side of an equation. 
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in the following section, and for this reason the asterisk in (2.42) and all other 
formulae can from now on be omitted. 


2.5 Recursion Relations for Clebsch-Gordan Coefficients 


It is possible to deduce explicit, albeit quite complicated, relations for Clebsch- 
Gordan coefficients^. There also exist extensive tables that are especially useful 
for practical work?. Here we intend only to show how to calculate them with the 
help of recursion relations, and to give some examples. The starting point is the 
operator of total angular momentum, 


j-4, -., 

with its spherical components 
J= Js the = J, tid, = (Ji, + Jax) E i(Jiy + Jay) 
Jo = Jio + Soo = J, = (Jiz + Jz) 


Applying it to (2.34) we obtain 


JL jm» = (J+ + J,+)\ jm) = Qi. + Ja .) mima» €m,m;] jm» 
= [(f + Imm) + (J2+\mım)]<mım| jm) , 
and by threefold application of (2.18) we find that 


[J(+ 1) 2 mim + D]? |j; m + 1» 
= (AGI D mim + 1)]? m, + 1,m2) 
+ [ja(ja + 1) — m (m + 1)]'/2|my,mz + 1») x <mymz| jm»... (2.43) 


Substitution of (2.34) on the ths yields 


[J(j + 1) — m(m + 1)]" |My.) <mym2| jm + 15 
= [AGI D — m (m, — 12)? mim?» ni — 1, mal jm» 
+ [Ja(ja + 1) — mg (m; — 1)]'? mum?) |mum?? <m, m; — 1| jm? 
(2.44) 


^ M.E. Rose: Elementary Theory of Angular Momentum (Wiley, New York 1957); A.R. 
Edmonds: Angular Momentum in Quantum Mechanics (Princeton University Press, 
Princeton, N.J. 1957); D.M. Brink and G.R. Satchler: Angular Momentum (Clarendon, 
Oxford 1962). 

5 M. Rottenberg, R. Bivins, N. Metropolis, and J.K. Wooten, Jr.: The 3j- and 6j-symbols 
(Technology, Cambridge, Mass. 1959). 
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Here we have introduced m, = m, + 1 in the first term on the rhs, and in the 
second term m, = m, + 1. The sum goes, just as before, over m from — j, to j,, 
and over m from — jz to jz, the reason being the vanishing factor in front of the 
terms with m, =j, and m; = jņ in (2.43). Thus, in (2.44), the terms with 
m, =j, + 1 and m, = j + 1 do not contribute. 

Similarly, we find that the terms with m, = — ji and m, = — jj in (2.44) 
belong to the null vectors | — j, — 1,m,)> and |m;,, ~j2 — 1» in (2.43) and, 
therefore, do not contribute to the result. Since m, and m, are summation 
indices, they can be renamed m, for m, and m, for m}. 

This yields 


[jG + 1) — m(m 1]? m.m; <m m| jm + 1» 
=[ji(jı + 1)— m (m, — 1] 2m m,» <m, — 1,m2| jm» 

+ [j2(j2 + 1) — ma(m, — 1)]'7 (m,, m; — 1| jm) (2.45a) 
is obtained, Here m, and m; are fixed numbers and not summation indices. 
Repeating this procedure with J_ gives the analogous result 

LjC + 1) — m(m — 1)]!? (m,m;| jm — 1» 
-LAG:I + 1) —m (m, + 1)]? n, + 1,mjl jm) 
+ [2G + 1) — m, (m; + 1)]2 Qn, m; + Af jm> . (2.45b) 


This recursion relation allows us to derive the Clebsch-Gordan coefficients for 
the same total angular momenta j, having same jı and j; but different m. This is 
shown in the following section. 


2.6 Explicit Calculation of Clebsch-Gordan Coefficients 


With the help of the recursion relations (2.45a, b) one can now evaluate 
step bv step the quadratic Clebsch-Gordan matrix (m,m;ljm» of dimension 
(271 + 1j; + 1). In deriving (2.33) we proved the dimensionality. However, the 
matrix now breaks up into disconnected quadratic submatrices in accordance 
with the value of m = m, + m,, which can be seen in the following way: 

For the different m values we have: 


m -—ji Tja only a single value each for j = j, + j; and 
for (mi, m2) = (ji, j2), ie. a 1 x 1 submatrix. 


m=j +j2—1,j=ji+jz, and two possibilities 
jzhtj-! for ma) = (j j2 — 1), 
(mı, m2) = (ji — 1, j2), 


Le. a 2x2 submatrix; 
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Table 2.1. Structure of the Clebsch-Gordan matrix. The Clebsch-Gordan coefficients ( j, j; j|m,m;m) = (m,m;| jm» are 
given for fixed j,, j2. The rows are characterized by the pair m,,m;, the columns by m. For a given m only a finite number 
of m,,m; pairs, obeying the condition m = m, + m, are possible; moreover, only j values with j, +j: z j 2m are 
allowed. The first (N — 1) columns of the N x N submatrix can be calculated via the recursion relation (2.45b) applied to 


the known (N — 1) x(N — 1) submatrix. The N'th column results from the normalization and orthogonality relations of 
these rows. 


m=], + jo m=jf,+j2—-1 m=j,+j.2.—2 

(mym2) = (jı j2) Cali + ja JA + j22 0 0 

njal 
(m,m;)-— fo: ^ ) 0 (2x 2)? 0 

(jı — 1, j2) 

(JuJa — 2) 
(mym2) = 4 (jı — Lz — 1) 0 0 (3 x 3)*? 0... 

(j1 — 2, j2) 


* (2x2) = (eet -lMActiAtR-D. Cini MA th —bitie-D 
<j- Uli tinh te—-D, <j- Lili th —Litie—- DD 


**) (3 x 3) 


C(joja — Wii jaa t ja — 2), Cjuja — 21 t ja—-l-cji—2» Cjuja — ji t j2— 2, jı +j2 — 25 
-z|CGA-Lja—llÁA-tjzAcj—-2» X(a-Lja—llhj-—lLlAictji-—2,hi-lhj-llicti-2h-c4ji-2) 
Ch — 2,Jal t ja. Ja ^ ja ^ 2), Chi — Zjalh ti2—- Li +j2— 2), Cit — Aja +j2— 2, jı + j2 — 2) 


(m,, m2) = UIN = 2), 
m =j + jz —_ 2j =i + jo, and (m, m2) = (ji = 1, jz un 1), 
J)J*hti-kLljejhctjji-2 (m4, m5) = (ji — 2, j2), 


ie.a 3x3 submatrix, 
etc. (2.46) 


The structure of the matrix 1s shown in Table 2.1. The rank of the diagonalized 
submatrices at first increases in steps of one until a maximum rank is reached for 
a certain value of m (if j, = ja at m = 0), thereafter it decreases in steps of one. 
The last 1x 1 submatrix has m= — jı — ja and j = jı +/j,. Since the whole 
matrix is unitary, each of these submatrices on the main diagonal must be 
unitary. From this observation it follows that the 1 x 1 submatrices must be 
numbers of modulus 1. We choose the value -- 1 by convention?. This is the 


$ See Footnote 1, Section 2.1. 
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reason for 

CAJalAàtjaAc-i5-1. (2.47) 
This is at once evident, since coupling Wm, and Wj, to maximum angular 
momentum 

Vj ji +jņzm=ji+j = Vj iV ja j; 
can be done only with the maximally oriented single wave functions y;,;, and 
Viiz: 

The relation (2.47) may be used as the basis of a calculational algorithm if the 
recursion relation (2.45) is taken into account. We start with (2.45b) and set 
m, = Ji, m =j: — 1, j = jı + Jj» and m = jı + jz. This gives 

[Gi +i) +j + D — Ui JU tie Doj — Wi tind Ja — 1» 

= [ja(j2 + 0— 02 — DAP Cala ja Jit Ja? 

= [ja(j2 + YD -— (j2 — DAI^ 
Thus 

. 0|: o:o.qi j \'? 

vh - itis +h- D=( 2) (2.48) 
Ji + J2 

In similar fashion, by setting m, =j; — 1, m =j» j =j, +j2,m=j1 t jo, we 
obtain from (2.45b) 


; 1/2 
hi = Lali tied +j2— 1) = (4) . (2.49) 
Ji + J2 

Thus, we have determined the first column of the 2x2 submatrix of the 
Clebsch-Gordan matrix given in Table 2.1. The second column of this sub- 
matrix, belonging to m = jı + j; — 1,j = jı +j2 — 1, may be calculated by use 

of the orthonormality relation (2.37). We must then have: 

j2 

Ji +j 


j . . . . . * 
n 5 n C(h 7 Lltji-Lhc^ji-1»20 
d 


IGpJa— lA tj-—Lj-ctj-1if 
+j — l jalji +j2— lLji+ja— 1) = 1 


Cjoja - Udi +j2— LÀ +j: — 1» 


an 


The solution of both equations is unique up to an arbitrary phase factor of 
modulus one. We choose it in such a way that the first matrix element of the form 
<j j— AlJj? is real and positive. Obviously, our considerations deal with the 
matrix elements which can be found in the upper right corner of the various 
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submatrices. This yields 


Àh WV 
(joja Us the — Li tie -D= (+) 
Jit Ja 


MEM M jh Wy? 

Chi Jali: ja ji tie ji th (2.50) 
We continue our discussion with the 3 x3 submatrix of the Clebsch-Gordan 
matrix (Table 2.1). By inserting (2.48) and (2.49) into the rhs of (2.45b), we obtain, 
after a brief calculation, 

JaQja — 1) ) 
(ji + ja Qi + 2j; — 1) í 
4jijz ) 
(ji + JjÓaQji 2j; — 1) i 


CJuJja — ilj Ta th-d=( 
<j — l,j: — ll t Jai th-d=( 
, a; jaji — 1) 1/2 

Chi — 23JalÀ t+ ja ÀA th-D=(_ . (2.51) 


(ji + JaQUA + 272 — 1) 
This corresponds to the first column of the 3 x 3 submatrix. Similarly, we obtain 
the second column by inserting (2.50) into (2.45b), giving 
IN ME og AQia — 1) ) 
ja — 219: t ja — l, ji ja - 2 = (o RT , 
(JA Ja lji t j2 Ji tj2 ? Gi + JI +j- D 

[Ca jaa t j2 — 0] 
J2(2j1 — 1) ) 

(ji JAM +j2 — 1) 


Q-Lh-lA*àb-LhAth-2- ia -h un 
G Lja- Hj +j- Lj th- D= (mta) o 


(i - 2jzlji +j2— lji +j2— 2) = -( 


(2.52) 


We continue in the same spirit: the third column of the 3 x 3 submatrix follows 
from the orthonormality relation (2.37). The column vectors (2.51) and (2.52) 
must be orthonormal to the third one, and the latter must be normalized. In 
order to fix the arbitrary phase factor, we choose, as before, the first component of 
the column vector to be real and positive. The result of this longer calculation is 
that 


AQ — 1) ) 
(ji Ja — OQ + 2j; — 1) 
, , 3 4G (21 — Dj — 1) ) 

—Lji—lUicti-2A-t -»= (LA , 
SE J2 itj Ji t J2 Gi +j2 — DQR + Yo — 1) 
jaj — }) ) 
C t Ja — D: + 2j2 — 1) 


The procedure continues in this way. At the next step the 4 x 4 submatrix of Table 
2.1 is evaluated. The calculation of the last column becomes, due to the use of the 


(JuJ2 — 2| a 4 Ja — 2, À T Ja —25 -( 


lji- jaji +jz:— 2h +h2-2> = ( 
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CY 


Possibilities for j if! = 1 and s = 


tap 


orthonormality relation (2.38), more and more complicated as the rank of the 
submatrix increases. One solves this problem in practice by calculating the 
coefficients numerically for given jı and jz, abandoning closed expressions’. As we 
have already mentioned, there also exist tables of Clebsch-Gordan coefficients. By 
means of the first recursion relation (2.45a) the Clebsch-Gordan matrix can also 
be calculated by starting at the other end: For the 1 x 1 submatrix at the lower and 
the assignment is m= — jı — jz and j =j, +j. In the following example we 
apply the above method to a simple problem. 


EXAMPLE IHISLLLILOALILALLIEAGL.LAAAAAL 


22 Calculation of the Clebsch-Gordan Coefficients for Spin-Orbit Coupling 


The calculation of the coefficients for vector coupling is performed by the 
application of step operators on the wave functions. For the general case one 
gets long and cumbersome expressions; we will demonstrate the working prin- 
ciple with a simple example. 

We consider an electron with spin 71/2 and orbital angular momentum 17. 
We thus have 


l=1 , s=¿ , 
and the magnetic quantum numbers can take the values 
m, = 0, + 1 > n= t i 
The total angular momentum j — / 4- s, according to (2.32), must lie in the range 
PESE: 
since the angular momentum quantum numbers always differ by one unit, 
there are two different states j = 2 (s and / parallel) and j = 3 (s and / anti- 
parallel) (see above figure). Here we restrict ourselves to the state j = 1. The 


wave functions of the first excited state, with the orbital angular momentum |, of 
an electron in a hydrogen atom are 


Wnilmims = VniImim; = Yim X4m,t Un (r) 


Since we are only interested in the angle-dependent part, we neglect the radial 
part and write for the total wave function, according to (2.25), 


Vim = > $5] mm — MM) YinXim—m - (1) 


For the spin function we write here Xi, Ts instead of y+, in order to unify the 
notation. Since, for now, we only want to construct a state with the total angular 


7 E.P. Wigner gave the first closed analytical expression for the Clebsch-Gordan coeffi- 
cients in 1931 [E.P. Wigner: Gruppentheorie (Vieweg, Wiesbaden 1931)]. 


2.6 Explicit Calculation of Clebsch-Gordan Coefficients 


momentum j = 4 and | = 1, m can assume only the two values + ior —1.For 
the wave functions (1) this yields: 


Vieipi Dd (Qiimi-miYwui-m- > (2) 
mi70,t1 

Pi=1,4, -4 = Y (131|m, — $ — mi — 3) Yin, -4-m . (3) 
m,=0,+1 


Since m has only two values, the sums contain only two terms (x; and y, — 4 do 
not exist) which are 


Vj = (0531033 Yogi + (025311 — 32 Mimsy > (4) 
and 
Wig = (144 14 - DY i + 9310-3 a iol- - (5) 


On the left hand side the index | = 1 is suppressed because it is redundant for the 
following considerations. From the normalization condition follow the two 
equations 


(1351032 - 03311 -33* 71 , (6) 
(1351-15-97 -0330072-3* 71 - (7) 


By application of J += L, + S +, (4) and (5) are transformed into each other. 
The step operators yield the result that 


Jes = VIG 1) -mm + Dimi > (8) 

-Yim = IG + 1) = mm — Dui - 9) 
Similar results hold for L+ and S.. In our case the expressions are as follows 

Jan-i- Va, 

L, Yio -2Y,. , É.Yici 2o , 

$3470 . $5478 
Applying J, on 4-4 and inserting Y}, we obtain 

(1441044) Nox + (15511 — i3Yunm-i 

= VAEST — 13 — 3) foxy + 204410 -i-3Yun-i 
+ (155310 — $ — 29 oxy 


The wave functions are linearly independent, thus we can compare the coeffi- 
cients, obtaining 


0331033 = /205451-1$— D+ (03310 3- 32. > 
(15511 — 54) = 203310 - 3 — 9 
For clarity we write these equations in the abbreviated form, i.e. 


a= /2c+d , b= /2d . (10) 
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Example 2.2 


The same abbreviation yields, if we apply J. = L_ + S- on V1, and insert Yz}, 


c- 2a , d=a+ 2b . (11) 


The numerical values of the Clebsch-Gordan coefficients [with the phase factors 
given by (2.50)] follow easily from (10)/(11) and (6)/(7): 


a= —d= — i , b=—c= +} . 


Substituting these values into (2) and (3), the eigenfunctions of the total angular 
momentum read 


Yy = — SE Nong Yun 


and 


V-45 = V AYiconi V3 Nous 
As a further exercise one may calculate the Clebsch-Gordan coefficients for the 
case j = 3. The following wave functions are obtained: 


Yy = Yux » 

Va = V4 hogy + Yun . 
Wa-4= V AYicuon + Aon > 
Wy-3= h-15-1 


The complete wave functions for these (p; and pi) states of the hydrogen 
atom follow by multiplication with the radial part R„ (r) = r ^! U,,(r). These 
states are energetically degenerate in the pure Coulomb potential, but they split 
up into two states if there is spin-orbit coupling. Furthermore, the state p; is four 
times, and the state p, twice, degenerate. If one populates these states by 
irradiation of the atom with light of a broad frequency spectrum, then one 
obtains a value of 2:1 for the ratio of intensities of the emitted fine-structure 
doublet. 

In general, the wave function of total angular momentum j in a spherically 
symmetric potential can be constructed by coupling the orbital [ Y,,(0, 9) ] and 
spin (x,,,,) angular momentum eigenfunctions, giving 


Vim = B (15 jlmm,M) Yi. (0, P) Xims 


m, Ms 


The allowed values are j = l + 4, so that in the case / = 2, j can take the 
values 3 and 3; for | = 3 it is j = 2 and 3. In the first case the states are called “d;” 
and “d3”, respectively ("f^, "d", “p” and "s" represent the | = 3,2,1,0 states, 
respectively). In the second case we refer to f; and f; states. In the Coulomb 
potential all states are degenerate, and only after introducing the spin-orbit 
coupling potential V(r)L-s is the degeneracy lifted. This leads to the fine 
structure of atomic spectra. 


Biographical Notes 
2.7 Biographical Notes 


CLEBSCH, Rudolf Friedrich Alfred, mathematician, *Kónigsberg 19. 1.1833, tGóttin- 
gen 7.11.1872, professor in Karlsruhe, Giessen and Góttingen. He worked on mathemat- 
ical physics, variational calculus, partial differential equations, the theory of curves and 
surfaces, applications of abelian functions in geometry, surface mappings and the theory 
of invariants. Together with C. Neumann, C. founded the journal M athematische Annalen 


in 1868. 
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3. Mathematical Supplement: 
Fundamental Properties of Lie Groups 


3.1 General Structure of Lie Groups 


The rotation group is composed of the infinite number of operators (setting 
h-1) — 


2 
Up(¢) = exp( — i$,J,) = exp(—ig-J) . (3.1) 


The fact that the operators are functions of only three fundamental operators 
{J,} = {J1, J2, J3}, allows us to represent them in a simple way. Every operator 
Ug($) is characterized by three real numbers, the parameters $,, 62, 63. We 
immediately recognize that the fundamental operators J, can be obtained from 
the continuous group elements U,(¢) by differentiation, so that 


— iS,Ux@)lg-0 = — iJ, = 0Un(9)/00,|,-o - (3.2) 


Obviously the differentiability (analyticity) of Ü, (9) is required with respect to 
the parameters ¢, in the "neighbourhood" of the identity operator Ug(¢) = 1. 

We now generalize this concept. Continuous groups,whose elements are 
given by operators Ü (a, , %2, ..., 0; r), which depend on n parameters (coordi- 
nates), are called Lie groups, after the Norwegian mathematician Sophus Lie. 
Their elements depend analytically on the n parameters o; and the argument 
r stands symbolically for a possible coordinate dependence. For example, in (3.1) 
the operators J, = — i£;jxj0/0x; occur which depend on the x; and the corres- 
ponding derivatives. In the following, we drop the argument r as a reference to 
this dependence, although we always continue to bear it in mind. 

It is advantageous to choose the parameters such that 


Ü(0)— 1 (3.3) 


holds. As we shall now show, analogy to (3.1) one can represent the operators of 
the group in the form 


Ü (e, ... Xn; F) = exp ( -iÈ 25 ; (3.4) 
n=l 
where the operator functions Ê, are still unknown. Referring to (3.2), we have 


— iL, = 0U (a)/da,le=0 - (3.5) 
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The L, are called generators of the group. Indeed, one obtains for the infinite- 
simal transformation in the neighbourhood of the identity 


Ü(óx,) = Ü(0) + OU (2)/0n, |, - oO, = 1 — iL, da, =1+ dA , 


where we put dA = — iL,óx,. We proceed as previously [cf. Example 1.11, 
Eq. (13)], and set 


dA = A/N = —iL,a,/N , 


where N is an integer. Performing N successive infinitesimal transformations, in 
order to obtain the finite transformation U(a,), yields 


Ü(x,) = jim [1 + A/N]" = e = exp( iL.) . (3.6) 


Here we have made substantial use of a group property, by constructing a finite 
operator (a finite group element) from the product of infinitesimal elements. 
Because of the group Property, the operators of the Lie group must always be 
representable in the form (3.4). We shall illustrate this from another point of view 
in the following Example 3.3. 

From the assumed analyticity, it follows for small da, that 


Ü(óx,) -1—i Y, da,2, —4 Y» ôx, L, i, +... . (3.6a) 
A71 u y=1 
One recognizes that the 7; must be linearly independent (3a 2; = 0, only if all 
ôx; = 0), since U for da = {da;} = 0 has to be identical with the identity oper- 
ators 1 in a unique way. The existence of a da x 0 with L- ôa = 0 would imply 
that at least two operators U (ôa) = 1 exist. 
If U(a,) is unitary, i.e. Ut (a) =U ~*(,), then from (3.6) we obtain 


Ut(,)=1+i E ôx Êt = Ü-(m)-1-iY óxL, . (3.7) 
A71 AB-1 


The parameters «, are chosen to be real in (3.4), i.e. až = a,. From this follows 
the hermiticity of the generators 


E L, . (3.8) 
Next we calculate the inverse operator up to the second order in a, according to 
(3.6a), 

^ . a 1 ^ ^2 
U^ '(0)-12i Y ón,L, — 5 Y 6a,duL,L, , (3.9) 
n=l B,v=l 
and with that, exploiting of Einstein’s summation convention, 
U~*(5B,)U~ *(6a,) Ü (5B,) Ü (o.,) 
= (1 T id BL, — 30p,0B,L,Ly(n T ion, L, — 460,60,L,2,) 
x (1 — iof, L,, — $5 Bin O By Lim L,)(1 — ion, L,, — 3óx, 0n, L,L,) 
= (l — uon, LaL, + 0f in Lus, — Boe, + 0B n lsL,) 


d T7 


= 1+ Ôp mlk m Lh). (3.10) 
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Since all four factors on the ths of (3.10) are elements of the group, the whole 
product (3.10) is a group element located in the vicinity of a = 0. We denote it by 
U(dy,), where 


Ü(óy,) = 1 — ióy;L; + ... (3.11) 
Therefore, we have the relation 
Ü-'(ó8,)U ~ *(da,)U(6B,) Ü(ón,) = U(Óy,) (3.12) 


which is illustrated in Fig. 3.1, and hence by comparing (3.10 and 3.11) we write 
60,5 B (LL, — L,L,) = — idy ;L; 

We now put 
— iY; = Cu, j0nyÓfu  , 


as dy; must tend to zero with d«,, or with Ôm, and consequently has to be 
proportional to both. We obtain, therefore, 


[Lis L,]. = Cog; , (3.13) 


i.e. the generators have to satisfy commutation relations of the form (3.13). They 
form a closed commutator algebra, as once again only the generators L; appear 
on the rhs of (3.13). Since 


[L,L].- - [Â] , 
the structure constants C;j, are antisymmetric in the first two indices, i.e. 

Cijk = — Cj (3.14) 
Furthermore, the Jacobi identity 

LLL; Lj] -L-- [LL;, L-,El- [I £1-, Lj-20 (3.15) 


holds, as can easily be verified by inserting the definition of the commutator 
[L, Lil- = L;L; — L;L;. Substituting (3.13) into (3.15) yields an additional 
condition for the structure constants, 


[Cus Lu; Lel- + [Cj Ls, Lil- + [Cus Lus, Lj]- = 0 
and furthermore, 
Cim Con La + Cjm Cminkon + Ciim CmjnLn 
= [Cis Coin + Cj Cuin + CrimCmjn] Ln = 0 
Therefore, due to the linear independence of the L,, we have 
(3.16) 


The relations (3.13) to (3.16) form the fundamental relations of the Lie algebra, 
which is characteristic of the group. The structure constants contain all of the 
information concerning the group, since they stipulate the exchangeability of the 
infinitesimal group operations performed in different order. All finite operators 
can be successively constructed from the infinitesimal operators. 


Cim Cmka + C jm Cmin + CrimCmjn = O 


Fig. 3.1. Illustration of the 
relation (3.12). The four ro- 
tations da, ôf, — da, — dp 
from (3.10) are equivalent to 
a single rotation 6, which 
again belongs to the neigh- 
bourhood of the identity (0). 
Notice that a rotation refers 
to the respectively valid 
coordinate system. There- 
fore da and — da are not 
antiparallel to each other, 
for example. 6, might be 
zero, but needs not to be 
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EXAMPLE M 


3.1 Lie Algebra of SO(3) 


We remind the reader of the Lie algebra of SO(3), 

[J;, Jj]- = itin ds , (1) 
which is just the relation (3.13) applied to the group SO(3). The structure 
constants are the components of the ¢;,, tensor. In general they change if we form 
linear combinations of the generators (or the parameters «,). For example, if we 


pass from Ji, J2,J3,toJ+ = Ji iJa, J 3, then the commutation relations are 
modified to 


^ 


[J3,J+]-=4+J2 , [J,,J.]1 224, , Q) 


and obviously the structure constants differ from the above z;,. Thus, we can 
state that the structure constants depend on the representation of the Lie group, 
ie. on the choice of parameters. The £; apparently fulfill the antisymmetry 
relation (3.14). Likewise the Jacobi identity relation (3.16) can be explicitly 
verified in this case [according to (1) we have Ci = iei], 


Ci jm C mkn + C ikm C min + Ckim Cmjn 
= — (EijmEmkn + EjkmÊmin + EkimEmjn) 


— (OiÓ jp — Sind jp + ÔjiÔkn — ÔjnÔki + ÔkjÔin — ÓpnÓ:) =O, 


since £j; = 1 if the triple (ijk) can be transformed into the triple (123) by an even 
permutation, and £j, = — 1 if an odd permutation leads to (123). Otherwise 
Eijk = 0 holds. 


EXERCISE 2a 


3.2 Calculation with complex n x n Matrices 


Problem. Let 4, B be two complex n x n matrices. Show that: 
(a) if U4, B- = = o then 

ete? = ef 
(b) if B is regular, then 

Be4 B^: eBAB- 1. 


(c) if A,,...,4, are the eigenvalues of A, then e^, ..., e^" are the eigenvalues of e^: 
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E M 

(à) [e4]* = ef", [e4]7 = e^, Exercise 3.2 
[e^]! e? [e^]! = e^ 

(e) det e4 = e™™4 


Solution. To begin with, we remind the reader of the definition of an exponential 
function 


1 1 
eí- Y AltA HRE. (1) 


With this, the solution offers no further difficulties. 


a 


(a) In the first instance we expand the product e^e? to obtain 


eñt = y Lt PE ZB 


m! 


18 "T 
= E miis [kin — B BU 
o 1 
- x — (A + By = et" . (2) 


In the last but one step we exploited the assumption that A and B commute. 
(b) We start with an expansion of the product on the Ihs 


o» 
c 
pm 
w» 
ll 
by 
ime 
x | 


I 

Ms 
z| = 
o» 

> 

x 

i x 
x 
D 
w» 


= 
il 
e 


k-times 
(BAB- *(BAB- )..(BAB" !) 


k-times 


= 
ti 
© 


I 
Ms 
| — 


(BAB Dy ae eBABC | (3) 


= 
N 
e 


ll 
Mes 


(c) If a; (i = 1, ...,n) are the eigenvectors belonging to 4,, that is 


Aa; = ha; , (4) 
then obviously 
2 21.4 2 1 
da= D gias Lan ee 6) 


holds, ie. a; is an eigenvector of e^ with eigenvalue e^. 
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Exercise 3.2 


(d) We solely want to consider the case [e4]" = ef", therefore we write 


oo 


j- * z 1 ~ |* = 1 ^p s 1 n rE 
fe“ =| X S4 = dH = y MH. (6) 
=0 k! k=0 k! k=0 k! 
The cases "t" and "T" are proven similarly. 
According to (a) efe 4 = e? = 1, i.e. 
[e]: = e À . (7) 


(e) The determinant is the product of the eigenvalues, the trace is the sum of 
the eigenvalues, hence by (c), 


det e4 = eñi.. e^ = efit- -Àn = elt . (8) 


EXERCISE ee 


3.3 Proof of a Commutation Relation 


Problem. For £, M e GL(n), ie. elements out of the general linear group of all 
n x n-matrices, prove the relation 


ne o 4. a 
eMe ^ = Y —[L, M ]o ; 
azo nt! 
where 
[L, M]o) = M 
[Z, M]a, = [L, M] - 
CÊ, M] = [L, £, M]]- 
[L, M] = CL, [Z, M]a-19]- 


Solution. We define a matrix-valued function of the real parameter «, 
F(a) =eMe~= o. (1) 


F(a) can be expanded into a Taylor series at a = 0 


F(a) = y (=) of . (2) 


n=0 n! 
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ce 


Now we obtain (observe the ordering of factors!), 


d: a 
= {Ae Be} 


4a0 


1 


4a—0 


+ [A(a + Aa) — Ade} 


~ d ^ d ^ ^ 
= Aa) 7- (B(2)) + 5 (469) BG) 
and 


d; cu ab 
— eb = Île = eL 


da 


Therefore 
z F(a) = eMe — eM Êe- c 
a 
= e" [£, M]e € ; 
d? 


— F(a) = 


d aLr? A4 -aL 
di "is [L, M]e ^ 


da 
= eL M]e- ei[£,M]Le 4 
= e (2, Met 
= e [2M]oe * 

Now assume 


d- es 
qai Fo) = e* LL, M]n- ve aL 


To complete the proof by induction, we show that 


d" . d (d^! & 
T Fries 


dcp a cal 
= p" {et LL, M]a- De Ly 


= e ZL, M].-»e * — etr. M]e«-oLe 7 


= e", Mme * " 


lim s [Alx + 4o) Bla + Aa) — iaso} 


lim ias A(a + Ag [B(« + Aa) — B(a)] 


(3) 


(4) 


(5) 


(6) 


(7) 


(8) 
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whence follows 


` cS OO 2 
F(a) = Y we Le Mme aL| =n" 
nz0'*: 


lo. a 
= Y z LL, M Jen" . (9) 


n=0 


EXERCISE Se 


3.4 Generators and Structure Constants of Proper Lorentz Transformations 
The (proper) Lorentz group L is composed of all 4 x 4 matrices à = (a5) which 
describe a (proper) Lorentz transformation, i.e. for which the following holds: 
i) Invariance of the scalar product; 
(a*a X") Iul XP) = x"gu,x" , - (1) 
where g,, is the Lorentz-Minkowski metric. 


ii) à is contained in the same set of Lorentz transformations as 1 (â arises 
continuously from 1). 


The lorentz transformations form a six-parameter group. One can take as 
parameters, e.g. the rotation angle w and the rapidity č. 


Hint: Compare with Sect. 3.13 and Exercises 3.16 and 3.17! 


Problem. a) Determine the corresponding generators; b) Find the structure 
constants! 


Solution. As usual we make the ansatz 
i(m,&) = exp(—io-$ —i£-K) , Q) 


where œ, č represent the parameters and S. K are the corresponding generators. 
For infinitesimal transformations this becomes 


à(ó0, 06) = 1 — ióo- $ —ió£-K (3) 


Here $ and K are three-vectors of 4 x 4 matrices. Let us start by investigating the 
spatial rotations, i.e. setting ó£ = 0. The transformation matrix for a rotation of 
the coordinate system around the x axis (dw, #0, óc; = ôw; = 0), in the 
positive sense of rotation is given by 


& 
i 


0!0 1 +o | | 
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I 
hence according to (3) dw -ŜŜ = i(â — 1) = ôw, S, and therefore 


010 0 0 

` 0:0 0 0 

$,2-—il| ! 

: 010 0 -1 (4) 
010 +1 0 

Similarly, we obtain 

0! 00 9 oio 00 

` 0! 0 0 41 ` 0:0 -1 0 

a= ij | , $3 —ij | (5) 
0: 0 0 0 0:1 0 0 
0/—1 0 0 0!0 0 0 


We see that the spin-1 matrices appear as submatrices, but with negative sign 
[see Example 1.11, Eq. (9)]. Concerning the Lorentz "boosts", we first recall the 
definition of the rapidity variable &, for which 


_f =? 
= jg anA ; p-- . (6) 


With that we obtain, after a straight forward calculation, 
B=tanhé , y=coshé , yfB-sinhé . (7) 


Then the matrix, describing a boost in the x direction, is simply 


coshé | —sinh 0 0 


—sinhé , coshE 0 0 
a(é) = 8 
(£) 0 ! p 10 (8) 
0 | 0 0 1 


Observe that there is a certain similarity between the boost and the rotation 
matrices, the differences originating in the asymmetry of temporal and spatial 
directions in Minkowski space. 

A benefit of the “rapidity representation" consists in the property 


a(E,)a(é,) = (G1 + Si) (9) 


that is, rapidities in the same spatial direction are additive just as rotation 
angles. For an infinitesimal boost (č > 6€,, 06, = 6&3 = 0) we obtain 


1 i-ó6 0 0 
DL 1L 2L. 
—-ót,! 1 00 

a= i , 

0 10 10 

0 | 0 01 


Exercise 3.4 
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hence according to (3) ó£- K = i(à — 1) = 6€,K, and therefore 
0i1 0 Q 


K, = —i|0! (10) 


and by analogy 


0:0 1 0 010 0 1 
-4+4 — — — -b= 
K TM K 1M (11) 
= —] 3 = — . 
2 01! 0 3 ‘lo! 0 
0: 1! 


We have hereby determined the generators of the Lorentz group. Of course one 
should bear in mind that these matrices depend to a high degree on the 
definition of the parameters. 

b) If we enumerate the generators S,, K; (i = 1, 2, 3) in some way, combining 
them to form a six-component vector Li = ],...,6), then the structure con- 
stants C;j, are defined by 


[L;, Lj] = Ci L, . (12) 
Hence we have to calculate all commutators between generators, and as we 
already know, 

(Si, $,] = i48, (13) 


holds for the negative spin matrices. The reader should note the sign here. If we 
had chosen — @ as a parameter instead of the rotation angle o, a “ + "-sign 
should have resulted. À commutator between boost generators is, for example 


(O1 0 o][oilo 1 0 
i depo 
[K,, Kj]. = —{ i 
J0! 0 Li 0 
t 1 l 
oi 0; 
O10 1 o|[oi: o o 
0| " 
pr o jo: o 
E 0j 
010. 0 0 
010 -1 of , 
=|"! -i$, . 14 
0011 0 0| ^ (4 
| 
0:0 00 
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Calculation yields Exercise 3.4 
[K,, K] = — i$, , (15) 

and altogether we obtain 
[É, Kj] = — ica Sk - (16) 


Eventually [S;, K j] must be calculated, e.g. we get 


oio 0  o][oo 1 0 
[S R] = — 010 ° 2j 
0:0 0 -1|1! 0 
0:0 +1 0| i0 ! 
oio 1 o][nio o, o 
0! Jolo 0 0 
ioo 0:0 0 -1 
0! 0/0 +1 0 


and more generally, 
[$;, Kj] = + ie Ky . (18) 


The structure constants are thus given by the coefficients of the rhs of (13), (16), - 
and (18), ie. essentially by + zig. This completes the exercise. 


3.2 Interpretation of Commutators as Generalized Vector 
Products, Lie's Theorem, Rank of Lie Group 


The commutation relations (3.13) can be comprehended as a direct generaliz- 
ation of the vectorial cross product of two vectors. In fact Eq. (12) in Exercise 3.4 
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can be written as 
lix Êj = Cibe , (3.17) 


meaning that the cross product of two “basis vectors” Ê; and Ê jis also a vector 
of the same space, and thus a linear combination of the basis vectors. This is the 
generalized relation e; x e; = e, (i, j, k = 1,2, 3, cyclic), valid in three-dimen- 
sional vector space, where the e; are the basis vectors. The Lie algebra of rank 
2 is particular noteworthy with regard to this viewpoint; it contains two vectors, 
the cross product of which vanishes, i.e. [£,, 2,]. =0, although Z, and Ê, are 
linearly independent. Therefore, the comparison with a normal vector product 
in three-dimensional configuration space must not be taken too far. With the 
exception of the Lie algebra of the group SO(3) it is not an isomorphism, merely 
an analogy. 

Up to now we have started with the Lie group, determined its generators and 
then calculated the commutators (3.13). In this way we were led to the Lie 
algebra. This procedure can be reversed: If a set of N hermitian operators L; is 
given, which is closed under commutation [hence fulfills equations of the form 
(3.13)], then these operators 7; specify a Lie group, whose generators they are. 
This is called Lie's theorem. 

This theorem is evident, for we can immediately write down the infinitesimal 
group operators U(5a,) 


^ N N 
U(du)=1~i Y 6a,£,=1-i5 ah, , an =Mba, . (3.18) 
n=1 


n=1 


Successive M-fold application of these operators in the limit M — oo then yields 
the operators of the pertinent Lie group, corresponding to finite rotations, 


- N y | M NO 
U(a,) = lim (i-i Y xi.) -e(-i Y 2 (3.19) 
M~ n=1M n=1 

This construction of U(a,) is exactly the same as the one which lead to (3.6). 
An essential characteristic of a Lie group is its rank, which is defined as the 
largest number of generators commuting with each other. For example, the abelian 
transiation group has three generators D, = — 10/0x,, which all commute with 
each other, and hence has rank 3. In this case the rank is to a certain extent 

trivial since, in view of the commutativity of the generators f,, one can write 


e^ ig-p = e Pe iof: — ios; . (3.20) 


This means that this group of rank 3 is actually a product of three groups of 
rank 1. More interesting examples are provided by the rotation group SO(3), in 
which none of the generators J, commutes with any other (rank I); and by the 
group SU(3) (which we shall introduce later), in which the third component of 
the isospin 7, and the hypercharge Y (which is connected with strangeness) 
commute (rank 2). 


3.3 Invariant Subgroups, Simple and Semisimple Lie Groups, Ideals 
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3.5 Algebra of f, and Jy 


a) The three operators p, = — id/0x, fulfill the trivial commutation relations 
[b,.p,J-=0 . (1) 
If the group parameters are denoted by Q1, 02, Q3, then 
Ü(g) = exp( — ig,p,) = exp( — e- V) Q) 


are the operators of the translation group, as we already know. These operators 
Ü(g) represent an Abelian group. All three generators commute; hence the rank 
of the translation group is 3. 

b) The three angular momentum operators J, satisfy 


CJi Jj] = iJ, . (3) 
Therefore 
Ü a(9) = exp( — ibid, i) (4) 


are the known group operators of SO(3), and the angles @; are the parameters of 
the group. À generator J; commutes only with itself; hence the rank of the special 
rotations group is 1. 


3.3 Invariant Subgroups, Simple and Semisimple Lie Groups, Ideals 


Lie groups which have special importance in physics are semisimple. In the 
following, we shall explain this concept and the reason for its particular rel- 
evance. 

Let us investigate a group g = {g,} with an abelian subgroup a = (ài) 
(Fig. 3.2). Then, if 


j,dig, =â; , (321) 
Q;À, = 4,a; (3.22) 


hold for every â; and for every element 9, of the full group, i.e. 94,9, ! is again an 
element of the abelian subgroup, the group a is called an abelian invariant 
subgroup. If the subgroup a is invariant but not abelian, i.e. (3.21) holds, but not 
(3.22), then it is simply named an invariant subgroup. 
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Fig. 32. Group g and abelian 
subgroup a 
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3.6 Translation-Rotation Group 


The group of all translations and rotations has six generators fı, p2, P3, 
J,,J2,J3. More concisely, it is called a translation-rotation group and has the 
translations (p,) as an abelian subgroup. Intuition shows us that 


RTIRÀ-T 
where R is a rotation and T a translation, is again a pure translation 7” (see next 
figure). Consequently the translation group is an invariant abelian subgroup of 


the translation-rotation group. This property will also be pursued analytically in 
Exercise 3.18. 


We now arrive at the definition of simple and semisimple Lie groups and 
state that Lie group is called simple, if it does not posses a continuous (hence Lie 
type) invariant subgroup. A Lie group is called semisimple, if it does not possess 
a continuous abelian invariant subgroup. One should notice that a semisimple 
group can well contain a continuous invariant subgroup, although it is not 
allowed to have a continuous abelian invariant subgroup. 

Henceforth, we want to study Lie algebras of groups with continuous invariant 
subgroups. We argue that with 


a; = j,a;g, ! 
and á; ! also 
a, = aja; t= Gva;gy + âr l (3.23) 


is an element of the invariant subgroup. Since g and a are Lie groups, we term G, 
the generators belonging to g, and A; the generators belonging to a (note the 
operator sign ^ ). It then follows that 


G, = 1 — ida,G; — 460,50,G,G, (3.24) 
and 

A; = 1 — iof, A, — $68,5B,4,A, (3.25) 
for the rhs of (3.23) by complete analogy to our previous calculations (3.10) 

A, = 1 — 60;58,0G;,4,]- . (3.26) 


Since A, has to be located within the group A in the neighbourhood of the unit 
element, we can write 


A, =1—id~mdm . (3.27) 
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a aaaaaaaaaaaŘaIiIiIIaaaaaaeaaaeaIasseasasaslsltl 


If we put — as previously — 
ióy, = 4y,0%,0B, , 


because dy, has to vanish for da; — 0 as well as for 68, — 0, then from (3.26) and 
(3.27) follows 


[G;, 4,]- = ag A) (3.28) 


for all G;. Therefore, if one can linearly combine M generators A (M < N) out 
of the N generators G, of a Lie group, so that (3.28) holds, then the Lie 
group possesses an invariant subgroup. Obviously the M generators 
A, = {41, A5, ..., Au] of the invariant subgroup form a subalgebra of the orig- 
inal Lie algebra. Indeed, the set of commutators [À;. A,]- is evidently closed 
among itself. Such a subalgebra, for which (3.28) holds in addition, is called ideal. 
One says by analogy to the definitions for groups: 

A Lie algebra is named simple, if it does not possess an ideal apart from the 
null ideal {0}, and semisimple, if it does not possess an abelian ideal. Thus (3.28) 
may hold in the latter case, but not all commutators [A;, A;]- within the ideal 
are allowed to vanish. 


EXAMPLE ME 


3.7 Simple and Semisimple Lie Groups 


a) The three generators of the translation group f, form a closed subalgebra 
within the TR group (translation-rotation group), since [p,,p,]- = 0. Together 
with the generators J, = (f x p), of the rotation group, one gets, for example 


^ 
^ 


BJ. — Japa = 0 , BJ, — J ybs = if, , 
BJ.,— JaPa = — ip, , and so forth . (1) 


These are relations of the form (3.28). Therefore, the D, algebra is an ideal within 
the TR group (more precisely, an abelian ideal). Consequently the algebra of fj 
and J, is neither simple nor semisimple. The relations (1) explain again very 
precisely the statement of Example 3.6. 

b) If one tries to apply (3.28) to the rotation group, itis clear to see that these 
equations can only be fulfilled, if the 4, span the total Lie algebra. Namely, if 
one puts (G,) = (J,), then the commutators 


[J,, J;]- =i , [J5, Jil- 9 if; 2 [J2,J3]- 9 iJ, (2) 


do not generate a subalgebra analogous to (3.28). Solely the three J; operators 
together are closed. Therefore, the angular momentum algebra does not possess 
an ideal, it is simple. 
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c) Typical examples of semisimple groups are the direct products 
(Kronecker-products) of simple groups. For example, in many physical dis- 
cussions of angular momentum couplings, the semisimple group 


SO(3) x SO(3) (3) 
plays an important role. The elements of this group have the form 
exp( — i$-J)xexp( — ig -J) . (4) 


where ¢ = ($1, $2, $3) and ¢ = (01, 05, $3] are six independent parameters 
and the generators (separately) fulfill the algebras 


(Ji, J;]- = iinde and [J5J/7]. = i&gJ, . (5) 
In addition they commute, i.e. 
[/,J]- 20 , Lk-(,23) . (6) 


The generators J, and J’, act in different spaces, e.g. in the well known spaces of 
orbital and spin angular momentum or in the configuration space of particle 
1 (ri, 51) and particle 2 (r2, s2). Here s denotes the spin variable. 

Thus, we recognize by comparison with equation (3.28) that the gener- 
ators (J,, J2, J3} as well as the generators (J^, J’, J} constitute — each set for 
itself — a non-abellian ideal of the Lie algebra. which is spanned by 
Ui, "n J5, JJ, VAS 

The algebra and the group is semisimple, since indeed there is an ideal (i.e. an 
invariant subgroup), but the latter is not abelian. As may be seen from this 
example, it is a typical property of semisimple Lie groups that they can be set up 
as a direct product of simple Lie groups. This holds generally for every 
semisimple Lie group. 

d) Note that the definition of a simple group requires that there exists no Lie 
type (i.e. continuous) invariant subgroup. Quite possibly, however, there may be 
a discrete invariant subgroup, although this subgroup must not form a Lie group, 
as is of course the case for a continuous invariant subgroups. As an example we 
mention the SU(2), with which we became acquainted earlier, in connection with 
the rotation of spinors (Example 1.12). Its elements are given by 


Up = exp( — if- $) = exp( — tig à) 
= exp( — łiġn- ô) 
= Icos($¢) — in-ésin(¢) (7) 


(see also Exercise 3.8). However, the two discrete matrices 


2) Cia 


form a discrete invariant subgroup for these continuous 2 x 2 matrices. Neverthe- 
less, the group is simple, since indeed there is an invariant subgroup, but it is 
discrete, not continuous. Furthermore, the generators $, possess the same Lie 
algebra as the generators of the rotation group. 
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e) We now draw attention to a physically important Lie algebra, which is 
not semisimple, Let P and Ô be momentum and position operators in a well- 
defined direction and É the identity operator. Then obviously 


[E, P].. = LE, Ó]- =0 , 
[B, ĝ]- = — iÊ (8) 


holds. The algebra of these three operators (sometimes called Heisenberg alge- 
bra) possesses an abelian subalgebra which is spanned by E and P, for example. 
Simultaneously, it is an ideal, for it fits into the scheme (3.28). The commutators 


[É P]. = 0 = [Ê, Ê] - = [Ê, P]- (9) 


define the abelian subalgebra. At the same time the relation (3.28) is fulfilled with 
[É, Q].. =0 and [P, ĝ]- = iE. Therefore, the Heisenberg algebra is a Lie 
algebra, which is neither simple nor semisimple. 


EXERCISE Se 


3.8 Reduction of exp{ — žin- ô} 


Problem. Show that 
exp( — ọn- ô) = Icos($¢) — in: ósin($4) 


holds [see Example 3.7, (7)] for any angle @ and any unit vector n. 


Solution. According to the assumption that n is a unit vector, i.e. 


; (1) 


then, furthermore for the Pauli matrices, 


n:i = 1 


6,6; = it; Ó, + 5:1 (2) 


holds. Hence, with (1) it follows that (one should bear in mind Einstein’s 
summation convention) 


(n- 6)? = nin 6:0; = In;njóij + ininj£inÓ, 
= in;n; =] ; (3) 


because njnjé;;,, = 0 is true for every k, since n;n; is symmetric and ej, is 
antisymmetric in i and j. The result (3) can obviously be generalized. Thus 


(n-ó)" —1 and (4) 
(n-6)*"*1 = 1(n-6) — (n-ó) . (5) 
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Exercise 3.8 Now the desired transformation may be carried out: 


oo 


1 . 
exp( — Jión-ó) = X = (— did) (n- y 


1 
nm Oni! — 3ióy"(n. 6)" 
c 1 
+ » nci — Jioy*!(n.óy"*! 


o 1 
= fl 2 Qni Ira oy" 
1 " 
— i(n-é) loy | Qna pi - Iydoy"*! 
= Icos(4+¢@) — i(a-é)sin($¢) , 


for the two series just represent the trigonometric functions. 
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3.9 Cartan’s Criterion for Semisimplicity 


There is an elementary criterion for finding out whether a Lie algebra is 
semisimple, which originates from Cartan. To that end we define the symmetric 
tensor 


Joi = Jie = Coa Cao ; (1) 


which is built from structure constants. g,, is called a metric tensor, sometimes 
also Killing form. This tensor can be defined for any Lie group and its associated 
Lie algebra. Sometimes the metric is likewise defined as 


(Li, L) = Tr(L, Lj > 


where the L; are generators. Now, we have the so-called regular representation of 
a Lie group [see (5.34) ff. later on] in which the matrix elements of L, are defined 
by 


(Lap = Cisg 


From this follows 
(L;, L) = Tr(L,, L) = Y (Lia (Lgs 
aß 


= Cisg C jga = fij 
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(L;, Ej) fulfills all properties of a metric, for example Example 3.9 
(Li, L) = (L;, Ê) , 
(L; + L,, EQ) = (Ly, Ly) + (L;, Ly) , 

but it is not necessarily positive definite [i.e. (L;, L;) > 0], as is evidently the case 


for, e.g. the Minkowski metric. Now we show that a Lie algebra is semisimple if 
and only if 


det (g eA) z 0 . (2) 


For this we have to demonstrate that det(g,,) = 0, if there is a nontrivial 
subalgebra (an abelian ideal) Let us therefore suppose that the Lie algebra 
possesses an abelian ideal. We discern the generators belonging to the ideal from 
the remaining generators by marked indices. Then for the 1’ column of the 
metric tensor, 


ge» = Coo Cio = oer (3) 


holds, since C}, = 0 for those values o # g which do not belong to the ideal 
[cf. (3.28)]. Furthermore, it follows from (3) that 


Jox = CoeCise = — Coo Ceo » (4) 
since Cge: = 0 for all t # 1’ for the same reason. But now for an abelian ideal 

Crvg =0 (5) 
holds. Thus follows 

Jox =O . (6) 
Therefore, the 2’ column of the metric tensor vanishes and we obtain 

det(g,3)=0 . (7) 


We here remark that Cartan’s condition (2) has the meaning that the metric 
tensor must have an inverse tensor g^^ = (g,;) +, for which then 


g^ gs, = ài (8) 
holds. We now prove the reverse. 

Let 

detg,; = 0 (9) 


We show that the algebra defined by 

[LL] C£, , LeG (10) 
possesses an abelian subalgebra 

[5,1]-0 PeUcG. (11) 
If det g,; = 0, the equation 

a^g,; — 0 (12) 
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yields nontrivial solutions. The subspace of generators defined in this way 
Li = afl, , aj Joa = 0 (13) 


again forms an algebra. If L, is an arbitrary generator of G;L;, Lj are generators 
of U, we have 


Tr[Î;, LAL, = TrL[E, ĉa] . (14) 
substituting the expansion (13) for Li, one obtains 


Tr[Lj, LL, = ava? Tr E, [L,, L,]- 


= afai C Trl, EL, 
= aj aj Cont doi 
=O. (15) 
Here, we have used a?g,, = 0. 
Hence, 
Tr[L, LJL,=0 . (16) 
Since Ê, is chosen arbitrarily, the trace vanishes if the commutator vanishes 
[Li L5] =0 (17) 


which was what we set out to prove. 


EXAMPLE Se 


3.10 Semisimplicity of SO(3) 


Problem. Show by means of Cartan’s criterion that the group SO(3) is 
semisimple. 


Solution. The structure constants of SO(3) are identical with the antisymmetric 
tensor ig; ;, (see Example 3.1). Therefore the metric tensor of the SO(3) is given by 


Jor = — Eojkêakj = eo jean = 26, . (1) 
Then 
det(g,,) = 8 #0 (2) 


follows, which demonstrates that SO(3) is semisimple. Indeed, already by means 
of our earlier considerations we know that SO(3) is simple (cf. Example 3.7). 
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3.4 Compact Lie Groups and Lie Algebras 


Here we want to introduce one further concept: A Lie group is usually called 
compact, if its parametrisation consists of a finite number of bounded parameter 
domains. Otherwise the group is called noncompact. The related Lie algebra is 
correspondingly called compact and noncompact, respectively. Any compact 
Lie algebra is semisimple. Earlier we defined the compactness more precisely 
(Sect. 1.7). The present definition is less precise, but it is also correct: Each group 
element is uniquely related by the parameters. For example, for O(2), 9 de- 
scribes the group element e'^". 

If there are a finite number of parameters (i.e. finite number of generators), 
and if the parameter domain is compact (if it is bounded, it can be compactified 
by including in the parameter domain every element, which can be obtained by 
limiting process), then the definition of Sect. 1.7 holds. 


3.5 Invariant Operators (Casimir Operators)! 


The spherical harmonics Y,,,(9, $) are characterized by the “quantum numbers" 
land m. More precisely, one says that the Y;,(0, 6) are simultaneous eigenfunc- 
tions of the two operators of orbital angular momentum E? and L4, which are 
connected to the generators J, of the rotation group for spinless fields by 


Pay RHP 5 HERE 


L? (and also J?) is not a generator of the group, but it is a bilinear function of all 
generators. L? has the distinctive property of commuting with all generators, i.e. 


[J2,/;]. =0 . Therefore 
[J^, Ü«(9)]- — 0 


holds too, ie. J? also commutes with all group operators Up(¢). Therefore J? is 
called an invariant operator of the group or Casimir operator. 

The importance of the J? rests in the fact that its (2j + 1)-fold degenerated 
eigenvectors exactly represent the multiplets of the rotation group. j =0 is 
a singlet, j = 4 a doublet, j = 1 a triplet and so forth. This property is no 
peculiarity of the rotation group, but is a general characteristic of semisimple Lie 
groups in a slightly generalized form. Namely, Racah proved the following 
theorem: 


! To some extent, we follow the article by K.W. McVoy: Reviews of Modern Physics 37 
(No. 1), 84 (1965). 
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3.6 Theorem of Racah? 


For any semisimple Lie group of rank l, there exists a set of | Casimir operators. 
These are functions C a(i, L5... L,) (A = 1,2, ..., I) of the generators L,, and 
commute with every operator of the group and therefore also amongst them- 
selves: [C mro 4] = 0. The eigenvalues of the C , uniquely characterize the mul- 
tiplets of the group. 

This theorem provides us with the possibility of a precise formulation of the 
notion multiplet. Let us, therefore, begin to explain this concept. 


3.7 Comments on Multiplets 


We begin with the concept of an invariant subspace of the total Hilbert space, i.e. 
of all states on which the operators of the symmetry group act. By that, one 
understands a set of states which reproduce themselves by application of some 
operator of the group, i.e. yield other states of the same set. The operators of the 
group transform the states of the invariant subspace among themselves. In other 
words, the matrix elements of group operators (i.e. generators) between states of 
the invariant subspace and states outside of it vanish. A multiplet is an irredu- 
cible invariant subspace of a group, ie. a subspace which does not contain 
a further invariant subspace. 


EXAMPLE Se 


3.11 An Invariant Subspace to the Rotation Group 


The orthogonal vectors | Yoo, Yi1, Yio, Yı -1} form a four-dimensional invari- 
ant subspace with respect to the rotation group, because any of the generators Ji 
( = angular momentum operators L, in this case) of this group can only change 
— as we know — the quantum number m, but not l. Consequently the J, 
transform these vectors among themselves, as do the Ug(¢), which are functions 
of the J,(cf. Vol. 4, Chap. 4), so that 


JiYyg-(,-i)Y,.-Jl(l41)-m(m-czi)Ys:i ; 


Js Yin = Yim 


2 G. Rach: Group Theory and Spectroscopy, Princeton Lectures (CERN Reprint). 
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EXAMPLE Se 


3.12 Reduction of an Invariant Subspace 


The four-dimensional invariant subspace (Yoo, Y11, Y1o, Y1-1}, which we have 
already mentioned in the previous example, is a reducible subspace, because it 
contains smaller subspaces (which are not further reducible, i.e. which are true 
multiplets), namely the triplet 


(Yu. Yo, Yi.ij (1) 
and the singlet 

{Yoo} . (2) 
This is so because the operators J , do not change the | quantum number, for 
example 

"m Yim = Jil 1) — mim x Yims i 

JoYm= Yim . (3) 


The triplet (and also the singlet) cannot be further reduced. From (3) it also 
follows that 


<YoolUR(P)lYim> = 0 (1 #0) (4) 


for every rotation operator Ug(¢) of the group. There exists no group operator 
with nonvanishing matrix elements between singlet and triplet (more generally, 
between one multiplet and another). The complete decomposition of the invari- 
ant subspace ( Yoo, Yi1, Yio. Yi- 1) into a singlet and a triplet is expressed by 
the notation 


{ Yoo, Yi, Yio, Y;.ij = {Yoo} G (Yi, Yio, Yi-i) . (5) 


We recognize from the last example that the states contained in a single 
multiplet are obviously related to each other. This becomes clearer by consider- 
ing the following alternative construction of a multiplet: 

We start from a normalized state Wo, which lies completely within a mul- 
tiplet of the group. Then all vectors 


Walt) = U(a)Wo (3.29) 


are constructed which can be reached from Wo by application of the group 
operators U(a). Each successive application of a group operator U(p) has to 
transform the vectors w,(r) among themselves because U (f)U (a) = U(y) again 
must be a group operator. The sphere of vectors Wa is transformed into itself (cf. 
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Ü(B)va(r) 


Fig. 3.3. The states y, (r) can 
be interpreted as vectors on 
a unit sphere (normalized 
states) [V,(r) appears only 
perspectively shortened] 


Fig. 3.4. Line multiplet ob- 
tained by splitting of the 
state multiplet. The splitting 
of the multiplet states indi- 
cates that the symmetry un- 
derlying these multiplet is 
not exactly valid. One says: 
the symmetry is (slightly) 
broken. Otherwise it would 
be impossible to recognize 
the multiplet ihere: the mul- 
tiplet of X-ray lines). See 
also the following discussion 
of invariance under a sym- 
metry (Sect. 3.8) 


Fig. 3.3). The w,(r) alone do not form a vector space (because each element is 
normalized to unity), but all linear combinations of V, (r) together span a vector 
space. The later is obviously invariant under the group. It forms exactly that 
multiplet, which contains Wo. 

The name “multiplet” originated in atomic spectroscopy, where the invari- 
ant subspaces are characterized by the total angular momentum j and the 
orbital momentum I. 

For example 

2pa,? means n — 2 (principal quantum number) 

= 1 (p state Yim) 
j = 3/2 (total angular momentum) 
n = 3 (principal quantum number) 
l = 3 (d state Y,,) 
j = 5/2 (total angular momentum) 
n = 3 (principal quantum number) 
l = 1 (p state Yim) 
j = 3/2 (total angular momentum etc.) 


3d5/2 means 


3p3/;2 means 


In the absence of an external field, all these multiplets are (2j + 1)-times degener- 
ate. In the presence of an external field (for example a magnetic field), these states 
split up, which can be demonstrated, for example, by the Zeeman effect, and lead 
to a series of multiplets of neighbouring lines in the spectrum of the atom 
(Fig. 3.4). 

This splitting indicates that the symmetry, which is represented by the 
multiplets, is no longer exact. Usually one speaks of a (weakly) broken sym- 
metry. Otherwise, one would not be able to recognize the multiplicity of states in 
the multiplet, in our case the multiplet of lines, (compare also to the following 
discussion on the invariance under a symmetry group). 

In terms of group theory, a set of degenerate states is called a multiplet. The 
multiplets depend on the symmetry group. So in atomic physics we deal with 
angular momentum (spin) multiplets which follow from the rotational invari- 
ance. Yoo is a singlet with respect to the rotation group; the A particle (cf. Table 
6.1) is an isospin-singlet; neutron and proton (n, p) form an isospin doublet (cf. 
Chap. 5), as do the ground states of the nuclei ?H and *He; the pions 
ix^, 2°, n7) form an isospin-triplet, etc. 

The important qualitative insight that we gain from this discussion is that 
each group has a well-defined, unique and partly characteristic set of multiplets. 
Although these multiplets are determined by the structure of the group, there 
exists no general method to find them for arbitrary continuous groups. Only for 
semi-simple Lie groups, we have the Racah theorem at hand. 


3.8 Invariance Under a Symmetry Group 


Let U(a) be the operators of a symmetry group (for example, the rotation 
operators). Then the invariance of the system under the group U(a) means that 


3.8 Invariance Under a Symmetry Group 
both the initial state y which fulfills? 
ô a 
i—w=Hwy , 3.30 
icv = Ay (3.30) 


and also the state generated by the symmetry operation (rotation) 


y (r) = lay (r) (3.31) 


fulfill the same Schródinger equation (3.30) with the same Hamiltonian H, 
hence, 


20 Gy 
ix Hy. (3.32) 


In order to recognize the consequences of this requirement, we multiply (3.30) by 
U (o) 


i2 Covey = CADA CV (3.33) 
Above, we have inserted 1 = Ü - ! (a) Ü (a) between H and i on the rhs. The 


group parameters a are fixed numbers; they are especially independent of time. 
Therefore, because of (3.31), (3.33) takes the form 


Ó A AA 
izve D= CoU yep, (3.34) 
so that a comparison with the requirement (3.32) yields 
H = U(a)HU~*(a) or (3.35) 
[Ü(a) H]. = U@H — AĈ (a) - 0 . (3.36) 


Hence, the invariance of the system under the group Ü necessarily means that 
H commutes with all group operators U(a), and, therefore, that it also commutes 
with all generators Ê; of the group. One immediately recognizes that the 
inversion is valid, too. From 


[L,H].-0 ^ (3.37) 
and U(a) = exp( — iæ;L;), it follows that 

[Ü(a, H]. -0 . (3.38) 
Whenever a state, for example Wo, is an eigenstate of the Hamiltonian 

Ho = Eolo , (3.39) 
then, according to (3.36), we obtain 

Ü(a)Hye = Ü(a)Eoyo , HÜ(awo — EU (avo . (3.40) 


3 Note that here we set A = 1. 
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ie. all other states U(a)Wo of the multiplet are eigenstates of the Hamiltonian 
with the same eigenvalue Ey. In other words, the Hamiltonian is degenerate on 
each multiplet of a symmetry group. This also holds for the eigenvalues C, of the 
l Casimir operators C, which commute with H because the generators L; of the 
symmetry group U commute with H, and because the C (Ly, ..., Li) commute 
with L;. This can be understood in the following way: From 


[C;L,, ZI Ly, ÊJ- =0 , (3.41) 
it immediately follows that 
[Ci(L,), C,(L,)]- = 0 9 (3.42) 


i.e. all | Casimir operators commute with each other and of course also with H. 
Since commuting operators can be simultaneously diagonalized, i.e. they have 
the same eigenfunctions, we conclude from (3.40) that the C, are also degenerate 
on the multiplet. In other words, for a given multiplet the operators C, possess 
a common set of eigenvalues 


Ci, Ca,- Ci . (3.43) 


Thus the Racah theorem guarantees that each multiplet is related uniquely to 
a set of eigenvalues C,, C;,..., Cj. We can summarise this as follows: Each 
multiplet of semisimple Lie group can be uniquely characterized by the eigenvalues 
Cı, C5, ..., Ci of the | Casimir operators Ci, C3,.. Ch. 


EXAMPLE Se 


3.13 Casimir Operator of the Rotation Group 


The multiplets of the rotation group (rank 1) are uniquely characterized by the 
eigenvalues of the Casimir operator J?, i.e. by j(j + 1) (usually one simply says 
by j). 

In (3.29) we saw that each state i of the multiplet can be represented by the 
application of a group operator U (a) or, to the arbitrary state y of the multiplet 
more generally, by an appropriate linear combination 


v=) a Ü (a) (1) 


of such multiplet vectors Ü (a)jo. Now, with the help of the Racah theorem, we 
are able to understand this relation from another point of view: As Wo is an 
eigenstate of H and all Ó a, With the corresponding eigenvalues Ey and 
C; (A = 1, 2, ..., I) respectively, i.e. 


Ho = Eoo 
Cio = CiwWo A = 1, 2, TNI (2) 
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and because [Â, C,].. = 0, (A, £,]_ = 0 and also [C;, L;]-. = 0 [cf. (3.36-42)], 
it follows that 


[H, U(a)]. =0 , and (3) 

[C,,U@]_-=0 , (4) 
and, therefore, with (1) 

Hy =H (x a Dia) =f a,Û(a) fyo = Ew , (5) 

C=C, (Y a (avo =YaU(aCwo=Cw . (6) 


Hence, we conclude: Each state y of the multiplet is simultaneously an eigen- 
state of H and of all Casimir operators with the same eigenvalues of Eo and 
C,(A = 1, 2, ..., I) respectively. This set of eigenvalues comprises all symmetry 
properties of the multiplet with respect to the symmetry group Ü (a). We will 
soon understand (cf. “Completeness Relation for Casimir Operators”, Sect. 3.11) 
that the multiplet does not possess any further symmetry properties with respect 
to the group U (a). This leads us to recognize the fundamental role of the invariant 
operators (Casimir opertors) of the symmetry group. With their eigenvalues they 
represent the symmetry properties of the group. 


EXAMPLE See 


3.14 Some Groups with Rank 1 or 2 


a) The rotation group is a special one because it is of rank one and therefore 
possesses only one invariant operator J?. 


b) The group SU(3), which we will later study in more detail (see Chap.7), is . 


of rank two and consequently has two Casimir operators. One of them corres- 
ponds to J?. It can have the same eigenvalue on different multiplets of the SU(3) 
group. In this case we need the second invariant operator, in order to uniquely 
classify the SU(3) multiplets. Then Racah's theorem tells us that with the two 
invariant operators, the SU(3) multiplets are completely classified. So, for 
example, consider the following notations (compare Chap. 7) in particular 
Exercise 7.9): 


the 3-triplet by: D?(0, 1) 
or the Octet by: D?(1, 1) 
or the 15-dimensional multiplet by: D19(2, 1) 


The two numbers in brackets are the eigenvalues of the two Casimir operators. 
Note that all three multiplets considered here have the same eigenvalue for the 


Example 3.13 


108 


Example 3.14 


3. Mathematical Supplement: Fundamental Properties of Lie Groups 


second Casimir operator (namely 1). All of them are distinguished by the first 
eigenvalue (0, 1, 2). 


———————— 


3.9 Construction of the Invariant Operators 


In general there exists no method to construct the Casimir operators for 
arbitrary semisimple groups. Each group must be studied separately. Only for 
the SU(n) groups, i.e. for the group of unitary, unimodular n x n matrices (cf. 
Chap. 4), was Biedenharn* able to show that the Casimir operators have to be 
simple homogeneous polynomials in the generators. 


C -Yaj.Lb.. . (4- factors) (3.44) 
ij 

where the aj, are well defined functions of the structure constants. The simplest 
Casimir operator C, is a quadratic function of the generators. In the case of the 
SU(2), for example, this is the operator J? —1(J,J.. JJ +) + J3. C, is of 
third order in 7; etc. We shall construct C, below [see 3.50)ff.] for the general 
case. For the other Casimir operators a general construction procedure is not 
known. The invariant operators of the SU(3) are C, and C,, as we will see later, 
in Chap. 7. In this case we will be successful to construct both Casimir operators. 
. Note that the Casimir operators are not unique. Assume, for example, Ó and 
C' to be invariant operators of a group of rank |, then 

C=C+C , Ĉ=ĉ-Ĉĉ (3.45) 
are invariant operators of the same group, too. They are as well suited as the 
original Casimir operators C and C’ to classify the multiplets. In the same way, 
any powers of C and C’ or products of both are again Casimir operators. If the 
group operators U(a) are unitary and hence the generators ZL, are hermitian, 
then one can make use of this freedom in order always to construct the Casimir 
operators of a unitary, semi-simple Lie group als hermitian operators. Namely, if 
C is an invariant operator, then for any group operator U(a) [cf. Exercise 3.13, 
Eq. (4)], we have 


CU (a) = Ü(a)C (3.46) 
and, therefore, 
Ü'(a)C' = CtUta) . (3.47) 


* L.C. Biedenharn: J. Math. Phys. 4, 436 (1963). 


3.9 Construction of the Invariant Operators 


Since Ut = Ü`! for unitary group operators, it follows that 
Ü-(g)Ót = C'Ü- (a) . (3.48) 


In words: Ct commutes with all inverse group operators Ü- !(ag). This means 
that Ct commutes with all group operators Ü (a), because the inverse of every 
group operator is also a group operator by definition of a group. So C is an 
invariant operator too, and it follows from the note to [cf. Example 3.13, Eq. (2)] 
that 


6 = G4 Gt (3.49) 


is a Casimir operator, too. Obviously, it is hermitian. Thus, from now on we 
assume ail invariant operators of unitary groups to be hermitian. 
One of the Casimir operators is always given by 


6, = g* Lol, (3.50) 
where g% is the inverse metric tensor (see Example 3.9). This inverse metric 
tensor always exists for semi-simple Lie groups, because we know from 
Example 3.9, Eq. (2) that det(g,,) 40. The Le are the generators of the Lie 


algebra. Starting from the following commutator, we now show that C, is 
a Casimir operator: 


KOA , Lj - = g* LLoL,, Lj] - >= g” LoLL,, 2J - + g^ [L.L,]-L, 
= g" CL LL, + g" CAL, = g* CA LoL, + g* CLE; L, 
=9° Ci (Lol, + Lb) . (3.51) 


Note that we exchanged the summation indices o and gin the last but one line. 
We also have denoted structure constants in the form C,,, = C4,, ie. we have 
raised the third index. This is convenient in the following and also sometimes 
used in literature. The tensor 


a% = g” C2, (3.52) 
is antisymmetric in g and À. In order to understand this we introduce the tensor 

Douv = Goa Cry = Cog C Co = CooCivCie , (3.53) 
which can, with the help of the Jacobi identity (3.16), be written in the form 

bau, = — Coe C Cin + Ci Cis) = Coo Cn Cha + Co Cos - (3.54) 


The summation convention applies to repeated indices. The rhs is invariant 
under any cyclic permutation of the indices c, 4 and v. We will show only that 
this 1s true for cyclic permutations 


(cuv) (uve), (3.55) 
since all other cases can be easily verified by the reader. Thus, we consider 
bivo = Cao CA Cv. + Co C Cáo = Coi Co C + Co Ci Co = bau . (3.56) 


Here we renamed the summation indices in the second line, namely (gtA) > (Aot) 
in the first term and (gt/) — (149) in the second term. 
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As in (3.53), g,, is symmetric in c and A; Cj, is antisymmetric in y and v; the 
tensor b,,, has to be antisymmetric in p and v, i.e. in the last two indices. Because 
of (3.56), bo, has to be antisymmetric in o and v, too, and due to the general 
cyclic invariance of b,,,, it has to be antisymmetric with respect to an exchange 
of any two indices. 

Let us return to (3.51) and (3.52) once more. The tensor Aor, Can be expressed 
in another way, using C+, = g"^b,,, to obtain 


, (3.57) 


aj. = g” Ch = g"g"b,,, 
hence, (3.52) reads 
Li, ÊJ- = 9G" Dyee(Lok, + Balo) . (3.58) 


The sum over c and v on the rhs vanishes because of the total antisymmetry 
property of b,,,. Hence, 


[6,1]. =0 (3.59) 


for each L,, and we have shown that C, is a Casimir Operator. 

Let us emphasize once more that the Casimir operators are defined in the 
sense of the Racah Theorem for semi-simple Lie groups. This does not mean 
that for other Lie groups such invariant operators, which commute with each 
group operator, cannot be constructed. For example, consider the transla- 
tion-rotation group (which is sometimes called the euclidian group) which is not 
semi-simple with the algebra. 


[J;, Jj- = Eije Ik , [Ê,, Bj]. =0 , 

[B,, J;].. —&kP, , (Ê, 45]. -0 . i,j,k =1,2,3 (3.60) 
One easily verifies that in this case there exist three invariant operators, namely 
P= Si + J+ Ft p-Fa= pS, + fada + p3J3 and P? = Pi + P3 + P3. 

We will come back to Casimir operators and to the Racah theorem in a more 
general context in Chap. 12 (mathematical supplement). 


3.10 Remark on Casimir Operatorts of Abelian Lie Groups 


If a Lie group is abelian, then its rank is identical with its number of generators 
L,. These are invariant operators themselves, and therefore Casimir operators. 
The completeness relation, for which a proof will be given in the next section, is 
valid in this case. So the Racah theorem can be extented (that is to say, trivially) 
to all abelian Lie groups. 


3.11 Completeness Relation for Casimir Operators 


Although the / invariant operators are not uniquely determined, they form 
a complete set. More precisely this means: Each operator A which commutes with 


3.11 Completeness Relation for Casimir Operators 111 
eee 
all operators of a Lie group (hence with all generators L, of this group) is 
necessarily a function of the Casimir operators C, of the group 


A=A(C,) . (3.61) 


In other words, the Casimir operators are the largest set of independent 
operators which commute with the group, i.e. with the group operators Ü (a). 
Specifically, if we consider an operator A with [A, L,]_ = 0, then it has to be 
a function of the generators 7; 


A=A(L) . (3.62) 
because the operation 
A, = AU (ao = Ü(a)AVo (3.63) 


does not lead out of the multiplet of Wo. The latter is easily seen noting that, by 
virtue of their commutativity, 2; and A have a common eigenstate: 


Lio = lio > Ayo = apo . (3.64) 


Therefore, according to (3.63), Y, is also an eigenstate of A with the same 
eigenvalue a: 


Ay, = Ü(a)ajo = ay, . (3.65) 


So we have Ay, oc w, and thus it lies in the y/o-multiplet. Since all vectors in this 
multiplet can be reached from Vo by appropriate rotations U(a), A has to be 
a combination of the generators L; of these rotations. Together with (3.65), Ais 
diagonal for each state y, of the multiplet which contains yo. Hence, A fulfills all 
criteria of an invariant operator; thus, either it must be one itself, or an 
(eventually nonlinear) combination of the Casimir operators, because according 
to the Racah theorem there exist exactly l independent invariant operators. 

This theorem on the completeness of the Casimir operators is rather useful. 
If a system is endowed with a certain symmetry, then the corresponding 
Hamiltonian must commute with the generators and with the Casimir operators 
of the symmetry group. Together with the point stressed above, however, this 
means that H itself has to be built up from invariant operators of the symmetry 
group. 


EXAMPLE ME 


3.15 Construction of the Hamiltonian from the Casimir Operators 


a) The spherically symmetric Hamiltonian of a spinless particles in a central 
field commutes with the operators of the rotation group Ug(9). Therefore, the 
Hamiltonian must be of the structure 


H = T(r’, p^) + f(r’, pP? 
= Te, pA +f, pL? , (1) 
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where Ê? (the square of the angular momentum operator) is the invariant 
operator of the rotation group. The term T is proportional to the unit-operator 
1 of the rotation group (and, therefore, a trivial invariant). Of course, any higher 
power of Ê? (for example L^) can also appear, we have only considered the most 
simple structure here. 

b) A Hamiltonian which is invariant under translations must contain the 
Casimir operators of the translation group p = (fi, f», P3); hence, it must be of 
the form 


H = of + B-p + yp? +... (2) 
where a, Bl and y are constants. fl is the unit operator of the translation group. As 
in a), we have only noted the most simple structure. If, additionally, one requires 
the invariance of H under time reversal (t— — t, which implies p  — p), then 
only even powers of f; are allowed to appear in H. 

c) The only invariant operator of the isospin group of a two-particle system 
(cf. Chap. 5, section on "Isospin operators for a many-nucleon system") is 


P = Hê, + ¢,)? =466-14 22, -2,) (3) 


where 


EILEEN : 


is the isospin vector which has as components the three Pauli matrices which 
act in isospin space. As #? = £,- 2, = 3-1 and $5.1, = 3° 1, we may understand 
the above result. A hamiltonian which is invariant under an isospin group must 
contain besides the trivial invariant 1 also terms proportional ?, - £;. Hence, the 
most simple structure is 


B-f(n)1-G(na-2 . (5) 


3.12 Review of Some Groups and Their Properties 


In Table 3.1 we summarize some groups and their properties. In this context it is 
remarkable that-the simplest invariant operators of abelian groups are the gener- 
ators themselves, because they commute by definition with all group operators 
and thus also with all generators. . 

The inversion group, the generator of which is the parity operator P which 
replaces r> — r (or more precisely {x, y. zi ^ ( — x, — y, — zy) and the iso- 
baric-spin group will be discussed in detail in Chaps. 5 and 11. 

We see that in all cases the rank of the group coincides with the number of 
invariant operators (as it should according to the Racah theorem) except for the 
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Table 3.1 
Group Generator Rank Invariant Operators Type 
Translation b = (fi. 2. bs} 3 p= (iba bs} abelian 
Rotation J =(J1, J2, J3) 1 P=aLKP+rR+rH simple and hence 
semi simple too 

Rotation- J=(S,, Ja, 55) 3 P pcs neither simple nor 

Translation . . . . semi simple? 

(Euclidean group) P = (pi. D. P3) J-P = Jipi + Jifi + Japs 
Inversion P 1 P discrete (no Lie-Group) 

Invariance JL . . . . 
Rotation Inversion J? =(J,, Ja, J3) 2 P=} ++i unconnected 
P P 

Isotopic Spin T= { Îi, T, T4) 1 7? = 7? + f + T2 simple and hence 


rotation-translation group. However, this group may violate the Racah theorem 
since it is not semi simple, containing an abelian subgroup. Note once more that 
the Racah theorem only holds for semi simple groups. 


3.13 The Connection Between Coordinate Transformations 
and Transformations of Functions 


Consider a Lie group consisting of transformations which transform the coordi- 
nates x; into x;. In compact form these read as 


x —f(xa) , (3.66) 


where x and x' are the space vectors in an n-dimensional space, and a represents 
the r group parameters. In detail, the transformation given above reads 


Xi —f(XiX....,X454,,d52,..45,0) , i-12,..n. (3.67) 
The parameters are chosen such that a = 0 coincides with the identity 
x=f(x,0) . (3.68) 


Now, if we perform an infinitesimal rotation da starting from the identity, x is 
transformed into x’ = x + dx, i.e. 


x+dx=f(x,da) . (3.69) 
Taking the lowest order of da, this yields 


da . (3.70) 


a-0 


dx = f (x, da) — f(x, 0) = E f, J 


semi simple too 
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Introducing the abbreviation 


«real 
dx = u(x):da , (3.72) 


or in detail 
da, = uji,da, , where (3.73) 


dx, = E file J _. 


0 
ui, (x) = E Silx, J 


Here we made use of the summation convention in the sense that roman 
summation indices (such as i) have the range from 1 to n and greek indices (such 
as u) from 1 tor. 

We now discuss the change of a function F(x) under the rotation da 
introduced above. We have 


_ OF (x) v OF (x) 
=> dx=} Ox, dx; (3.75) 


i 


, we can write (3.71) 


(3.74) 


a=0 


dF 


and with (3.72-75) 


jr = EO |, = EO) - u(x)- da = da- fu Z0) 
Ox Ox 


Ox 
a . " 
= 2 da, fu Ziro = — i} da,L,(x)F(x) . (3.76) 
Ht I [Ni 
Obviously, the r quantities 

N Q 0 a 

=iŞ u..(x)— = —. f — 3.77 
L, i» uj,(x) Óx; 2 E fi(x, J 4-0 Ox; ( ) 


are the generators of the group [compare (34, 3.5)]. This finding can be under- 
stood in the following way: Because of the group property, the rotated quantity 
F'(x, a) has to be obtained by successive rotations from F(x). Together with 
(3.76), this implies that 


da, =4,/N , (with N a large integer) (3.78) 
F(x,a) — lim (1 — iZ,da,)" F(x, 0) 


- lim (1 — iL,a,/N)*F (x, 0) 


=e La F(x, 0) = U(x, a)F(x,0) . (3.79) 
So it is clear that 
U(x, a) = exp( — ia,L,) 


are the group operators and L, the group generators. 
We shall now illustrate all of these points with some examples and problems. 
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EXERCISE nM 


3.16 Transformations with r Parameters of an n-Dimensional Space 


Consider a group of transformations with r parameters of an n-dimensional 
space (IR" or C”), i.e. to each x = (xl, i, ...,n) we relate an 


xj = fi(x; a1, ..., Ar) (1) 
with the group parameters 4. ... d». As usual, let us assume that 
x2f(50,0..,0) . Q) 


We know that a function F(x) transforms under an infinitesimal transformation 
da according to 


F(x’) = F(f (x, da)) = F(x + dx) 


= Y (—ida,L,@)F@) . (3) 


AT1 


with the operators (generators) 


0 
Pt RES S B= Aye (4) 


Problem. a) Calculate the L, for the two-parameter group given by 
x =axt+b (abelm). (5) 
b) Calculate the commutators (L,, E,]- (Q5 v = a, b). 


Solution. a) The two generators L, are denoted L, and L,. From the definition 
we obtain 


. 0 
La ieri _ ER ; (6a) 
n ĝ ð 
Tix adl 6b 
Ly x (ax 4- b) NN Ew (6b) 
b) The only nonvanishing commutator is 
2 4 "BW. 9 x 9 )} 
Lo Lel- = = \\* ax] x ax ax 
29 20h. (7) 
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EXERCISE ee 


3.17 Generators and Infinitesimal Operators of SO(n) 
Problem. a) How many parameters has the special orthogonal group in n di- 
mensions, SO(n), ie. the group of rotation matrices in the IR"? Find a set of 


generators. . 
b) Show that the infinitesimal operators L,, [see (3.77)] can be written as 


> a 
Ly = -i(s x-^x) pr-l..,m r»p. (1) 


Solution. a) A n x n matrix in the vicinity of the unity matrix 1 is 


lta doce dn 
NN . 
51 EN : 
^ NS . 
A = M . 
NS M 
x » 
x . 
~~ . 
N 
N 
ain 1+ Ann 
dir c din 
N 
. N . ^ 
-Hü8-c|: "^ : [51-0 6A (2) 
‘S 
~~ 
nı Uto Um 


where all of the a,, (p, q = 1, ..., n) are infinitesimal. Such a matrix is a member 
of the SO(n), if it leaves the scalar product x - y = Y; x;y; (Xi, y; € R) invariant, i.e. 
if (Ax)T - (Ay) = x- y holds. This leads to 


x-y — [(1 + 94)- x] [1 + 5A)-y] 
=x-y + (Â x) -y 4- x-(6A-y) + O(a?) (3) 
or 
x-dAT-y+x-d5A-y=0 . (3) 
Condition (3) must hold for all x and y, hence we require 
óAT- —óÀ , (4) 


ie. 5A must be an antisymmetric matrix 


0 12 Ut in 
Â =| : : : (5) 


— ain "c — Usum 0 
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with In(n — 1) free parameters a;;. The generators $5 (p,r = 1,...,m p < r) are 
therefore 


0, 
$ =i 64 =i MO , (6) 
pr ð pr Y 
—15 
\ 
0 
where the 1 and — 1 stand at the position of apr resp. — a in (5), or in detail 
($524 = i(0ipÓ jr — 01,0 jp) : (6’) 


b) For small a,,, the coordinate transformation is given by 


x = AX <> Xk = ÁLjXj 


= Xk — i Y Y (ap pr) ej} . (7) 
1 


j= 1 pr^ 


The corresponding infinitesimal operators (generators) are, for the sake of 
brevity, denoted as L,,: 


2 ow Ô , ĝ 
Ly = P da, ano ax, 
< Mc. 5 0 
=1 Y ( — 1) Y (Spr) p 5— 
j=l k=1 xj 


. ð ð 
=i(u 2 - ge] | (8) 


This is a generalization of the angular momentum operator for arbitrary n. 


EXERCISE NENNEN 


3.18 Matrix Representation for the Lie Algebra of Spin-1 


Problem. Show that the matrices S,, from Exercise 3.17 are a representation of 
the Lie algebra of spin-1 objects. 


Solution. We have already shown that the group SO(3) is isomorphic to SU (2), 
which means that the elements from both groups obey the same Lie algebra. In 
Exercise 3.17 we derived a matrix representation S,, and the infinitesimal 
generators of rotations in IR". We interpreted these operators as a generalization 
of the angular-momentum operator for arbitrary space dimension n. It is 
important to stress that these objects transform, in general, as tensors of rank 2. 
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Consequently, only in the special case n = 3, there exist three independent 
elements (L, , L15, £23), which may be interpreted as an axial vector in this 
3-dimensional space L. Already for n = 4 there are six elements which may no 
longer be interpreted as the components of a vector in IR^. Hence, it is more 
instructive to interpret the L,, as rotations in the «f-plane (but note for instance 
the possible decomposition into two three-component vectors, which is used, for 
example, in special relativity, and is called spatial rotation with Lorentz boosts). 

Nevertheless, we use the language developed for SO(3) and try to generalize 
for arbitrary n. We first calculate the commutation relations for the generalized 
angular momentum operators Lg: 


[Ligs Luv] = i? (x50, — x,05), (,0, — x,0;)) 
= i^ (Xg, Xy Âp — xg0,x,0, — x,05x,0, + X40gX,O, 
— X,0,Xg0, + X,0,X,05 + x0 x50, — x,0,x40,) 
= i^(x50,,0, + XpXyOx 0, -— XpOap Oy — XgX,040, 
— X405,0, — X4,X,050, + X,0g, 0, + X4X,050, 
— X,0,50, — X,X50,0, + X,Ó 40g + X,X40,05 
+ X,0,50, + X,Xg0,0, — X,0, 40g — X4X40,05) . (1) 
The coordinate and derivative components each commute: [x,, x5] = 0, 
[0,, 05] = 0 and consequently terms of the form x,x,0,0, cancel pairwise. As 
a result of the symmmetry property of the Kronecker delta 0,5 = 05, it follows 
that 
[Legs Luv] = i? (0,, (x50, = Xup) = Oau(%pOy = X,0g) 
T 0g, (X40, m Xpy) = Opu(Xa0y = x,0,)) (2) 


Using the definition (3.17(8)) we get 


[Lugs Luv] = i( T Ôav Lug — San Lg = Ógy Lus = Ogu Lva) (3) 
or, employing the antisymmetry of the generators Lag = — Lpa, the standard 
form 

[Laps Luv] =i(+ SauLpy + Og, Lan = Sav Lgu — ÔpuLav - (4) 


This is the Lie algebra of SO(n). The next step is the explicit construction of 
a Casimir operator. By definition it commutes with all group elements L,,. We 
try the ansatz 


k=N 


1 
(Lg? = 5 Ot Lag Luv (5 


which is just the sum over all squares of the group elements. Calculation of the 
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commutation relation yields 


1 
[A?, Lex] = PLC [Lag Luv, Lj] 


O0" OP (Lag Luv Lor — LocLagLus) 


=> 
= 


87r 8f” (Lig [LLa] + [Lap Lad Luv) . (6) 


Ni= Nie 


Inserting the commutation relations (4) gives 
[4?, Lox] = 5 9*9 (Lap Spel + (Oy: Luo m Ôr Lvo m Ôvo Lur) 


+ (Ôo Lv + Os Lyuc — Ó,c Lyc — Ove Lu) Luv) 


1 
2 


+ (0" 0°" Lge + 6 6” Lae = 6" P Lgo < 56" oLar) Lav) (7) 


(Lag (0* 09" Ly, + ESP Lug — 070°" Lye — 5%" 5? LL 


We now employ the mixed Kronecker ds: 
[A’, Lor = 5O” LaL. + ô% L «Luc — ôP! [Luo — o" LL 
4 ôP” Lg Lev TOU Leola — ôP” Lgo Lev — à" [ Luc) 
= 5 OP (Lepl = La Lys T Leakey — Lgs Ls) 
+ OU (Lar Lpo 77 Lacks + Lao Lur — Ly Lous) 
=0 (8) 


Let us construct a Hilbert space and calculate the spectrum of A* algebraically. 
The Casimir operator can be written explicitly using the definition of Lag as 
1 


A? = LP Ly 


7 jene — x"0')(x,0, — x,Oy) 


— 5 600694, — x'ü"x,Ó, — X"Q'x,O, + x" 0" x,O,) 


— ; 079^, + ox'x,040, — x" pÂ — x"x,0"0, 


— x" 0, — x"x,0"G, + x"ó",O, + x"x,0"O,) 
= — (x"à, + x'x,0"0, — Nx'ü, — x"x"Q,O,) (9) 
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we define the homogeneous Euler operator J, = x"0,, with 
J2 = x" xð, = x"Ó,"0, + x"x'0,0, = Je + x"x"0,0, (10) 
and thus rewrite (9) as 
A? = — (Ja + x’x,0"d, — NJ, — JU, — 1)) 
= — (x’x,0"d, — J,(J, + N — 2) (11) 


Defining a Hilbert space H, as the space of all homogenous polynomials of 
degree / which fulfil the Laplacian, 


H, = (f: fx) =A f(x); 0, f= 0}, (12) 
the eigenwertspektrum of A? results as 
A 4-0 -N-2f . (13) 


Let us now examine the properties of the matrix representation (3.17.6). We can 
calculate the commutation relations for these matrices 


N 
(Sag, Suvir = 93 (014055 — 01505.) (05,0x, — 0;,01,) 
J 
~ (nô — 3.3) ndis — Simu) 
N 
= 17D) (04,0550;,0,, — 01,050, 0, — 5ip5ja5 jux, + 5ip5ja9 jv Oey 
j 


— 0j,0j,0 5 0,5 + Oind jy9 jp0 ke + Oi 0j 0j Dep — SiO ju jp Oka) 
= i^(05,04,0,, — 05,0401, — Sap OipOky + O2v9ip Okp 
= Ova ip Oxp + Oyp0in Oka + Ona ivOKp 7 Ó,gÓi Öka) 
= i? (Sgu(OixOky — OivOka) = Ô gy (Sia 0x, = Oi Oka) 
— Ogu(SigSey — SivOkp) + 0, (0150, — Sin Oxg)) (14) 
Inserting the definition for S,, yields 
[Sag Suv] = 1(0guSev nad OgySap — SanS py + SavS pu) (15) 
Comparison with (4) leads to the conclusion that the elements $,; obey the same 


algebra as the L,,. Consequently, the Casimir operator for classifying a mul- 
tiplet is given in analogy to (5) by 


1 
S? = 55 Sap (16) 
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We deduce that 


1 
(GSS), 
i? N 
= zoe E, (Sind jg — 050 ja) (Ô ju Oey — Ô ivÔku) 
J 
:2 N 
= = Or? "YG ind jg jn Sk — Fie jpn Oen — i50 jaÔ j Ot + Dig jð jv Oey) 
J 


:2 
= 555°" (Sp Dudty — Dp DB — Da DD, + D Du On) 


12 
= PLACAS m ÔP iis key — 0", OKy — 0" Day ku) 


;2 
£ O — NbiDin — Ôa + Sin Dey) 


2 
= 5 (Bry — NO“ Sex — Này + 9*9.) = (N — 15a (17) 
or 

E HOPS g Sy = (N — 1)y (18) 


Obviously the unit-matrix 1 indeed commutes with all N x N matrices. In 
analogy to (13) we define a quantity s with 


S?^f-s(s--N—2Af (19) 
Comparison with (18) yields 
s=1 (20) 


While | is the generalization of the orbital angular momentum we define s to be 
the generalization of the intrinsic angular momentum (spin). Hence, we have 
found that the matrices S,; obey a generalized angular-momentum algebra with 
spin equal to 1. 


EXERCISE Se 
3.19 Translations in One-dimensional Space; the Euclidean Group E; 
in Three Dimensions 


Problem. a) Show that the infinitesimal operator P of the one-dimensional 
translation x — x + a is of the form P = — id/dx. 
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b) Show that the inifinitesimal operators (generators) 
. 0 . 0 .0 


—1—— 


Ox ’ -tay > "Re 


of translations in the three-dimensional Euclidean space, together with the 
infinitesimal operators (generators) 


af 2223). aif alio) o 
\ az * By í ax * Sz)? dy Y ox 


of rotations in the same space, are closed with respect to the formation of 
commutators and hence define a Lie group (the Euclidean group E; in three 
dimensions). 


(1) 


Solution. a) The infinitesimal operators (generators) have been defined in Exer- 
cise 3.16. The function f(x; a) for a transformation 


T:x—x-a or x -x—a (3) 


according to 


F'(x) = F(x’) = F(f^!x) = F(x — a) = F(f s a) (4) 
is given by 
feGax-—a. (5) 
Thus, we have 
^ ð 0 d 
=i — f(x adh- — = -i— 6 
P ix f(s a)la=0 z iz (6) 
b) Define 
a 0 0 0 
= —j{—. —. — 1’ 
P (= By’ 3 i 0) 
` f ĉ 0 0 ð 0 Ó ) ; 
= — >~- Z — — -x> — — y — . 2 
L 1 Cz dy}? * Ox * az) * by ox (2) 
Then we know that 
[Pi HAB =0 , [Li L]- = iti Ly , (7) 
and also 
EA ð Ó 0 
[P Lj]- = — É EjkmXk xl = — LE 
ð n. 0 E 
= — Éjim 0x, = ( — i)i£ijm ax, = 18ijmPm - (8) 


Finite translations and rotations are described by the operators 


Uy(a)=e"*? , ÜQ(d)-e^* . (9) 
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The group of translations forms an invariant subgroup of the full group, because 
one can show that the matrix relations, for which a proof was given in Example 
3.2 and 3.3, also hold analogously for operators. It is sufficient to show that this 
is true for infinitesimal rotations 


UO, (69) Ü (a) Oz (Sp) = e Ee cioe tiom 
= exp( — i[e (a. P)e * 9e] (10) 
Now, according to Exercise 3.3 


— ie L(g. Pye ti! — — ja. P +[ — idp-L, -ia-P].. 


— ia- P — Y óda;LL;, Pj. 
inj 


= —ia-P+ i> óda;e; s P, 
= —i(a—óóxa)P , (10) 
i.e. 
Un (69) Üx(a) Og (09) = Üx(a) = Üx(a — õp xa) . (11) 
An arbitrary product of translations and rotations can always be written as 
U=U,Up , (12) 


because on one hand we have for 
Ûr Ûr = ÛrÛrÛk'Ûr = Ure , 

and on the other hand for an n-factor product of the type 
Ü = Ôn Ûr UL... Ü s Üs, 


— ~ ~ ~ "7-1 ~ ~ ~ ~ 
= Us Un, Ur Un, On, Un, Ür,Un,... 
Ur, Un, 
^ ^ ^, ^ ^ ^, ^, m^ > 
= Urt,Ur UR-U t URs- = Ut Ur Ut, UR- 


i 


=... = Üt Ük, . (13) 


Here we have utilized the fact that not only do the translations form an invariant 
subgroup, but also the rotations form an (albeit non-invariant) subgroup. To 
any such product, however, an element of the group E; (rotations and transla- 
tions in the three-dimensional space) is uniquely related according to 


U (a) Ug($) F(x) = Îr F(R igx) = F(R^!()x—a) . (14) 


As this relation is uniquely invertible, we are dealing with an isomorphism — the 
group of our unitary operators is also called a realization of the group E; (in 
contrast to a representation where the group elements are represented by 
matrices). 
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3.20 Homomorphism and Isomorphism of Groups and Algebra 


a) First we discuss the meaning of the terms “homomorphism” and “isomor- 
phism” of groups and algebras. 
b) We then show that the Lie algebras of the groups SU(2) and SO(3) are 
isomorphic. 
a) Consider two groups G and G’. A mapping 

f:GG (1) 
is called a 
al) group homomorphism, if for any g,, g2 € G the relation 

f(93:1:93) =f (91) -f(g2)_ , (2) 
holds, thus if the structure of the group is conserved under the mapping; 


a2) group isomorphism, if in addition the mapping fis unique and hence also the 
inverse mapping f~! exists. 

For two algebras A, A’, which are vector spaces on the number field K with 
an inner product [a,, a2], 41, a, € A or A’, the mapping 


f: AoA 
is a 
al’) homomorphism, if for all a,, a, € A; &,, & E€ K we have 
f (yay + aza) = a, f (a1) + a f (a2) , (3) 
flai, 42J) = [f (a1),f(a2)] , (3) 
i.e. if the algebraic structure is left unchanged by the mapping; 
aZ) isomorphism, again if f can be inverted. 
Incidentally, one also speaks of a local isomorphism of two Lie groups, if the 


associated Lie algebras are isomorphic. 


b) The generators of SO(3) and SU(2) are the matrices ($,, 82, 53) and 
(64, 65, 63) respectively, with the commutation relations 


ES; $j]- = icis . [ôn êJ- —2iegó. . (4) 
The mapping 
fas) = $06; (5) 


is a homomorphism, and since 


f~ (aô) = 208; (6) 


Biographical Notes 


is its inversion, the algebras of SU(2) and SO(3) are isomorphic, and these two 
Lie groups are locally isomorphic. 


EXERCISE Se 


321 Transformations of the Structure Constants 


Problem. a) Show that under a transformation of the basis (Xi) of an algebra 
f, Xi = aX; > (1) 
the structure constants transform as 


Ci > Cin = Y, i jmC tmn(2 * en 


l,m,n 
b) Construct an a;; in such a way that commutation relation 
[£, Xj]. = ep X, (Lj, k =1,2,3) 


is transformed to 


CÊ; RJ- = Ci. Xi (2) 
with 
C123 = — C231 = — C312 -1. (3) 


Solution. a) With X; = aj; X; we have 
[X;, X- = arail, X]- = Aid i Cim X m = Cis X, = Cio m , 


from which immediately follows the assertion (the X,, are linearly independent). 
b) The matrix 


satisfies the required relations. 
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3.14 Biographical Notes 


CARTAN, Elie Joseph, French mathematician, *9.4.1869 Dolomien, +6.5.1951 Paris, 
from 1903 professor at Nancy, from 1909 at the Sorbonne. C. was an eminent representa- 
tive among those who continued and perfected the theory of continuous Lie groups. He 
worked on differential geometry, differential forms and groups without parameter repres- 
entation. 


CASIMIR, Hendrik Brught Gerhard, Dutch physicist, *15.7.1909 The Hague, who was 
the first to work out the quantum mechanics of the rigid rotator. C. in 1942 entered the 
research laboratory of the Philips B.V. where he became director and in 1957 a member 
of the board of the company. Besides his early work on the rigid rotator he is known for 
the Casimir-effect, which is the change of the zero point energy of electromagnetic waves 
between e.g. two condenser plates. 


RACAH, Giulio, *9.2.1909 Florence, 128.8.1965 Jerusalem. R. studied at the universities 
of Florence and Rome as well as at the Eidgenössische Technische Hochschule in Zurich. 
Later he taught theoretical physics at Florence and Pisa, unit he emigrated to Jerusalem 
in 1939. He continued to be active at the Hebrew University; his main fields of activity 
were atomic and nuclear physics. 
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4. Symmetry Groups and Their Physical Meaning 
— General Considerations 


In this chapter we again ask the question of what can be learned about 
a physical system by considering its symmetry properties. The answer to this 
question was given in 1918 by E. Noether within the framework of variational 
calculations!. We will restrict ourselves, however, to special cases which are of 
interest in context with the problems discussed in this book?. Some facts 
encountered in this chapter are already well known to us, but this time they will 
be discussed at a more advanced level. 

We take into consideration the case of a semi-simple unitary Lie group with 
n generators and l invariant operators (1 « n), which can all be chosen to be 
hermitian. This case is not as special as one might think, since it includes all 
symmetry groups with physical relevance, as well as their applications which 
have been discussed in detail up to now. The answer consists of three parts, 
which will be discussed one after another. In the following, we will give a proof 
and then illustrate it with examples: 

1) The system possesses 21 good quantum numbers. Half of these are 
generators L; (i = 1...n) of the symmetry group, ! of which commute with each 
other. The other half of the quantum numbers are obtained by the / Casimir 
operators, which classify the multiplets. The states within a single multiplet are 
characterized by | commuting generators. In order to avoid complications, we 
first assume only a single symmetry 5, (for example spherical symmetry). Direct 
products of two or more symmetry groups will be discussed in the next section. 

The statement that a system (or an interaction between two systems) has the 
symmetry S, is equivalent to the requirement that the hamiltonian describing 
the system commutes with every operator U (a) of the symmetry group. 

Namely, if the Schródinger equation 
Oy (r, t) 

t 


ih———- Awir,t) (4.1) 


holds for the initial state, then it follows immediately by application of the time 


1 E. Noether: Nachr. Ges. Wiss. Gottingen, Math.-Phys. Kl. 235 (1918), cf. also Example 
1.3. 

2 For a discussion of the general theorem, see Vol. 4 in this series: W. Greiner, J. 
Reinhardt: Quantum Electrodynamics (Springer, Berlin, Heidelberg) to be published. 
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independent symmetry operator Ü (a) that 


ih Ces = Üa Ü- aay, t). (4.2) 


Hence, the displaced wave function w’(r, t) = U (a)y (r,t) obeys exactly the same 
Schrodinger equation (4.1) as the original wave function y(r, t), if 


U(x)HÜ- (a) = Â, ie. [É,Ü(x)]. = [Ê e I] =0 . (4.3) 
For a small symmetry displacement da = (0o,], we conclude that thus 
[A ôni] =0 , (4.4) 


and, since da = {6a,, ...,da,} can be chosen arbitrarily, we finally have 
(H,£,].=0 . (4.5) 


The consequence of the existence of the symmetry group S, with the operators 
U (a) i is that all generators L, have to commute with the Hamiltonian of the 
system. Obviously, according to (4.5), the generators L, describe physical ob- 
servables which are conserved quantities. This is ensured by the vanishing 
commutator of the L, with the Hamiltonian H. Conversely, if (4.5) holds, then 
(4.4) also and with it (4.3) are valid and, , consequently, (4.2) is also true. Thus, if 
all generators which commute with H are known, the symmetry operators 
U (a) = exp( — io, Ly) can be constructed without difficulty. In this case we say: 
S, together with the operators U (æ) forms a symmetry group of the Hamiltonian 
(i.e. the physical system). 


EXAMPLE ME 


4.1 Conservation Laws with Rotation Symmetry 
and Charge Independent Forces 


a) If we have symmetry under rotations, then the rotation group SO(3) is the 
symmetry group and J " ad. 3 are the generators which conserve the eigen- 
values, i.e. which are good quantum numbers. We have [H, J J]. = 0, which is 
physically plausible, because the invariance of the Schrödinger equation under 
rotations with respect to any of the three coordinate axes guarantees the 
invariance of this equation under arbitrary rotations. In this case, we obtain, as 
already mentioned, conservation laws for J4, J and J3. The fact that these J; do 
not commute with respect to each other means only that just one of the three 
operators can be diagonalized, i.e. that its value can be measured precisely. In 
the general case of a symmetry group of rank |, | generators can be diagonalized 
together with the energy, i.e. physically measured exactly. 

b) If we disregard charge dependent forces, then the isotopic-spin group is the 
symmetry group and one of the isospin components 7,,7,,T, is a good 
(conserved) quantum number. For instance, nuclei with different values of 
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T, = 4(Z — N), but equal isospin T and nucleon number A have the same mass Example 4.1 
(apart from electromagnetic contributions to the energy). 


-————————xÁ—— 


One might wonder why the Hamiltonian H occupies a special position in its 
relation to symmetry groups according to (4.1-5). The reason lies in the 
particular role played by H in the fundamental laws of quantum mechanics, e.g. 
the Schródinger equation. H determines the time evolution of the quantum 
system. Accordingly, commutativity of the group operators {U (x)) with H im- 
plies that the time evolution of the original state y (r, t) and the symmetry shifted 
one V'(r, t) = U(a)v(r.t) are identical. The simultaneously valid conservation 
laws due to the n generators are characterized by so called linear quantum 
numbers. This means, e.g. that the total angular momentum in the z direction 
J; is linear with the number of particles of the system. The same holds for the 
total charge (73) and the strangeness (S). This will be discussed in more detail in 
the next chapter. 

2) The system will have another | good quantum numbers defined by the 
l invariant operators C,(4 = 1,2, ..- 1) of the symmetry group. It is easy to see 
that these operators commute with each other and with all generators: All 
n generators L, commute with H provided S, is a symmetry group of the 
Hamiltonian [see (4.5)] and, therefore, the functions C;(L;) commute with H, 


too, so that 

[G4 H]. -0 . (4.6) 
All | quantum numbers C,,C2, ..., Ci can be measured simultaneously, together 
with the energy (can be “diagonalized”) because the C, commute with each 
other, i.e. 

[6,6]. =0 . (4.7) 


In a sense the | Casimir operators C yA = 1,2, ...,0), therefore, are more impor- 
tant than the generators: In other words they are the observables which 
characterize the degeneracy of the energy eigenvalues of the system. They 
uniquely determine the multiplet, particularly its dimension. We understand as 
a precise definition of a multiplet the set of states having the same quantum 
numbers C1, C2, ..., Cr. 

It is easy to show that the transitions of a system from one multiplet to another 
are forbidden if the system has the symmetry S,. Let the two multiplets be 
denoted by M and M' and the eigenvalues of C; by C, and C, respectively. At 
least once we must have C, # Cx since the multiplets are different. Due to (4.6) 
we have 


0 = (Cy| C,H — HC,IC;) = (Cx — Ca) Cx H|C,> 
With C, # Cy follows 
(C| HC -0 , (4.8) 
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Le. the matrix elements of H between different multiplets vanish. Therefore, there 
are no transitions from one multiplet to another one. We can make this clear in 
a different way: Since the C, are good quantum numbers (i.e. conserved quantit- 
ies), then due to their conservation there are no transitions between states 
ICi, C5, ..., Cj» and | C1, C5, ...,C,> with at least one C; # Cy. Therefore, all 
interactions causing transitions from one multiplet into another are forbidden. 
Interactions only occur within a multiplet. The commutators (4.6) also contain 
Schur's lemma: . ` 

Any operator H, which commutes with all group operators U(«), and, 
therefore, with all generators L, of a group, has every state of a multiplet as an 
eigenvector and is degenerate on every multiplet. Or equivalently, 


[R,U()] -0- [HE] -0-[H, C] -0 . (4.9) 
We will prove this in the following way: 

Let y be an eigenstate of H, i.e. 

Hy = EW , 
then it follows from (4.9) that 

HU (a)y = EU(a)y 


This means that w’(r, t) = U(a) wir, t) is also an eigenstate of H, with the same 
eigenvalue E. Since [H, C,]_ = 0, the Casimir operators C, can be diagonalized 
simultaneously with H. Then the eigenstate yy of H is an eigenstate of all C;, as 
well, and belongs to the same multiplet. Due to 


[C,,U(@)]_=0 , 


all symmetry shifted states y’ = Ua) are also eigenstates of the C,, and their 
eigenvalues, C,, C3, ..., Ci, are the same. Hence, they all belong to the multiplet. 

This theorem is important because it makes clear why the eigenstates are 
degenerate, the reason always being due to a special symmetry of the system. On 
the other hand, this theorem helps to classify the eigenstates by good quantum 
numbers C,,C,;, ...,C,. 


EXAMPLE i8 


4.2 Energy Degeneracy for Various Symmetries 


a) Rotation Group: The single Casimir operator is J? with eigenvalues j(j + 1), 
j=0,1,2, .... The dimensions of the angular momentum multiplets are (2j 4- 1). 
In principle there are no transitions of the system between energetically degener- 
ate states |j/m') and | jm) with j’ # j. Only external disturbances that break the 
rotational symmetry can cause transitions between the rotational multiplets (e.g. 
an electromagnetic wave or a passing particle which does not belong to the 
system). This is illustrated in the following two figures. 
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b) Isobaric Spin Group: The only Casimir operator is T? with the eigenvalues 
T(T + 1). The dimensions of the multiplets are (2T + 1). 

c) The T=4 and T= multiplets of the pion-nucleon system scatter 
independently of one another. The resultant scattering phases depend on T but 
not on T, within the multiplet (see Example 5.7). 


Trajectory of an 
external particle 


3) All states of a multiplet of a symmetry group have the same mass (i.e. the 
same energy eigenvalue), as we have just shown by means of Schur's lemma. If 
there exist additional symmetry groups like the inversion group or the rotation 
group, and if they commute with the operators of the original symmetry group, 
then all states of a multiplet of the original symmetry group have the same 
quantum numbers with respect to the additional symmetry group. 


EXAMPLE Se 


4.3 Degeneracy and Parity of More Symmetries 


a) Rotation Group. It commutes with the space inversion group (parity operation 
P:r— —r). Hence all rotation multiplets have the same parity. For example, all 
8—(2xl-1) states of the gzj;-spin multiplet have parity ( —1)} = 
(—1)* = + 1. These eight states are energetically degenerated. 


Example 4.2 


An external field E breaks 
the rotational symmetry of 
the closed system. The 
spherical symmetry of the 
latter is indicated by circular 
equipotential lines 


An external particle de- 
stroys the rotational sym- 
metry of the closed system 
and the spherical equipoten- 
tial lines become deformed. 
An example is the collision 
of two heavy ions. There the 
angular momentum of the 
electrons in the two-centre 
Coulomb potential of the 
two nuclei is no longer 
a good quantum number, 
i.e. it is no longer conserved. 
Due to the presence of two 
centres, the spherical sym- 
metry of the system is lost 
for the electrons (dashed line) 
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Example 4.3 b) Isobaric Spin Group. It commutes with the rotation group and the 
inversion group. Hence all states of an isospin multiplet have the same spin as 
well as the same parity. So the isospin triplet (x* ,2°, 1^ ) has the same spin (zero 
in the ground state) and the same parity ( — 1). 


eee 
4.1 Biographical Notes 


SCHUR, Issai, *10.1.1875 at Mohilev, +10.1.1941 at Tel Aviv. S. received his Ph.D. in 
1901 in Berlin under Frobenius but he did not become a full professor until 1921. In 1935 
he had to emigrate. S. predominantly worked on number theory, group theory and on the 
theory of power series. He developed the representation theory of groups by means of 
fractional linear substitutions. 
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5. The Isospin Group (Isobaric Spin) 


The isobaric spin (isospin) group is of great importance in nuclear physics as 
well as in the theory of elementary particles, and we will require it repeatedly in 
the following discussions. In part, we will follow the historical route, but then 
quickly come to the modern applications of the isospin group. 

Immediately after the discovery of the neutron in 1932, the strong similarity 
between the proton and neutron led nuclear physicists to interpret both particles 
as two states of the same particle’. Of course, this is only meaningful if proton 
and neutron have the same mass (energy). Table 5.1 summarizes their properties. 


Table 5.1. Properties of protons and neutrons 


Mass Mass difference Spin Lifetime Magnetic 
moc? Am moment 
[MeV] [MeV] [s] Ue - 
I 
p 983.213 4 stable 2.793 
1.294 
n 939.507 4 918 + 14 — 1.913 


* uy = eh/(2m,c) 


Indeed, the masses of the proton and neutron are nearly equal. The small 
difference in the masses is partly explained by the different electromagnetic 
interaction of the two particles (see the slightly more detailed discussion in the - 
following Example 5.4: pions). Hence, to a good approximation we can take the 
masses of proton and neutron to be equal with respect to the strong interaction. 
The wave function of the nucleons (a collective term for proton and neutron) 
depends on the space-time coordinates r,t and the spin coordinates s. Over and 
above that we now have the inner isospin coordinate T, which allows us to 
distinguish between the two charge states (positive-proton, negative-neutron). 
This variable has only two possible values, just like the spin coordinate s. We 
denote them by t = + 1 and define 


Wp = Wr, t,s,t = + 1) = proton state 


Wa = Wr, t,s,t = — 1) = neutron state 


! Werner Heisenberg: Zeitschrift für Physik 77, 1 (1932). 
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Instead of using the inner coordinate t, the wave function of the nucleon can be 
represented as a two-component column vector 


[rs ts) 
ý = (ee t 5) . (5.1) 


Ju; (r, t, s)|? is then the probability density for a proton at position r, time t with 
spin projection s. Analogously, |u,(r, t, |? denotes the probability density of 
a neutron. We next introduce the 2 x 2 matrix operator 


14 = (; _ ;) , (5.2) 


with the eigenvalue + 1 corresponding to the proton state and — 1 correspond- 
ing to the neutron state: 


t3W, = + ly, , ELA = — lw, . (5.3) 
This yields, together with (5.1) and (5.2), 
f e ts) L 0 
Ye = ( 0 ) n= (ost t, )) 04 


We emphasize that u(r, t, s) and u»(r, t, s) are standard two component Pauli 
spinors, so that the nucleon state V of (5.1) has four components in all. (In the 
relativistic Dirac theory the spinors have also four components? describing 
particles and antiparticles. In this case the nucleon state comprises 2x 4 = 8 
components, four each for the proton and neutron states) We continue by 
constructing the 2 x 2 matrix operators which formally transform the proton 
into a neutron and vice versa. For that reason we first note that 


r, t, 
= ü A ? (5.5) 
describes a proton in the state X (r, t, s) and 
0 
= 5.6 
d "n t, ») 58 


a neutron in the same state y(r, r, 5). In order to transform the neutron, with 
wave function z, into a proton with the same wave function, x has to be moved 
from the lower component (5.6) into the upper one (5.5). These requirements can 
be written in the form 


î+Xp=0 > t+ Xn Xp , t — Xp — Xa , tT — 34-0 (5.7) 
By means of (5.5), (5.6) and (5.7), we can easily verify that the matrices 
0 1 0 0 
T. = $ = 5.8 
m ( 0 o) and ? ( 1 j (5.8) 


satisfy these conditions. 


? These four-component Dirac spinors are discussed in Vol. 3 of this series, Relativistic 
Quantum Mechanics (Springer, Berlin, Heidelberg 1989) 
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In place of these singular (det 7, = det¢_ = 0) and non-hermitian operators 
t,, it is advantageous to introduce the non singular, hermitian linear combina- 
tions 


A A A 0 1 ^ » A 0 —i 
a= (i >) ; n= cit. ct» >) . (5.9) 


The three matrices £,, 7, and ¢; are the welll known Pauli matrices. They satisfy 
the relations 


^ 


T 1 T2 = it; 
and cyclical permutations thereof, and the anticommutation relations 
Ti, T TAI = 20g. . (5.10) 


The effect of the f; operators on proton and neutron states can easily be 
calculated by means of (5.5)-(5.7) and (5.9); hence we find that 


fiXp = Xn > t2Xp=Wn » (|3Xp Xp > 
îi Xn = Xp , 2X» = — ixp ’ Èa Xn = — Xa > (5.11) 


Earlier, when we discussed the Pauli equation?, we showed that every hermitian 
2x2 matrix can be represented by a linear superposition of the three Pauli 
matrices and the unit matrix. Hence, it follows that every self-adjoint operator 
ich acts on the two degrees of freedom of the two component nucleon system 
with the wave function V can be represented by a linear combination of the 
Pauli operators and the unit matrix. 
Introducing the operators 


T, =4%, (k-2123) (5.12) 
yields the modified commutation relations 


These Ê operators are analogous to the spin operators S, = 46,. 

Now we are ready to show that the two components (u,, u2) of the nucleon 
state y build up an elementary spinor in an abstract three-dimensional isospin 
space. Acccording to (5.13) the hermitian operators 7; form a closed algebra, 
which we recognize as a Lie algebra. From (3.18), the operators of the associated 
Lie group can be obtained immediately‘, 


Ü, (c) = Uys(E1, E2, £3) = exp( — ie, 7.) = exp[ — (1/2)(£,€i + £22 + &st3)] 
= exp[ — (i/2)en,7,] = 1$cos(e/2) — in,t,sin(e/2) . (5.14) 
The angles 


e= (e, £2; E3} = e{ni, nj, n3} — en 


? See Vol. 1 of this series, Quantum Mechanics- An Introduction (Springer, Berlin. Heidel- 
berg 1989) 
* For the last transformation in (5.14) see also Exercise 3.8 
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characterize rotations about the three axes of the abstract iso-space which can 
also be interpreted as rotations through £ about this axis in the n direction. The 
iso-rotation operators Uy (e) are clearly unitary, i.e. 


Us = Ü,! = Use ( —£) , 
and the determinant of this 2 x 2 matrix [see (5.14)] is 
det Ü, (e) = detexp( — ie, Î) = exp[ — ie,tr(7;)] =e°= +] 


Here we have used a relation for determinants of unitary matrices which we 
derived in detail in Exercise 3.2. Fora complete understanding of the steps in the 
calculation, the reader may care to refer to this exercise now once more. 

The determinant of U,,(e) can be calculated directly by means of (5.14). From 


Û.O = ("eem — ing sin (6/2) » — (n2 + in,) sin (g/2) ) 
IAE) = (n; — in,)sin(e/2) , cos (e/2) + in; sin(g/2)) " 


we obtain 


det Ü, (c) = cos? (e/2) + n2 sin?(e/2) + (n2 + n?) sin?(g/2) 
= cos? (e/2) + sin?(e/2) = 1 


Hence, the group of the iso-rotation operators (5.14) consists of unitary 2x2 
matrices with determinant + 1. This group is denoted by SU(2), ie. special 
(determinant + 1) unitary rotations in 2 dimensions. The iso-spinor i then 
transforms according to 


ui (r, t, s) 
u»(r, t, s) 


W'(r, t, s) = ( ) = exp( — ie, T.) (r, t, s) 
u, (F, t, `) 


u(r, £s) (5.15) 


= exp( — ie, &( 


Obviously. the operator Ü, (c) is unimodular (determinant = + 1) and unitary. 
Due to their formal similarity with the real spin (i.e. angular momentum) the f, 
(i.e. ¢;) operators are also called operators of the isobaric spin. 

To classify the nucleon states the three-component of the isospin 


^ 0 
T, = ( : ;) (5.16) 
™ 2 
can be used too. Its eigenstates +4and — $ denote the proton and neutron, 
respectively. The charge operator of the nucleon then reads 
Ô = e(T; + 4) = belê, + 1) (5.17) 


with eigenvalues + e and 0 for the proton and neutron. 
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EXERCISE m 


5.1 Addition Law for Infinitesimal SU(2) Transformations 


Problem. Find the addition law for an infinitesimal SU(2) transformation, i.e. 
find the connection (©, 6@) of the rotation angles in the SU(2) space if 
exp(i® - 2/2) = exp(idO - t/2)exp(iO - t/2) 


Solution. First of all we define the unit vectors (indicated by a tilde sign over the 
symbol) 


6-5 6-5 6-2 (1a) 
with 

9=|0| 60 =|60| =|| . (1b) 
Due to the universal relation 

(a-2)(b-3) 2 a- b c i(axb)-? , (2a) 
then 

(6-2 = (60-77 =(@-77 =1 . (2b) 


This enables us to convert the exponential representation of the SU(2) trans- 
formation into a linear form by expanding the exponential function into its 
power series: 


exp(i@ - 7/2) = exp[i0/2(6 -2)] 


oO, 1/0) i/@\~. 
=14+i26-4-3(2) -3($) (O-t)+ > 


= cos $ +i(ð.-î) sin Ê (3a) ` 


and, analogously, 


~ ô 
exp(ió O - 7/2) = cos a + i(600 -ĉ)sin T 


=1+i 2 66-8 (3b) 


exp(i@ -2/2) = cos 6/2 + i($ -ĉ) sinó/2 . (3c) 


In (3b) we have taken into account that 6@ has to be an infinitesimal angle and 
therefore neglected all terms of second or higher order. 
On the other hand, due to the basic requirement 


exp(i® - 2/2) = exp(ióO - ?/2)exp(1O -?/2) , 
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Exercise 5.1 


we obtain, in consideration of (3a, 3b) and (2a), that 
.ó ~ AX Av 
exp(i® - 2/2) = | + T (60 - J E 2 + i(O - ?)sin d 


e ~ 4.400 . 0 
= cos > — (80-0) —- sin > 


J ~ ðO O ~ . 0 ~ a ôO. 0|. 
+ | 68 °P cos $+ 6 sin S - (66 x6) 2 sin$ |e . (4) 


Since the Pauli matrices are linearly independent, a comparison of (3c) with (4) 
yields the following relations: 


ó e ~ A00. 0 
cos  — cos  — (00-0) — sin = (5a) 
-.0 ~ . @ 00 0 ~ A00. 0 
P sin; = O sin = + 00 — cos — (60 x @) 7- sin > . (5b) 


To solve this equation for the vector ® we first compare (5a) to the addition 
theorem for the cosine function, 


cos(a + B) = cos «cos B — sin «sin f 
~ cos«& — sina , 
where f is the infinitesimal angle. Obviously, 
= 0 + ôO (ð. Ô) (6) 
must hold. With sin (x + f) = sin «cos fi + sin f. cosa we furher have 


.06 ,.|0 60 a x 
in = sin] $+ 66-6) 


O ~ x 
xsin S + (66-6)cos 2 ; 


2 
or, in linear approximation. 
oV QA! 00 _~ x e 
(sa z) = (sin 2| ( -5 (6 - 9)cot 2) (7) 


With this and (5b) we can find the direction of %, given by 
- ~ ~ 4 x ô ~ x O 
ð = E + 7 86 cot 5 - 6x6) |x 1 — 99 56-6) cot 4 
- 5 +2} {66 - 696.8) co 2 - 36 x5 (8) 
Multiplication of (8) by the modulus of ó yields the final result 


@~O+ so Z co 2)- ege-eye-*(1 -$ex$)- 360 x0) . (9) 


5.1 Isospin Operators for a Multi-Nucleon System 


5.1 Isospin Operators for a Multi-Nucleon System 


Let us consider a system of A nucleons (protons and neutrons) The isospin 
operator for the nth nucleon reads 


f(n-itm , n2L2,..4 , 
or, in detail, 
(f (n), Ên), f5() = $(6:00,6200, ta} - (5.18) 


f (n). only acts on the nth nucleon. For that reason the operators T (n) and T (n) 
commute just as in the case of ordinary spin (see Sect. 1.10); therefore, 


(Tn), f()]. 29 , n*n" , (5.19) 


i.e. each component of f of the n-space commutes with each other component of 
f of the n' space. Therefore, the isospin of the A-nucleon system can simply be 
defined as the sum of the isospins of the nucleons. 


A 
Y fm . (5.202) 


The components 7; of the total isospin fulfill, due to (5.13) and (5.19), the 
commutation relation 


(Ê, Ti] = — isin f (5.20b) 


Correspondingly, the charge operator is obtained from (5.17) as a sum, 
A 
ô =F ĝin =e }, (ên) + 1) = (5 + 2 . (5.21) 
n n=1 


Since nuclei are characterized by two numbers, the mass number A and charge 
number (number of protons) Z = Q/e, isobars (nuclei with identical mass num- 
ber A) can only be different in the value of T;. This, by the way, is the reason for, 
the name isobaric spin. The name isotopic spin, which is in use too, is less fraught 
with meaning, because only isobars are classified by T3, and not isotopes. 

We realize that the eigenvalues of 73 characterize the states of a given 
isobaric charge multiplet uniquely, just like the angular momentum operator J3 
classifies the states of an angular momentum multiplet. We say: the angular 
momentum group and the isospin group are isomorphous. For that reason we can 
transcribe the results of Chap. 2 directly, obtaining, with the isospin states of 


a multiplet 

ITT) , (5.22) 
the relations 

T2\TT3) =T(T+VITTs> >, T =0,4,1,3,... , 

AITTI = BITT) , TzTz-T. (5.23) 
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Each isobaric multiplet is (27 + 1) times degenerate, just as the angular mo- 
mentum multiplets have been (2j + 1)-times degenerate. For T = 4 we have the 
fundamental iso-spin doublet 


|ZT3> , where %,, =|}, T; — $5 = |p) 
is the proton state, and 
is, -4 = 13,73 = -$ = jn) (5.24) 


is the neutron state. This is the smallest non-trivial multiplet of SU(2). By this we 
mean that all higher multiplets can be constructed from this multiplet. Spin 0, as 
well as all other spins occurring in nature, can be constructed from spin 4. The 
smallest multiplet of SU(2) with T = 0 is trivial, since only T = 0 multiplets can 
be constructed from it. Accordingly, we speak of an isospin triplet in the case of 
T = 1, which is realized in nature among the x mesons and X baryons. 


EXAMPLE Se 


5.2 The Deuteron 


The deuteron contains one proton and one neutron. Its wave function consists 
of a space part R,(r)Y,,(9, o) (describing the relative motion of the two 
nucleons), spin part Xsm, and isospin part |T 73». Hence, 


V aeuteron = Rul Yin x Asm, |*}| TT» (1) 


The []-bracket indicates the coupling of angular momentum and spin to the 
total angular momentum, 


[ Yi, x dsm, J] = Y (Isj| mum,m), Y mi Asm, (1.2) 


Mi, Ms 


Asm, (1,2) = Y (33 s|mym5m;) Xam (1) x38, 2) , (2) 
mi,m» 
| T T3) is constructed from the single iosospin wave fuctions, 7,,,, of the nuc- 
leons, i.e. 


ITT) = Y, GiTIG o TZ 0240) . G) 
t1,t2 
The Clebsch-Gordan coefficients for coupling the iso-spin functions are ident- 
ical to the Clebsch-Gordan coefficients for coupling the angular momentum 
wave functions. This follows immediately from the isomorphism between the Lie 
algebras SO(3) and SU(2) of the rotation and isospin groups, respectively. 
Indeed, as remarked earlier the two Lie algebras are identical, for we have 


(Ji. Jl- = igiad (4a) 
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for the rotation group, and 
[f,, T]- = i£ T (4b) 


for the isospin group. 

Since the total charge of the deuteron is Q = e, and the nucleon number 
A =2, there follows, according to (5.21), 7; = 0. However, the total isospin can 
take two values 


T=0 and T=1 


For T = 0, ie. for the iso-singlet, 73 can only be zero. This is the ground state of 
the deuteron. Only the state |T = 1, T3 = 0) of the iso-triplet belongs to the 
deuteron. The two other states of the iso-triplet, |T = 1, T3 = 1D and 
T=1,T; = — 1), correspond to combinations with the products 744344 and 
31-444 - 4, respectively. Hence, according to (5.24) they are, respectively, states 
with two protons and two neutrons. They do not belong to the deuteron system 
(proton-neutron system) but to the di-neutron and di-proton systems which are 
unstable. In fact, all states of the two nucleon systems with 7 = 1 are unstable, in 
particular the T = 1 state of the deuteron, demonstrating the close connection 
among the states of the T = 1 multiplet. 
It may be noted that the isospin wave function (3) for the singlet state 


IT = 0, T3 = 0) = X d30lt — 02:402.) 


ti 


= (4401 — 40 7,4,002, -10) + (2201 — 330)7, 1002440) 
1l ,. ` - ` 
= WA (2440024 40) — i- DK} (5) 


is obviously antisymmetric with respect to the exchange p en (or particles 
1 <2), whereas the triplet state 
|T =1, T; = 0> =} GS ltr — ti Orn Z-n 


ti 


= (1h -403a D- + 2211 — 330) Z1-4(U X42) 
= Y G440); 40) + Z -4(1)%4(2) (6) 


is symmetric with respect to the exchange p +n (or the particles 1 2). Due to 
the Pauli principle, the total wave function (1) has to be antisymmetric with 
respect to particle exchange. Hence, the iso-singlet state must occur in combina- 
tion with the symmetric spin state s — 1 [(2)]. The contrary holds for the 
symmetric iso-triplet state: it is paired with the spin singlet state (s = 0). 

For completeness, we still quote the two other states belonging to the 
iso-triplet, 


IT = 1, T, = 1» = 344003440) (two protons) , 
\T=1,73= —1» = %,-40)%-4(2) (two neutrons) , (7) 
although they describe unstable systems as shown above. 
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Example 5.2 


The physical reason for the lack of bound T = 1 states of the two nucleon 
system is closely connected to the Pauli principle. The isospin wave function for 
T — 0 is, as we have seen, antisymmetric with respect to exchanging the two 
nucleons, whereas the states of the T = 1 triplet are symmetric. Since the 
nucleon-nucleon force in the spin-1 channel is attractive at short range, the wave 
function in configuration space must have quantum number / = 0, i.e. it must be 
completely symmetric. That is the reason why a bound state can only be 
constructed with T = 0°. The best way to make this fact clear is to state that the 
Hamiltonian of the strong interaction Bons is isospin invariant. and thus 
depends on the Casimir operator T? of the isospin group, ie. H = H(T?). For 
different multiplets, H (and, with that, the included potential) can take rather 
different values. If, for example, 


H(T) - fe) gf? , 
then the hamiltonians for the iso-singlet and iso-triplet are, respectively, 
H(r-0-f() , Â(T=1) =f) + 2907) 


The observation that the T = 1 state of the deuteron is unbound shows that f (r) 
has to be an attractive function with a potential pocket, whereas f(r) + 2g(r) is 
not. 


EXERCISE Se 


5.3 The Charge Independence of Nuclear Forces 


Problem. Show the charge independence of nuclear forces as a consequence of 
the isospin invariance of the strong interaction. 


Solution. Due to the requirement that the isospin group be a symmetry group of 
the strong interaction, the following must hold, 

[Hass T]- = 0 , (1) 
or, equivalently, 

LA serong» Û,s(£)]- =0 


This equation defines precisely the term “iso-invariance”. If, as is often the case, 
the Hamiltonian itself is not known, one has to take recourse to the S-matrix 


>For more information about the deuteron and the usage of the isobaric spin formalism 
see, e.g. J.M. Eisenberg, W. Greiner: Microscopic Theory of the Nucleus (2nd ed.), 
Nuclear Theory, Vol. 3, (North-Holland, Amsterdam 1976). 
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operator Exercise 5.3 
$ = exp E ft) (2) 

Accordingly, it then follows from (1) that 
[$46 T]- =0 or [Sume Uis(2)]- = 0 (3) 


and, vice versa, (1) follows from (3) too. We know from general considerations 
[cf. (3.38—3.40) and Example 3.13, Eq. (2-6)] that then all states |T, 73» of an 
iso-multiplet, also called charge multiplet, are energetically degenerate. We use 
the relations 


g^ ishi|44y = e7i0/25 115 = (cosu — it; sin 32) 33) 
ORG DO- 
(0 —i\/0\ (0 -1\/0 
E 0-6 310 
= -(i)- -29 


which can be written in the short-hand notation 


and 


e hy — 3 


ll 


e^"h|p» |n) and e^"^|n) = —|p> . (4) 
For the two-nucleon states follows 
exp[ — in(T2(1) + £22))]Ip(pQ)5 = In(n(2» 
and 
exp[ — in(72(1) + $50)1In(1)nQ) = Ippe) (5) 
From this the strong interaction of the two-proton system can be obtained, 
<p(1)p(2)| BassssIp(D)pQ)5 
= <exp[ — ix(T;(1) + T22))]n(1)n(2)| Harong 
xexp[ — iz(7(1) + T2(2))]n(1)n(2)> 
= (nnlexp[ + ix(f5(1) + $20) ] ass expE — in( T2) + 10))]Inn) 
= <nn| H, Inn» . (6) 


Hence, we conclude that the interaction of two protons is equal to the interac- 
tion of two neutrons. 


5. The Isospin Group (Isobaric Spin) 


EXAMPLE Se 


5.4 The Pion Triplet 


Three pions with the following masses (energies) and charges are known from 
experiment (see table below): 


Properties of the pions 


Pion Mass Mass difference Charge Lifetime Spin Magn. 


moc? [MeV] [s] moment 
m* 139.59 4.59 e (2.55 + 0.03) 0 0 
x 1078 
n° 135.00 0 0 0.83 0 0 
x 107 !5 
m 139.59 4.59 —e (2.55 + 0.03) 0 0 
x 1078 


Clearly, all pion masses (energies) are nearly equal. In analogy to the mass 
difference between proton and neutron, this near equality may be interpreted as 
meaning that the strong interaction (which determines the dominant part of the 
mass) is invariant in isospin space, and that the small mass differences of a few 
MeV (Am = 4.59 MeV) are caused by the electromagnetic or other interactions. 
Indeed, the Coulomb energy of a homogeneously charged sphere with radius 
ro = h/m,c ( = Compton wave length of the pion) can easily be calculated. One 
obtains? with the finestructure constant e?/hc = 1/137, 


3? 3e 
E.|-—--—2--—— 2 
|El 5 ro 5 lic ine 

3 1 3 


Therefore, we will disregard the small mass difference during the investigation of 
the strong interaction. We will interpret the three pions as an iso-triplet or 
charge triplet (which means the same thing). This suggests the identification 


|[T=1,T7;=1>= - [n*) 
IT-1, T4 = 0» =|x°) , 
IT=1,Îĥ = -1= + |n-> . (2) 


, 


$See J.D. Jackson: Classical Electrodynamics, 2nd ed. (Wiley, New York 1975) or W. 


Greiner: Theoretische Physik III, Klassische Elektrod ynamik (Harri Deutsch, Frankfurt 
1986) 


5.1 Isospin Operators for a Multi-Nucleon System 


The choice of phases on the rhs of (2) is arbitrary, but once taken it has to be 
maintained. The fact that we did not choose the same phase for all pion states 
but used the factor ( — 1) in (2) for the positive pions has a profound reason, 
which we will now explain: 

Since the Lie algebra of the isospin group is isomorphic to the angular 
momentum algebra, it follows, as in (2.18a, b), that 


PITT =[T(T+1)- B(T; E IIZ|TTS ED, 
To T T3) = T3|TT3> , (3) 


where T. = T, t it, and To = T. 
As we know, (3) follows directly from the commutation relations 


[75, T.]- =i m , (fs, Î-]-= 2], , (4) 


which, in turn, stem from (5.13) with T. = T, + iT, and T, = T;. They are 
identical to the commutation relations of the angular momentum operators 
(2.7). From (3) follow the relations 


fjij-20, fuo-J2105 , ÊJ- 1)=y/210 , — Ga) 
f&ib-211bD , fl0-20, f5l-0)-2-1l1-1 , (5b) 


fubeJ210 , ÊO 2421-1)» , T.|11—1»20 , (5c) 


Using (2), these equations can be written as 


f.(/21*5) 20 (7.,7.]- =0 

fnt») e —(/2ln">) EP B = - T. 

fi21») 22058» — ET, T-]- = 21 (62) 
f(/215*») = - Q2»). Ef Îl- 9 T. 

f,(In?5) = 0 LA, T3]- =0 

A/Z >) = -(Q227» Us f-1- = - f. (6b) 
P(/2ln*>) = - 2022») Ef. Îl- = - 27; 

F(ln>)=(/2ln7>)  If.f3.- T. 

T (/21n75) = 0 [f.,T.]. 2-0 (6c) 


In order to better illustrate the object under consideration, we noted on the rhs 
of (6) analogous formulae for the isospin algebra of (4). We may now understand 
the choice of the minus sign for positive pions in (2): it ensures the complete 
agreement of both sets of equations in (6). Clearly, 


foeJua. fes. fex» (7) 
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Ng, 


Example 5.4 


and 


Z,\n > o(T,, Èl- (8) 


correspond to each other for u,v = +, — (respectively 3). This correspondence 
is linear in the first element (T,) as well as in the second element (|x"» and T,). 
Therefore, all transformations of both sides of (8) are isomorphic, so that a linear 
transformation among the |x”) corrresponds to the same linear transformations 
among the 7, and vice versa. Consequently, the transformation of the generators 
of the isospin group from spherical representation into cartesian representation, 
ie. 


f, 2 (f, tT.) 
hi-|-H (f.-f$)|, (9) 
f, f, 


is connected with a transition of the commutation relations (4) into 
[Ti, T;]- = dj, . (10) 
Analogously, we define the cartesian representation of the pion multiplet 


LA lA/2  (In*> + n7») 


I2|-|-i//2 (x*»-1x7»)| . (11) 
I3? |n?» 
From (10) we obtain, by virtue of this isomorphism, 
Tx) deam . (12) 


This relation can be directly obtained from (3), using (9) and (11) The factor 


1/ JA in (11) is not identical to the analogous factor 4 in (9), because the states 
|z;> are normalized to unity, 


un» = Oi; . (13) 


5.2 General Properties of Representations of a Lie Algebra 


By Eq. (6) of Example 5.4 we became acquainted with a construction that holds 
for every Lie algebra and is called the regular (or adjoint) representation of a Lie 
algebra. To understand it, we will first explain the term representation of a Lie 
algebra: In complete correspondence to the representation of a group, the 
representation of a Lie algebra is defined as a mapping of the algebra onto the 
linear operators of a vector space, i.e. operators (matrices) D(L;) are assigned to 


5.2 General Properties of Representations of a Lie Algebra 


the elements of the Lie algebra L; (generators of the Lie group) 


Ê > DÊ) . (5.25) 
These operators have to satisfy the requirements of linearity, 

D(xE, + BL;) = D(L) + BD(L,) , (5.26) 
and must be homomorphic to the Lie algebra 

b(E, LJ = (DL), Dp- (5.27) 


The last equation states that the operator D((L£,, Ê j]-) assigned to the com- 
mutator [E L.]_, has to be equal to the commutator of the D-operators 
assigned to Å; and L,. In general, a representation in the vector space with the 
basis (9,5 ] is obtained by assigning to every operator L;, by means of 


Lilo = DED p (5.28) 
(note the summation convention), a matrix 
D(Ey = <hr Lilo = (E - (5.29) 


Hence, the D(L;), j are the matrix elements of the operator L; in the representa- 
tion {|>}. They satisfy the requirement 


D(L). D(L) = DEL) , (5.30) 
which, in detail, reads (with summation over repeated indices m) 

D(L)amD(L;)mk = DLL) > (5.31) 
or, with (5.29), 

(n Em) <m EE) = (nl Ê LII 


Hence, the matrix obtained by simple matrix multiplication of D(L:) and D(L Lj) 
is equal to the matrix D(L;L; j), assigned to the operator E, L;. Equations (5.26) 


and (5.27) must be satisfied too. But that is automatically the case with (5.28) and - 


(5.30) 
D(x£, + BE) am = (naL; + BE; m» 
= a<n|Lilm> + Bn Ej m) 
= aD (Lim + BD(Lj)am >» (5.32) 
where, from (5.32), follows 
D(L, £,]-) = (LL, - EE) = DE) - OEL), 
and, taking into account (5.30), 
D(C, £;]-) = b) D(Ly) — D(L,)D(L) = D, DEJ- (5.33) 
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5.3 Regular (or Adjoint) Representation of a Lie Algebra 


One possible vector space {|¢,>}, on which the generators £, can be applied, is 
that with the vectors 


[L> (5.34) 


There have to be the same number of such vectors as there are generators and 
with the requiement that, by analogy to the commutation relations of Lie 
algebra 


CÊ, LJ- = Cis £u , (5.35) 


the relations 
a def 
Lil L; = Cii] Lk? and (5.36) 


def 
(Li Lj» = 6; (5.37) 


shall hold, we define the action of the Operators in this vector space. Equation 
(5.36) defines the effect of the operator L; on the vector | Lj? and (5.37) defines the 
inner product. From the correspondence of (5.36) and (5.28), it follows that 


D(L); = Cii and (5.38) 
D(aLi)k; = OC; i . (5.39) 


Therefore, the structure constants themselves are a matrix representation of the 
generators, and the matrix of the generator (L;), j is, according to (5.38), given by 
Cix- Now we want to ascertain in detail that the relations (5.30, 31) and (5.32) 
really do hold, i.e. that there are no contradictions to (5.36) and (5.38). 

Equation (5.31) can easily be proven: 

D(L) D(L;)me = D(L E), 

Cimn Cjkm = (Lal E EL» = Gs E; Cg | Lm > 

= Vjkm CL. Cima | Li» = Cim CimiÓn; 


= V ikm Conn . (5 .40) 
Next we prove (5.33): 
D(5 E; — LE), = (DEDE) — BC) DE), (5.41) 


which, with (5.35, 38-40), can be brought into the form 
D(CumL)u = Do) D(is — (Es) DB (Link or 
Cim Cmkn = CimnC jm — Cj Cim ; hence , (5.42) 
CijmCmtn + CinCmis + CrimCmjn — 0 . (5.43) 


In the penultimate step, (5.42), we used the evident linearity of (5.35) and in the 
final step we used the antisymmetry in the first two indices of C ijk = — Cy [see 


5.3 Regular (or Adjoint) Representations of a Lie Algebra 


(3.14)] several times. The relation (5.43) is identically satisfied, as we deduced 
from the Jacobi identity [see (3.16)]. Hence, (5.41) holds for the special repres- 
entation (5.35) and (5.36). It is called the regular representation or adjoint 
representation. 

The analogy of both sides of Eq. (6) of Example 5.4 is, therefore, of 
a profound nature: It holds for all Lie algebras. Therefore, this regular (or 
adjoint) representation can be constructed for every Lie algebra. We have 
already illustrated this theorem, in (6) of the last example, for the special case of 
the isospin algebra. 


EXERCISE See 


5.5 Normalization of the Group Generators 


Problem. Show that the generators L; of a unitary matrix group, ie. U^! = Ut 
for each group element U, can be chosen in such a way that the relation 
Tr(L,L j) = 6;;/2 is valid. Show, further, that the resulting strucure constants are 
purely imaginary and totally antisymmetric in this case. 


Solution. According to (3.8) the generators of a unitary group are hermitian, ie. 
E] = f. With the exception of this property they have been chosen arbitrarily 
up to now. We investigate the expression 


Yik = Tr(L,L,) (1) 


which, due to the invariance of the trace with respect to cyclic permutation of the 
matrices, can be written 


Ya = TLL) = Tru E) = yu. - (2) 


Since the trace of the matrix 4 equals the trace of the transposed matrix 47, we 
find that 


y= Tr(ET £t) = TrE(LF Ety ] = TrEGTY (LP 
= Tr[Zi £1] = Tr(L,L,) = Yik - (3) 


Hence, the y; can be written as the components of a real symmetric matrix. Such 
a matrix can be diagonalized by an orthogonal transformation, i.e. 


Y Riyg Ra! = Au , (4) 
j,k 
where 4; are the eigenvalues of the matrix, and 


Y RjR, = On > Ra’ = Ry (5) 
j 
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from which 
Y Ris ie Ry = Aou (6) 
j,k 


follows. We can also choose any linear combination (with real coefficients) of the 
operators L; for our group. Hence, we can define a new set of generators by 


f;= Y Ryl: ; Ê; = =E Rf jo» (7) 


where the second relation follows from (5). Since the Rj; are real, then the 
generators F; are also hermitian. Now we find that, according to (6), 


Tr(F; £j) = Y RyRy Tr(E; Li) 


jk 
= 2 Rij Rik? jx = iĝa . (8) 


Additionally, we can show that the eigenvalues 4; are greater than zero. Denot- 
ing the matrix indices of P; by greek letters we obtain from (8) for i = I, 


Ay = Tr(FF,) = Tr(FF!) = Y (FCD). 
ap 


=) (Fias(Fies = (Fidel? 0 , (9) 
ap ap 


because at least one component of F; is not zero. Hence, we normalize the new 
generators by 


F; (10) 


and, thereby, we obtain 
Tr(7;T;) = 35, (11) 


which is the required result. The structure constants are totally antisymmetric, 
as can be shown by 


[7, T;]- = Y Ci T; 
k 
= Tr([f,, £1) = » Cin Tr (T, Ti) 


= iY Cijó; = Cin. (12) 
k 


Due to the invariance of the trace with respect to permutation, we write 
Tr{(%, TN} = Tr(f; A- TTT} 
= Tr{ EAA- 77,7} 
=Tr{(T,, TT} =4Cu . (13) 
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Comparison with (12) yields 

Ci = Cy - (14) 
Because C;j is antisymmetric with respect toi and j, this is also valid for C jj; and 
Cj; = — Cju- Thus, the structure constants are antisymmetric with respect to 


the exchange of two arbitrary indices. Finally, we show that the Ci; are purely 
imaginary. By hermitian conjugation of the equation 


ff, — Tf, = Cir Te , (15) 


we find, due to the hermiticity of the T,, that 


= Tf, — TT, = Cite Tk = — Cis T; ; (16) 
hence, 
(Cix)* = — Cin (17) 


follows, which means that the Ci; are purely imaginary, i.e. Ci, = ig, with real 
fiy. For the metric tensor we obtain 


gy = Y, CuCj = — 3 fifi = 2 faafia - (18) 
kl kl kl 

Let us assume that det(g;;) = 0. Thus, a real eigenvector 4j exists, which fulfills 

L giu; = 0 (19) 
and, thereby, also 

0-7 Linens - » Hi foa figa; = »(Y mfa) 20. (20) 
The expression only becomes zero if 

2 Hifia = 9 (21) 
is valid. This implies that 

b uj Tj, 2 -iY ujfmt =O. Q2) 


Accordingly, the linear combination X n jf; commutes with all other matrices, 
and thereby, it is a generator for an independent U(1)subgroup. Hence, it 
follows Cartan's criterion, i.e. that a unitary matrix group is semi-simple only in 
the case that no such subgroup exists. 
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|m3) 


|72) 


ri) 


Fig. 5.1. The vectors |z*) 
span the isospin space 


5. The Isospin Group (Isobaric Spin) 


5.4 Transformation Law for Isospin Vectors 


The canonical form of the regular representation of isospin algebra is [see 
Example 5.4, Eq. (12)] 


Tiny» = leis | Tt.» . (5.44) 


It shall now be used in another illustration of an isospin transformation, in the 
so called iso-space (isospin space). If we consider an infinitesimal isospin trans- 
formation, with parameters de,, then, from (5.14) and (5.44) it follows that 


nj» = en, ~ (0 — ion lny = |x; + neg 
Or 
[25> = [T> — &aó6 my? + O(5e2) (5.45) 


These equations describe infinitesimal, real and orthogonal transformations in 
a three-dimensional real space, i.e. we are dealing with rotations, as one could 
already have gathered from the isomorphism between the angular momentum 
algebra [Lie algebra of O(3)] and the isospin algebra and, hence, from the 
isomorphism between the rotation group SO(3) and the isospin group SU(2). 
This space, the iso-space IR?, is spanned by the three orthogonal vectors (see 
Fig. 5.1) 


(715, \72>, |z3>} = IR? , Cnil = Õij . (5.46) 


It is not identical with the three-dimensional configuration space of daily 
experience, IR?, but it is isomorphic to it. It is just this isomorphism that enables 
us to work out many of the properties of the isospin space and even to 
understand them. So it is natural to define the iso-vector v, in analogy to vectors 
in IR?, as some linear combination of the three basis vectors (5.46), i.e. 


V= O| , (5.47) 


where the components v, are real. From (5.45) the transformation properties of 
the components v, of the isospin vectors can be obtained, 


UT = VaR) = (n2) + eadein), (5.48) 
and thus after projection with <x} 
Dj = Vj — bj, OEV, . (5.49) 


This transformation (5.49) corresponds to a passive rotation, since we did not 
change the iso-vector in (5.48), but rotated the basis according to (5.45). To 
obtain an active rotation in iso-space we only have to reverse the rotation vector, 
Le. 06; — — de;, changing (5.49) into 


vi = V; + &ijk ÓEjUy . (5.50) 


Compare the active rotation (1.61) with this! An additionalfactor — 1 occurs in 
the second part on the rhs compared to (5.49) With the rotation vector 
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ôe = {6¢;}, equation (5.50) may be written concisely as 
v=v+dexv=v+dv0 , with (5.51) 
ôv =v — v= EXV . (5.52) 


This emphasizes the analogy to normal rotations in R? (see Fig. 5.2), if we 
remember (1.60). Furthermore, it is easy to prove that 


v? = v? + 2w- dv + (0v? 
and, neglecting second order terms, 
ó(v?) = v? — v? = 28v v = 2eijkôE 0,0; = 0 (5.53) 


due to the antisymmetry of ¢;;,. The lengths of the iso-vectors remain unchanged 
(invariant) by rotations in isospin space, a property that is again illuminated by 
the isomorphism with usual rotations in IR? (see Fig. 5.2). 

In isospin space one often deals with iso-vectors, the components of which 
are not real numbers, but operators in Hilbert space (i.e. they act on states | 9,» 
of a Hilbert space) The isospin operators T= Un, f, T4) themselves are 
examples. By comparison the vector operator [see e.g. (1.60)] of the IR? we are 
led to the iso-vector operator V. The transformation property is defined with 
a view to (5.50) as 


ôV = P—P-óoóxP (5.54) 
or, in components, 
"7 = P, -— V; = DIET . (5.55) 


On the other hand an operator is transformed according to the general laws of 
quantum mechanics by 


P! = Ü, (9c) P, Ui (6s) = e 1 figo 


= (1 — ide,7,)V,(1 + ide, fi) = V; — ide [ T, P- (5.56) 

This yields 
bV,=Vi-V,= —ióse[T,Y]. , (5.57) 
where the summation index has been renamed j. Comparison with (5.55) yields 
CÊ, J- = iuf. . (5.58) 


This equation defines an iso-vector operator. It states that for vector operators in 
iso-space the quantum mechanical transformation law (5.57) must be in accord- 
ance with the usual vector transformation law in iso-space (5.55). 

To summarize: SU(2) transformations of the isospin group are orthogonal 
transformations in isospin space wich can be interpreted as rotations in the 
space of the regular T = 1 representation with, e.g., the basis |», | 1255, | t3». We 
have proven this only for infinitesimal transformations, but it can be generalized 
for finite e = {e;}, as we showed in (3.18). It should be noted that, because the 
spin is half-integral, there can occur ambiguities [see (5.14) and associated 
remarks, in connection with the usual spin]. 


N 


Rotation 
vector ĝe 
[72) 


Im) 


Fig. 5.2. Rotations in iso- 
spin space 
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We have constructed the isospin space on the basis of empirical experience: 
the charge doublet of the nucleons and the charge triplet of the pions were the 
starting points which led us to the abstract concept of iso-space. The isomor- 
phism between this and configuration space IR? have been of great illustrative 
and practical value. Nevertheless, the difference between both is clear: while the 
IR? is physically realized (it led us to the rotation group and the angular 
momentum multiplets), the isospin space is a formal space which is realized in 
the symmetries of the elementary particles (charge multiplets). This formal 
iso-space is spanned by three vectors |7;» (i = 1,2, 3) [Example 5.4, Eq. (11)]. 
The state vectors of the charged pions 


In*) = aq no riz») , (5.592) 


which have complex components, belong to the spherical representation of 
isospin space, and it is worth noting that solely such iso-vectors in spherical 
representation are physically realized, hence the states |x * > and |x°>. Linear 
combinations like, for example, 


im) = T rt eie] | i) = Sa lle) = b>} . (5.598) 


cannot be physically realized by any equipment, because these are not eigen- 
states of the charge operator Q [see (5.21)]. 
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5.6 The G-Parity 


We have just seen that the isospin symmetry may be treated in complete analogy 
to the symmetry of angular momentum. Rotations in the three-dimensional 
configuration space correspond to rotations in the three-dimensional isospin 
space. Therefore, we might ask whether there also exists a quantity in isospin 
space that is equivalent to parity in configuration space. Indeed, there is such an 
additional internal quantum number, as we will prove in the following. The 
property of isospin parity will enable us to explain the decay of the w and 
o mesons into three and two pions, respectively (see the discussion of the œ and 
o mesons in Example 5.10). As we have seen in the previous section, the pion 
triplet |z;>;=1,2,3 transforms like a vector in isospin space. Thus, it is straight- 
forward to define the so-called G-parity as 


G|nj» = — |nj? . (1) 


The property of this operator G in isospin space corresponds to the space 
reflection that is performed by the parity operator in configuration space, which 
inverts the directions of the unit vectors. ie. P|ej? = — |e;». We choose the 
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Ge he , (2) 
where C denotes the charge conjugation operator, 

Elnt> =|n-> , Ĉia In» , Cl = ln) . (3) 
The representation of G in (2) is consistent with the definition in (1), ‘as we will 
now prove. From (3) we can infer the cartesian pion components (5.59), 

Clm» - 1m» , Clm = —|t2> . Chim» . (4 
or, in matrix representation, 

1 0 0 
C=|0 -10|. (5) 
0 0 1| 
On the other hand, the rotation matrix in isospin space is given by 
00 -1 
Ê= —-ij}0 0 0 
10 0 
100 000 
e "520 0 O| cosxr+j0 1 0 
00 1 000 
—10 O0 
=| 0 1 O0 . (6) 
0 0 -1 
The properties are illustrated in the following figure. Hence, it follows that. 
-1 0 0 1 0 0 
Gin) =| 0 1 0 0 —1 0] jz) = -izy (7) 
0 0 -1 0 0 1 
3 "EL 
/ 
/ 
/ 180° 
| 
| 
i 13" Action of C and exp( — ix T;) 


(a) (b) 
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Example 5.6 Reflection in Isospin Space: a) Action of the operator Ĉ: it transforms the 
cartesian x, axis of the isospin Space into the x^ axis. 

b) Succeeded by rotation relative to the original x, axis by 180°: transforma- 
tion of x, > x4 and X3 — X5. 

What is the physical meaning of the G-parity? We first postulate that the 
G-parity expresses an internal symmetry that represents a conserved quantity in 
particle reactions. Under this assumption (the possible reactions are restricted to 
the strong interactions) each meson has either positive or negative G-parity. 
Consequently, they can only decay into such combinations of other mesons that 
together also have positive or negative G-parity, respectively. Since the 2-pion sys- 
tem has positive and the J-pion system negative G-parity, we can conclude from 


w — 3x 


o> 2n (through Strong interaction) 


that Gla) = — lo» (8) 
and from 
Q> 2r Q 3x thatG|o» 2 |o» . (9) 


A certain value of the G-parity can be assigned to every meson, which enables 
one to understand many experimental observations. 

Applying the G-operation (2) to a baryon state is not a symmetry operation, 
since charge conjugation leads out of a given multiplet (baryons and anti- 
baryons, in fact, belong to different, conjugate multiplets — see the following 
Examples 6.3, 6.4). However, a definite G-parity may be assigned to the nucleon- 
antinucleon system in analogy to the positronium System. The neutral NN 
System is either in an isospin triplet state I|IT-1,T,-0»orina singlet state 
|T = 0, T; = 0». Rotation around the 75-axis, which is part of the G Operation, 
yields a different sign for these two cases: 


E 1 
eT = 1, T, = 0> =exp[ —i 5 (1) + 7,(2))] y (Ip^ilp?z + [n5,[n5;) 


1 
-[-it.(t)]L— it2(2)] 5 (Ip^ilp?a + |n», [>2) 
Avi “æ 
1 


= -5 Lin>:(— |fi>2) + ( — Ip»3)lB»o] 


= —|T=1,T; =0) (10) 
eT = 0, T, =0) = [ it, (][ — i60] 5 Pup, NS 


- = [In^ ( — 1353) — (— Ip?) 1B) a] 


=z Llp)sIB): - |n); |] 


+|T=0,7;=0) . (11) 
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Here we use the fact that the generators for group operations in multiplets of 
antiparticles are equal to the generators for group operations in multiplets of 
particles with opposite sign. 

We will demonstrate this strange property later in Exercise 8.2 for the 
generators of the SU(3)-group. 

For positronium one finds that charge parity 


Cle*e^» =(— 1)'le*e^) 


for a state with total angular momentum J. If we transfer this result to the NN 
system, we have 


CINN> = (— VINN) . (12) 
Together with (10) and (4), we obtain 
GINN> 2(—y*"|NN) . (13) 


The G-parity of the NN system has been tested experimentally at CERN, where 
low-energy antiprotons are captured by protons. Analyzing the resulting decays 
with respect to the assignment of (13), yields the followng selection rules: 


INN(J 20, T 2 0)» 3r 
I|NN(J-0 T2 1) 92x , (14) 


indicating that the T = 0 state has positive G-parity, whereas that of the T = 1 
state must be negative. The excellent agreement with the obtained experimental 
results confirms the concept of the G-parity. 

The fact that the G-parity operation transforms a nucleon into an antinuc- 
leon enables one to connect the interaction between a nucleon and a nucleus 
with the corresponding antinucleon-nucleus interaction. The effective antinuc- 
leon potential V,,,-(r) turns out to be the G-conjugate nucleon-nucleus potential. 
V(r) is a composition of the contributions of the mesons 7, Q, œ, ..., ie. 


VO r) = V*(r) + V?(r) + V(r) 4 -- (15) 


The G-parity of the mesons ọ and œ can be determined from their pionic decays, 
utilizing the fact that the pion has negative G-parity. Since the w-meson decays 
into 3 pions, its G-parity is negative, while that of the o-meson, which decays 
into 2 pions, is positive. Therefore 


V(r) = GEV OE 
= G,V"(r) + Ga V(r) + G,V9(r) + -- 
-—y(nnc-Ven-vVe(n-e- , (16) 


which has also been confirmed experimentally. In particular, the potential V^? 
due to the w meson exchange, which is strongly repulsive at short range in the 
NN system, becomes strongly attractive in the NN system. It has been conjec- 
tured that this may allow for strongly bound, highly localized NN states (so 
called baryonium resonances). Up to now such states have not been conclusively 
identified however. 
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5. The Isospin Group (Isobaric Spin) 
EXERCISE n UUM 


5.7 Representation of a Lie Algebra, Regular Representation 
of the Algebra of Orbital Angular Momentum Operators 


Problem. a) Explain the concepts “representation of a Lie algebra” and “regu- 
lar representation”, 


b) Find a regulr representation for the algebra of the orbital angular mo- 
mentum operators. 


Solution. (a) The expression “representation of a Lie algebra” . means that one 
can assign an n x n matrix d to all A € of, such that the matrices fulfill the same 
algebraic relations (i.e. homomorphism to a matrix algebra). Hence, the require- 
ment is for 


wd + BB— aà - Bb , [À B]. — [4, 5]. 


The first relation is the scalar multiplication in æ, the second is the ordinary 
commutator of matrices. Obviously, there always exists a (trivial) representa- 
tion, namely, A — 0 for all A. If the algebra is defined by 


[ A,, Aj]- = CÁ, , 
we can assign each Á; a matrix 4; with 


(âi) j = Cijk 


and, similarly, for the sum Y a;A;. This representation is called the regular or 
adjoint representation. Indeed, we find 


(L4;, à;] -Jim = (4ià; — â; à), 
= (&)u (4j) — (25) (Gi) em 
Cikl Cjmk — Cjki Cimk = Cmjk Chit + Cimk CR, 
where we have used cj, = — Cj;. Using the Jacobi identity, it follows that 
(Lå; à; ]-)im = — Cjik Ckml = Cijk Cumt = Cij (Ak) im 
Thus, we have proved that, in fact, the matrices fulfill the algebra 
[à;, à]... = ci d, 


b) The orbital angular momentum operators satisfy the commutation rela- 
tions 


[Li Lj]- = iei Ly 
The regular representation, therefore, is 


(Li), = it; = — LE i jx 
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or, explicitly, 


0 0 0 00 —1 
iji -ilo 0 11, À-i00 0 |, 
0 -1 0 10 0 
0 10 
ii, —i|-1 0 0 
0 00 


These matrices are spin-1 matrices. 


5.5 Experimental Test of Isospin Invariance 


Up to now we know of two arguments for the isospin invariance of the strong 
interaction: first the very small differences between the masses of particles that 
belong to a certain charge multiplet (see tables for nucleons and pions) and 
secondly the charge independence of the nuclear forces (see Exercise 5.3). Both 
facts can be inferred from the hypothesis that the isospin group is a symmetry 
group of the strong interaction, i.e. 


[A strong: T]- =0 , 
and from properties of the corresponding isospin Lie algebra. In the following 
we will discuss further experimental facts that support this hypothesis (isospin 
group = symmetry group of the strong interaction). 

The use of the isomorphism between the isospin group and SO(3) (we have 
already used it in connection with the deuteron) enables us to infer the composi- 
tion of a total isospin of two (or more) particles according to the rules of the 
angular momentum algebra, i.e. 


|TT3> = > (T(1)T(2)T|T3(1)T3(2)T3) TOT: TOT: (2) , 
T3(1) + T3(2) = T, 
(5.60) 


where the total isospin T is restricted to the values 
T = T(1) + TQ) TQ) + TQ) — 1,... ITA) - TQ 


T(1) and T(2) denote the isospins of particle 1 and particle 2, respectively. 
Correspondingly T3(1), T4(2) are the three-components of isospin. 

The Clebsch-Gordan coefficients (T(1)T(2)7 | 73(1)73(2)73) follow from the 
Lie algebra of the SO(3) (see Chap. 2). Since the isospin algebra is isomorphic to 
the angular momentum algebra, we can carry over all results of Chap. 2 to the 
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Table 5.2. Clebsch-Gordan coefficients for the coupling of 1) TU) =4 and 72) = 1, 
2) T(1) = $ and 7(2) =4 


T=} T=} 
101 T=} T,-i B=} n-à m 
T(0-i | A VA 1 VE v 0 
TO=- 1-55 -A o v3 v3 


T=0 T=1 
i91 T,-0 T3=1 T,20  T,--—1 
T1) =4 JA 1 Ji 0 
T(=- -A 9 Ji l 


case of isospin; the Clebsch-Gordan coefficients are identical for both algebras, 
and in Table 5.2 we have listed some of the most important of them’. 

Now let us consider the decay of a particle with isospin T into two other 
particles with isospins T(1) and T(2), respectively. We start from the matrix 
element of the 3 operator that connects the initial and final states?, 


STOT: (1) T(2)T3(2)|S|TT3> . (5.61) 
Using the orthogonality relation for Clebsch-Gordan coefficients, together with 
(5.60), the inverse equation follows [see also Chap. 2, Eq. (2.39)] as 

| 7(1)T3(1)>| T(2)T3(2)) 


TU) + TQ) 
- XL (TO)TQ)T1T31)T32)T)| 77), (5.62) 
T' = |T(1) — 7(2) 
where T3 = T3(1) + T4(2). Hence, the S-matrix element in (5.61) becomes 
<T(1)T3(1); TQ)T4(2) ITT» 


= È (TORDTITADT DTT T SITT . (5.63) 


The isospin invariance of the Hamiltonian implies the invariance of the operator 
S, Le. 


[5,H]. 2-0 ,[f,$] = [7,, exp( — it/h)].. =0 . (5.64) 


7 See, for example, M. Rotenberg, R. Bivins, N. Metropolis and J.K. Wooten, Jr.: The 3j- 
and 6j-symbols (T: echnology press, Cambridge, Mass. 1959). 

Refer to Vol. 1 in this series, Quantum Mechanics I-An Introduction (Springer, Berlin, 
Heidelberg 1989) Chap. 10. 
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5.5 Experimental Test of Isospin Invariance 


As we learned in Chap. 3, the isospin-space part of the hamiltonian consists of 
the operator and the Casimir operator T? of the i isospin group. In other words 
the Hamiltonian is a scalar in iso-space, ie. an iso-scalar. Indeed we have 
learned earlier, that it must be built up from the Casimir operators, i.e. in our 
case H = A(T?) and hence $ = $(7?). Therefore, it must hold that 


<T'T3|S|TT3> = Spr-57,7, <TISIT> . (5.65) 
JETE, T(2), T) 


The matrix element on the rhs of (5.65) «T'||$]| T», is called the reduced 
matrix element. It is a function of the total isospins T, 7(1), T(2) only and 
independent of the projection 73. Hence, it is equal for all states with different 

3 of a certain isospin multiplet. In other words: The reduced matrix element is 
characteristic of a multiplet with total isospin T, since it is independent of the 
quantum number T, which distinguishes between the states that belong to this 
multiplet. Accordingly, we are led to the equation 


<T()T3(1); T(2)T3(2)|S|TT > 


= (TU)TQ)TIT4(T30)73X TQ)TO)IIS IT) — . (5.66) 


Equations (5.65) and (5.66) are a special case of the so-called Wigner-Eckart 
theorem. ? The implication of (5.66) is the following: Since the transition prob- 
abilities are proportional to the squared matrix element on the ths of (5.66), i.e. 
proportional to 


KTT); T(2)T3(2)|S|ITT3> ? 
= |(T(1)T(2)T|T3(1)T3(2T 37 KTUT ITY , (5.67) 


then the ratio of intensities for the various possible charge combinations in the 
final state | 7(1)T3(2); T(2)T3(2)> are determined by the squares of the Clebsch- 
Gordan coefficients. In other words, in taking the ratio of two possible decay 
modes, the reduced matrix element, that is generally unknown, drops out. This 
fact enables one to make quantitative predictions — in the absence of a complete 
dynamical theory of the strong interaction — that can be tested by measurement. 


EXAMPLE Se 


5.8 The Wigner-Eckart Theorem 


Equation (5.65) is a special case of the Wigner-Eckart theorem. Here we want to 
present and prove the general theorem. It is valuable for a general class of tensor 


? See textbooks on algebra of angular momentum, for example, M.E. Rose: Elementary 
Theory of Angular Momentum (John Wiley, New York 1957). 
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operators which are defined, by means of commutator relations, in terms of the 
angular momentum or isospin operator. 

We define: The 2k + 1 operators Tf9,(q = —k, —k+1, ..., k) form the 
components of an irreducible tensor operator of rank k, if they fulfill the 
following commutator relations: 


[ Js, TY] = V k(k + 1) ~ q(q +1 TH, (1) 

[Jo, TP] = a TP (2) 
The attribute irreducible indicates that the operators J, only combine operators 
of the same rank. If J, is connected with the ordinary angular momentum then 
the irreducible tensor operators are called spherical tensors; their transforma- 
tion properties can be explained by spatial rotations. The definition given above, 
which uses commutator relations, is equivalent to this, and it has the advantage 
that the operators J}, Jo have — like T,, Î, within the isOspinor space 
~ a physical meaning. 

The Wigner-Eckart theorem says that in a representation according to the 
operators J J2, Ja, where basis vectors are given by |tjm), the matrix element 
<tj'm'|T 9 tjm) of an irreducible tensor operator is given by the product of 
a so-called reduced matrix element <t'j'm || T? || ym», which does not depend on 
m, m' and q, and a Clebsch-Gordan coefficient 


G'j'm ÊP Im) = Gk’ Imam Ke f | T9 lj) (3) 
Here t means quantum numbers which appertain to operators that do not 
commute with all J,. 


In order to prove the Wigner-Eckart theorem we have a look at the (2b + 1) 
x (2j + 1) vectors 


T9 xm» (4) 


and linear combinations of them 


|tIM> = ¥ (kJImq M) TP gm». . (5) 


m,q 


Applying the operator J 4 to (4), we get, using the commutator relations which 
define T®, 


FP tjm = [I +, TP] om» + TOf. | tim) 
= /k(k + 1) — q(q + 1) T9, |ojm? 
+ JjiG o D —m(m x 1) TP|ljm t1» . (6) 


Now we apply J, to the state |r JM) of Eq. (5) 


Js |tIM) = Y A k(k + 1) — q(q + 1) Gk Jima M) T® , | c jm» 
+È VIU + 1)-—m(m  1)(jkJ|ma M) TP|vjm x 1» . (7) 


5.5 Experimental Test of Isospin Invariance 
Changing q >q 1 and m ^ m 1 yields 
Îalt JM) = Y, fcm? (klk + 1) — a(q D) GkJImqx 1 M) 
m.d 
+ SiG D — mmxD)GkImTIgM) . (8) 


The expressions in the bracket are the recursion formula of Clebsch-Gordan 
coefficients (chapter 2, Eq. 2.45a,b) 


J kk + 1) — alq F 1) Gk J] ma Y 1M) 
+ /jG + 1) — mmc 1) Gk Sm 14M) 
= JU + 1) — M(M + 1)(jkJ|mqM + 1). (9) 


Inserting this in (8) it follows 
ja|tIM) = JU 1) MM £ 1) Y, GkJIma M + 1) TP |j» 
m.q 
-JJJU-1-M(MEz1I)RJIM EI) . (10) 


Now we apply Jo to (4) and (5) analogously to J+ 
Jo fi |cjmy = Lo TRU cjmy + TP Jolcjm? 
=(qtm)TP|tjm> . (11) 
Together with (5) this yields 


Jolt JM) = Y, (jk J|mq M)(q + m) T9 jm» = M|tJM) . (12) 


Here we have used the fact that all Clebsch-Gordan coefficients (jk J|mq M) 
vanish if q + m # M. Eqs. (10) and (12) show that the states |t JM> fulfill the 
angular momentum algebra. Therefore they are unnormalized eigenfunctions of 
the operators J? and J2. This means that the scalar products <t’J’ M’|t JM) 
obey orthogonality: 

CT J'M' |t JM» = Orr bum <tIM|tJIM> . (13) 
The reduced matrix element <t’ JM|tJM » does not depend on M. This can be 
seen by inserting the ladder operator J+: 

<t JM|tJM> = (J(J + D — M(M FIJ CT JM|J4|t' JMF 1) 

=<(r'JIMF1l|[tJIMFl> . (14) 

Here we have applied J, = Ji to the right and left side. Taking this into 
consideration we get for (13) 

«a! J' M'|Ic JM) = 553: ume LT JII? . (15) 


With the above equation, the Wigner-Eckart theorem can be proved easily. We 
transform (5) by means of the orthogonality of the Clebsch-Gordan coefficients 
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Example 5.8 T® c jm) = Y (jkJ|Imq M)|t JM). (16) 


Jm 


Multiplication with («c'j' m'| yields 
Gjm| TP tjm) = Y. |jkI|\mgq MXKr'j'm |t JM) 
JM 


= (jkj'|mq m’) KTIJ? (17) 
j is the angular momentum that arises from j and k. Therefore, we can write 
rjw PP tjm) = Gk'mam Ky ||T®|| tj) . (18) 


This proves the Wigner-Eckart theorem and gives the following selection rules: 
The matrix element (c j'm'| Tf? |zjm) is only non-zero if q + m = M and if j, 
k, j fulfill the triangular inequality. This is a direct consequence of properties of 
the Clebsch-Gordan coefficients. 
The description of physical processes like radiative transitions in atomic 
physics, classical electrodynamics, nuclear transitions between excited nuclear 
states can be divided into two aspects. 


1) The symmetry of the problem, which is contained in the selection rules, is 
given by the Clebsch-Gordan coefficients. 
2) Other details of the problem are contained in the reduced matrix element. 


Often one is only interested in ratios of two transition matrix elements where it 
is sufficient to regard only the Clebsch-Gordan coefficients. 

As one of the simplest applications we consider the Wigner-Eckart theorem 
for the Hamiltonian of strong interaction. It is (cf. Example 3.15) a scalar in the 
iso-space and therefore in the basis |tt;> it is an irreducible tensor operator of 
rank 0. The Wigner-Eckart theorem gives in this case: 


CT tth Alt tts) = (IUE Betty 
= (t0 t|t30t3) (ct l| ct» 
= Ôw Ôr sU (19) 
This indeed is Eq. (5.65) 


EXAMPLE mE 


5.9 Pion Production in Proton-Deuteron Scattering 


In proton-deuteron scattering the following exit channels, ie. reactions with 
well-defined quantum numbers, are possible (among many others): 
n° --?He 
7 
p+ dy (1) 
m* + 3H 


5.5 Experimental Test of Isospin Invariance 


From the discussion in Example 5.2 we know that in the ground state the 
deuteron has isospin T = 0, while the proton has T = 1 This implies that the 
initial state of the considered reaction bears isospin T = 0 + 4= 4. The final 
state consists of a pion with T = 1 anda 3He with T = 1, or of a pion and a °H 
that also carries isospin T = 4. In fact, the mirror nuclei “He and 3H form an 
iso-doublet. Thus, we may write 


[initial state) = |p + d» = |[43>|00) 
[final state) = |x* --?H» 2]11»1$ — 55 
[final state) = |n? + ?He» =|10>|32> . (2) 


The relation (5.67) now says that the ratio of the cross-sections of these two 
particular final states (1) is 


 c(prdoz*-H?) |ü1331-i5Pf _ 2/3 _ 
cprd-m -He) (144/055) — 1/3 
The corresponding experimental results are 


f 1.91 4 0.25 
~ ) 226 + 0.11 


These two results show that isospin invariance is not exactly valid, but at least to 
within 10%. 


EXAMPLE SSSR 


5.10 Production of Neutral Pions in Deuteron-Deuteron Scattering 


Another experimental verification of the isospin invariance is the reaction 
d + do tHe + n° (1) 
Since an *He and a deuteron are both iso-singlets, i.e. 
He» =|T=0,7;=0> , [d= IT=0,73;=0 , 
then the reaction d + d— *He + z? should be not allowed, because the states 
005/00» |00>|10) 
are orthogonal. Experiments show that 
o(d + d — *He) < 1.6 x 107 *? cm? 


which is a very small cross-section on a nuclear scale (typically 107 26 cm?). On 
the other hand one finds a noticeable cross-section in the reaction 


d+d—*He+y 
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This is not a forbidden reaction, because the photon contains an iso-singlet 
component. (In fact, electromagnetic interactions do not conserve isospin invari- 
ance. The photon contains both isospin singlet and triplet components of equal 
magnitude!) 


EXAMPLE Ss 


5.11 Pion-Nucleon Scattering 


Pion-nucleon scattering involves reactions like 
T+N->n +N’ , (1) 


where z denotes one of the three pions x^, n”, 2°, and N’a proton, neutron 
or excited state of the nucleon. The isospin eigenfunctions in the initial and final 
state are 


IT = 15@ |T=4) >|T=1)@ |T=4 


pion nucleon pion nucleon 
tis = (2) 


initial state final state 


For both initial and final state, the individual isospins of the particles can be 
coupled to the total isospins T = 4 and T = 3. This is expressed by the notation 


0] 8 B=) eh) . (3) 
Consequently, there are two reduced matrix elements, for T=4 and T=}, 
which will now be discussed in detail. 


If|1, 4» and |4, v» denote the isospin states T = 1 and T = 4, respectively, the 
initial state is given by 


oiv? = Q33uvu vl a+ v» + Q331uvu + v): uv». (4) 
Similarly, the final state takes the form 
Ic» jv» = (34! v uf + vll ur d v) 
+133 vw tv + vB We . (5) 
The possible quantum numbers u = + 1, 0 of the initial state characterize the 
pion charge states | *» and |x°), the quantum numbers v = + 4 represent |p) 


or [n5, respectively. The final state is similarly described. The transition matrix 
element reads 


Gulvisltudv = Q33]uvg + (1d lev’! +) p + vishe +v 
*ü33|uvu +yli v u' +v) Qu +v SB +v , (6) 


where we have used (5.65), i.e. the fact that only matrix elements between equal 
total isospin T — T" contribute. Also, from (5.65), we infer that T3 = T3 which, 
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for (6), means 
ucTv-uctv. (7) 


Moreover, the matrix elements (7T3|S17T T,» are independent of T3 due to 
isospin invariance, only depending on the total isospin 7, i.e. 


(GTAS|TT;» =<TISITD . (8) 
Hence, (6) becomes 
Cuiv S| ev = [bilvei u + v) GI SI» 

+(1$3| uve -) 0331u'v'a +) GIISIS? 19, wow - O) 


The ten possible reactions expressed by (1) are described by only two 
reduced matrix elements <4||S||4> and <31]S||$>, which are generally complex. 
This implies three real parameters for the above reactions, since a common real 
phase cancels when taking the square | (1jydv|S]1 y’3v’>|?. 

Analyzing the matrix element in (9), we find ten possible reactions: 


On the rhs of this listing the isospin quantum numbers are reexpressed in terms 
of the physical particles they represent. Since (9) is quite complicated, the 
possible general reactions of (1) and (10) are somewhat confusing. The situation 
becomes clearer in the region of the first resonance, the so-called 4 resonance, 
located at 1232 MeV. It is also called the 3 — ł resonance, because its isospin 
and spin quantum numbers both take the value 3. The first Figure illustrates the 
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Example 5.11 


The total scattering cross- 
sections of (a) m*p and (b) 
m p scattering: the various 
maxima (resonances) have 
been interpreted very suc- 
cessfully by formations of in- 
termediate particles N* (iso- 
bars) that subsequently 
decay again. In the case of 
z` p Scattering these are two 
decay products z?n and 
x p.In the case of z *p scat- 
tering one finds only z*p in 
the outgoing channel. The 
second curve in part (a) im- 
plies other excited states in 
the outgoing channel which 
arise at a threshold energy 
of about 800 MeV. 


(a) 


10 


10 100 1000 — 10000 [MeV] 
100 (b) 
[mb] 
p 
10 
L 
Th ) 
1 
100 1000 10000 [MeV] 


cross-section o as a function of the pion energy for the reactions 
(11) 


where the energy is the kinetic energy of the pion in the laboratory T™. Let us 
reflect shortly on the various energies which are important in high energy 
reactions and which are specifically of interest in the context here. There is first 
the total energy W of the pion-nucleon system in the centre of mass. If p= 
(p, Ex/c) = (p, po) and q = (q, E,/c) = (q, qo) denote the momentum four-vectors 
for the nucleon and pion in the initial state, then we have, for the Lorentz 
invariant quantity W?/c?, 


n? +p>n*+p m -pom +p, 


W°? = — (p + ag = (p? + q°)? — (p + ay. (12) 
In the centre-of-mass frame, by definition, it holds that 

p+q=0 , sothat (13) 

W? = (p? + q°)*c? (14) 


Therefore, W is indeed the total energy of the zx-N system in this frame. In the 
laboratory system S the situation is different. In this frame the nucleon is at rest 
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(Pia. = 0) so that the Lorentz invariant of (12) becomes 


W^|c = — (p? + q? + 2p-q) = Mc? + mic? + 2p%q? 
= M?c? + mic? +2ME® , (15) 
where we have used! M*c? = — p? and m2c? = — q?. M and m, are the 


masses of nucleon and pion, E the total energy of the pion in the laboratory 
frame, given by 


(Ex)? = q?c?  mic*. (16) 
Considering the kinetic energy of the pion in the laboratory frame, 

TO =EO_ me? , (17) 
we obtain, for (15), 

W? = (Mc? + mc? + 2Mc?TH) . (18) 


Such resonances can be interpreted as short-lived intermediate states N* that 
are composed of the pion and the nucleon interacting with each other. In writing 
this is expressed by 


T-H-N—N*oz-c-N , (19) 


ie. in the pion-nucleon scattering the intermediate state N* is formed. The 
nature of the resonances is similar to that of compound nuclei in nuclear physics. 
There the collision of two nuclei yields an intermediate composite nucleus 
(compound nucleus) which, afterwards, may decay into various possible frag- 
ments (see first figure on page 170). 

The masses (energies) of these intermediate particles are given by the total 
energies Wmax at the resonance maxima. For example, in the first figure, (b) 
shows a distinct maximum at W = 1232 MeV, corresponding to 
T = 190 MeV, and, from the experimental data shown, one can conclude that 
these intermediate particles exhibit double positive charge in the reaction xz ^p 
and are neutral in the reaction z^ p. 


Other experiments even indicate resonances that carry a single positive or | 


negative charge. An example for such a reaction 1s the photo-production process 
ytpoN*on +p . (20) 


The corresponding cross-section is shown in the below figure. 

The striking resonance at E, = 330 MeV corresponds to an intermediate 
particle with positive charge and mass M = 1232 MeV. The negatively charged 
N* is encountered in the reaction 


T pon nan n n (21) 


10 See M. Goldstein: Classical Mechanics 2nd ed. (Addison-Wesley, Reading 1980) 
or W. Greiner: Theoretische Physik I, Mechanik I (Harri Deutsch, Frankfurt 1989) 
Chap. 34. 
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Example 5.11 


Illustration of a compound 
nucleus reaction with pos- 
sible rotations and vibra- 
tions. The intermediate 
compound nucleus  sub- 
sequently decays into vari- 
ous possible final states. 


Photo-production of neutral 
pions; E, denotes the energy 
of the photon with respect 
to the laboratory frame . 


Mass spectrum of (nz) sys- 
tems as a function of the 
invariant mass M,, meas- 
ured in the reaction 
nN pom nn n (a) 
(nz*) system (b) (nz ^) sys- 
tem 
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by considering the invariant mass M,, - (i.e. the total mass of neutron and pion) 
as a function of energy (see figure below). 


Nn 

‘3 200 (a) 

& 

"e 

fæ 

5 

100 

[5 

Eel 

z 

= 

c 0 M, 
10 i4 18 22 26 30 34 38[GeV] 

E 

& 150 (b) 

t 

= 100 

eo 

LJ 

2 50 

E 

= 0 M,- 
10 i4 18 22 26 30 34 38 [GeV] 


In the case of M,,- [part (b) of the figure] there occurs a sharp resonance 
that stands out significantly against the broad background which can be seen in 
part (a) of the figure, for M,,+. The width of such a resonance contains 
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information about the lifetime t since, due to the uncertainty relation, it holds 
that Tt z h. 

Summarizing these facts, we see that the intermediate state N*, with 
M = 1232 MeV, is actually a charge quartet, denoted by 4*5^'** (total energy), 
i.e. 


A* * (1232), 4*(1232), 4°(1232), 47(1232).X. (22) 


Clearly, the 4 resonance is a T = 3 state since this is the lowest assignment 

that naturally leads to an isospin multiplet with at least four states, T4 = 3, 4, 
—1, — $ (see also the following section). From the analysis of the x — N 

scattering alone, it is not possible to decide whether there are still other charged 
states of this composite particle, because the states accessible in z-scattering are 
limited by the total charge of the pion and the nucleon. Besides, other particle 
systems, e.g. n+x +N (nucleon 4- two pions), have masses close to or larger 
than 1232 MeV. We will, however, give theoretical arguments that prove the 
completeness of the 4 quartet (see Exercise 6.5, isospin and hypercharge of 
baryon resonances and the completeness of the SU(3) decuplet). 

Before moving on, some relevant remarks are in order concerning the first 
figure of this Example, which shows the cross-sections of the n*-p scattering: the 
figure exhibits additional resonances occurring in the reaction xp, but not in 
n*p, namely at 


M = 1515 MeV (TW = 605 MeV), M = 1688 MeV (TH = 890 MeV) . (23) 
Obviously, such intermediate particles must be neutral. On the other hand, there 


also occur charged resonant states. Therefore, these particles seem to belong to 
charge doublets, termed N(M). In detail, one finds 


N*(1518), N*(1515) and N*(1688), N°(1688) (24) 


There are still other baryons, which we will study later. 
Let us now return to (9). In connection with (10) we have already mentioned 
that the proportions of the reactions are easily determined in the region of the 


4(1232) resonance that has been identified as an iso-quartet, ie. T = 3 in (22). 
Since the resonance is dominant, one can neglect the T = 4 contribution in (9) 
and obtain, in this approximation, 


(Iug uv» = (ilaya t+ 0 $31uv n +y) SINP ET 
(25) 


Using this relation we evaluate the ratio of the cross-sections to be 

o(n*p—n*p)oe(n p> p): oft p^ nn) 

= 1531133) 53 

41431 — 14- 5331 - 13 - 910531 — 13-303300-3- DI 

1 1 1 f 

VARVE Wa NS 
which is in good agreement with experimental data, A further test of the 
transition amplitude in (9) and, thus, for the predicted isospin invariance is 


2 
=9:1:2 , (26) 


2 


=|1x 1): 
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V2(nz?|S|pz-) 


Illustration of the triangle 
inequality (27) in the com- 
plex plane 


obtained by checking whether the so-called triangle inequality is satisfied. Using 
the Clebsch-Gordan coefficients, listed in Table 5.2, and by means of the 
transition amplitude (9), we can prove the identity 


Var? Spr) + 4pn7ISlpz7» = «pn*IS|pz*) (27) 
since 
/2<nn°|S|pn~> + (pn7ISlpz7» — <px*|S|pn*y 
= ,/2(144|0 — 4 — 4144] — 13 — 5 asi» 
+ (134] — 135—335] — 13 5 GSD 
+ 203310 — 3- 50133] — 15 — 5 ISI 
+23 -14-04 2-15—- 5 GSH 


— (1431143 (1441149 3] S3» 


- ausu ( J -) i *3)* dist (V2 338 *$-1)-o- 


As each of these three amplitudes contain the two reduced matrix elements, 
GIISII4» and <3||S||3>, that are generally complex, (27) is a relation between 
three complex numbers. Representing these numbers as vectors in the complex 
plane, the identity (27) stands for a closed triangle of these vectors (vector 
addition). Each side of the triangle represents the absolute value of one of the 
amplitudes in (27) (see next figure) and needs to be smaller than the sum of the 
two others. This property enables us to make further predictions concerning the 
relations among the scattering cross-sections that must hold for arbitrary (but 
fixed) energy and angle. 


EXAMPLE Sg 


5.12 The Decay of the Neutral Rho Meson 


The ọ mesons and the œ meson have been discovered in storage-ring experi- 
ments as intermediate states (resonances in the cross-sections), similar to the A, 
N+, N? resonances discussed before, by investigating the reactions 


e +e* > Q° +27 +27 (1) 
e Het wn Hnt Hn. (2) 


The figure below shows the total experimental cross-section of the reaction 
e^ -Fe* — m +n”. The resonance at M = 770 MeV indicates a neutral inter- 
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mediate particle (since the total charge of the initial state e^ + e7 is zero) which 
is named the o? meson. 

Similarly, the next figure, illustrating the cross-section of the reaction 
et +e m 4n + 2°, exhibits a resonance at 780 MeV. Consequently, this 
is interpreted as another neutral intermediate particle, the so-called w-meson. It 
must be different from the o? resonance, because the three-pion final state has 
negative G-parity, whereas the G-parity of the Q?, which decays into a pair of 
pions, is positive. The question arises as to whether there exist further charged 
particles, completing multiplets that contain the o? or œw resonance. Indeed, they 
have been discovered in the reaction 


m*+proQ*+ponat+n°+p 


as resonances with masses around 770 MeV. The experimental data on the 
o mesons and the w meson is summarized in the following table. Since there are 
three o mesons with almost identical masses, one concludes that they form an 
isotriplet, whereas the neutral œ meson is an isosinglet. 


Experimental data of the o and œ mesons 


Spin Parity Mass Width l' Lifetime Charge 
[MeV] [MeV] [s] 
o* 1 — 770 153 4.3 x10774 e 
eo 1 — 770 153 4.3 x 1074 —e 
QI — 770 153 4.3 x 10724 0 
o 1 5.5 x 10773 0 


— 783 10 


We next study the decay of the 9° meson into two pions, i.e. the reactions 


nt +n, (3a) 
o? + 2z? (3b) 
which are described by the transition matrix elements 
41 — u|S]T = 1, T5 = 0» = (11 iju — nOUIST) (4) 


Inserting the p-values of (3), we find that the decay amplitudes (3a) and (3b) are 
proportional to the Clebsch-Gordan coefficients (111|1 — 10) and (111/000), 
respectively. The latter vanishes, i.e. (11 1]000) = 0, due to a general symmetry 
of the Clebsch-Gordan coefficients, namely!! 


(Gijajalm, m; m3) = (—1)^ *775 ( ja jj js|m; m, m3) 


(5) 


The vanishing of the amplitude (3b) implies that the decay of the 9° meson into 
two z? mesons is a forbidden reaction, 


o? + 22? 


11 See for example M.E. Rose: Elementary Theory of Angular Momentum (Wiley, New 
York 1957). 
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2,2 
D RENE HN 
GE? = mi + miT? 
2 
sof Frl | y= 112412 MeV 


mp = 760-44 MeV 


20 


700 


800 — 900E[MeV] 


Total cross-section for the 
reaction e* ce —n* 
4x . The resonance at 
760 MeV is interpreted as 
an intermediate 9° meson 


- 10 0 10 


20[MeV] 


Total cross-section for the 
reaction et +e —z* 
-- x^ +7°. The resonance 
is interpreted as an inter- 
mediate c meson. The ab- 
scissa shows the energy dif- 
ference to 780 MeV 
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This is experimentally confirmed. Similarly, the decay of the w meson into three 
pions, 


wp 3n? , 


turns out to be a forbidden decay mode, due to the vanishing of the relevant 
Clebsch-Gordan coefficient (1 111000). 


5.6 Biographical Notes 


WIGNER, Eugen Paul, *1902 in Budapest, since 1938 professor in Princeton, received 
the Nobel Prize in 1963 together with J.H.D. Jensen and Maria Góppert-Mayer for his 
contributions to the theory of nuclei and elementary particles, especially the discovery 
and application of fundamental principles of symmetry. After retirement at Princeton he 
became a distinguished professor at the University of Louisiana in Baton Rouge. 


ECKART, Carl Henry, *1902 in St. Louis, 11973 in La Jolla, professor in Chicago from 
1928 to 1946 and later in San Diego until 1970. Besides papers on theoretical physics 
Eckart made numerous contributions to oceanographics. 


Im 


6. The Hypercharge 


In the last chapter we encountered the charge multiplets of the isospin group. 
Several empirical examples confirmed the validity of this symmetry. The par- 
ticles in a charge multiplet differ only by charge (and other electromagnetic 
properties, e.g. the magnetic moment, electric quadrupole moment). In a mul- 
tiplet all integer multiples of the elementary charge e, from the minimum value 
Q min UP to the maximum value Q max, are realized. In general, Q min + Qmax 70 
and the charge multiplet is not necessarily located symmetrically around the 
origin of the charge axis. Thus the centre of charge may differ from zero. This is 
illustrated in Fig. 6.1. 


— T3 
Fig. 6.1. The centre of charge 
- of an isospin multiplet 
Qmin Qmin + Qmax Qmax Qe] 
2 


In order to compensate for such an overall charge shift, the isospin compon- 
ent T, is counted from the centre of charge 4(Q min + Qux) onwards. We 
therefore obtain the relation 


Q = X(Q min + Q max) + T (6.1) 


between the charge and the 3-component of the isospin of a particle, where . 
T, takes the values 


T;=0, £l £2,-..tiQua — Qmin) - (6.2) 
Clearly one obtains 

2T = Qmax — Qmin (6.3) 
or, respectively, 

2T+1=(Qmax—Qmin) +1 - (6.4) 
The centre of charge of a multiplet, from now on abbreviated by 4 Y, where 

LY = 4(Qmin + Qmax) = centre of charge , (6.5) 


is a quantity that is not determined in the framework of the isospin symmetry 
alone. Equation (6.5) defines the so called hypercharge Y. The idea of hyper- 
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charge goes back to Gell-Mann and Nishijima*, who introduced it independent- 
ly in 1953. Relation (6.1) then takes the form 


Q=4Y +T; » T,—-T,T—1,.,—-T 3 (6.6) 


which is called the Gell-Mann-Nishijima relation. 

In classifying particles, the role of hypercharge is of the same importance as 
the isospin. This can be seen from the fact that both quantities, Y and T; are part 
of (6.6), determining the charge Q. The following examples elucidate this point 
further. 


EXERCISE Ss 


6.1 Hypercharge of Nuclei 


Problem. Determine the hypercharge of nuclei in an isospin multiplet, given 
that the charge operator Q for a nucleus containing Z protons and N neutrons 
(A = N + Z is the total number of nucleons) is known from (5.21). 


Solution. Accordingly the charge of a nucleus in units of the elementary charge 
e is given by 


Q-A-T) . (1) 
Comparison with (6.6) yields 
Y-A. Q) 


Thus the hypercharge of the nuclei, which belong to a certain isospin multiplet, 
is equal to their total number of nucleons. 


EXAMPLE SA 


6.2 The Hypercharge of the A Resonances 


In Example (5.8), (22) we became acquainted with the isospin quartet of the 
A resonances. 


Att At, A49 AW (1) 


! T. Nakuno, K. Nishijima: Prog. Theor. Phys. 10, 581 (1953); M. Gell-Mann: Phys. Rev. 
82, 833 (1953). 
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The maximum charge is Qa, = 2 and the minimum charge is Q min = — 1. Example 6.2 
According to (6.5), the hypercharge is 

Y = (Q max + Qmin) = 2+(- 1 =1 (2) 
and, according to (6.3), 

T = 3(Qmax — Qmin) = 312 -(— 0172 . (3) 
The Gell-Mann-Nishijima relation 

Q-i-T, (4) 


with 7; = 3, 1, — 1, — 3, reproduces all observed charges of the quartet of the 
A resonances. 


EXAMPLE M 


6.3 The Baryons 


All of the elementary particles that are compiled in the following table, are called 
baryons.” The internal relationship of baryons (and the baryons resonances too, 
see Exercise 6.5) is established by the fact that in every decay channel these 
particles decay into other baryons, i.e. the number of baryons is not changed in 
any reaction or decay process. The different iso-multiplets (charge multiplets) 
are evident. The nucleons and the £ particles each form an iso-doublet, the A? 
and the Q particle each represent an iso-singlet, and the X hyperons an iso- 
triplet. The hypercharge Y can be deduced in the usual manner and is given in 
column 6 of the following table. 

The figure shows the representation of the quantum numbers Y (hyper- 
charge) and T; (third component of isospin) for which the baryons with spin 4 
form an octet. All particles carry spin 4 and positive parity. The Q particle, 
carrying spin 3 does not fit into this diagram. 

Some Facts About Antiparticles: For each particle with half-integer spin there 
exists a corresponding antiparticle?. A consistent relativistic treatment of quan- 
tum mechanics predicts these antiparticles. Every antiparticle has the same mass 
(energy) as its particle, but carries opposite charge; therefore, the antiparticle of 
the electron (spin 3, e~) is the positron (spin 4, e*), the antiparticle of the proton 
(spin 4, p*) is the anti proton (spin 4, p~). Neutral particles have antiparticles 
too, such as the neutron (spin 4, n) and the anti neutron (spin 4, ñ). It is not easy 
to distinguish between a neutral particle and its antiparticle, because they have 


? barys (greek = Bagit) = heavy. 

3 This is shown in more detail in Vols. 3 and 4 of this series: Relativistic Quantum 
Mechanics and Quantum Electrodynamics (Springer, Berlin Heidelberg) to be pub- 
lished. 


The quantum numbers Y, 7; 
of the baryon nonet 
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Properties of low-mass baryons 


Name Symbol 


Nucleon N 


Hyperons 
Lambda A? 


Example 6.3 


p 
n 


Spin T T; Hyper Mass r Main Branching 
(parity) Isospin Isospin charge Lifetime decay ratio 
Jo projection [MeV] [%] 
Uv d j 1 9383 œ — 
1/2* 4 —-i 1 9396 15min pede 100 
1/2* 0 0 0 1116 26x107'°s pr” 642 

nz? ` 35.8 
1/2* 1 1 0 1189 0.8 x 10719 s pz?, nz* 51.6, 48.4 
1/2* 1 0 0 1192 5.8 x 10779 s Ay 100 
1/2* 1 —1 0 1197 15x107'®°s nz” 100 
2* ài i -1 1315 29x10 !?s Ar? 100 
1/2* 4 ~—4 —1 1321 1.6x10^!9s An^ 100 

K^, 2° 68.6, 23. 

32* 0 0 -2 162 O8x10-%s SLIT | ° 


very similar properties (there is a difference in the sign of the magnetic moment, 
however), but they can annihilate each other to form mesons‘, as in the case 


n+fon*? +x. (6.7) 


Mesons also have antiparticles, but the situation is slightly more complex in this 
case. For a neutral boson it may happen that particle and antiparticle are 
identical. This is the case for pions, where we have 
; n -2m* , n9 -m? . (6.8) 
On the other hand, the antiparticles of the K mesons (iso-doublet K *, K°, spin 
1 — see also the discussion on leptons) are different: 


K” =K- , K?-K'. (6.9) 


Following the standard convention, the antiparticle will be denoted by a bar 
above the corresponding particle symbol, as we have already done in this 
section. 


^ From mesos (greek = uéco() = medium. 
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EXAMPLE SR 


6.4 Antibaryons 


The antibaryons are distinguished from the baryons discussed in the previous 
example by their charge, whereas mass, spin and total isospin are the same for 
both baryons and antibaryons. 

So besides the iso-triplet of 2 particles, 


D={t, 2° I}, (1) 
there exists the iso-triplet of anti-2-particles 
E= {2*, D557} . (2) 


EX* carries negative charge, but has some mass and spin as the 2*. Both 
annihilate each other, giving 
z*-Ii*5 M i (3) 
p +p etc 
It follows from (6.6) that we have to reverse T3 and Y too, if the charge Q changes 


sign. So for the antiproton p it follows that 73 = —4and Y — — 1. For anti- 
baryons an octet results in the Y — T;-plane as shown in the figure. 


EXERCISE MEE 


6.5 Isospin and Hypercharge of Baryon Resonances 


Problem. Based on the facts about baryon resonances given in the following 
table, deduce their isospin, T, T3 and hypercharge Y. Draw the corresponding 
Y — T, diagram. 


Solution. Once again we may recognize the internal relationship of these baryon 
resonances and the baryons themselves, which becomes obvious as a result of 
their decay: One of the decay products (9th column) is always a baryon. So, in 
a way, the baryon resonances are excited baryons. The 4 resonances have 
already been discussed in Example 6.2. Clearly the N' and the 5 resonances form 
an iso-doublet each, the A* an iso-singlet and the X * an iso-triplet. In particular, 
if we consider the Z* it follows that Q max = 1 and Qi, = — 1. So, therefore, 
following (6.3) we obtain 


T = 4(Q max — Q min) = 311 —(- 1)] = 1 5 (1) 
and according to (6.5) 


The antibaryon octet. All 
particles carry spin 3 and 
positive parity 
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Properties of the baryon resonances 


Symbol JP Q T T, Y Mass Lifetime t r Main decay Resonant 
channels partial waves 
[MeV] [s] [MeV] 
A ++ 3/2* 
A* 3/2* 1 
N* 1232 +2 549 x107?* 120 Nn P33 np 
4? 3/2* 0 
A^ 32*  —1 
N'* 1/2* 1 
' 1440 + 40 3.13 x 10724 210 Na, Nar P 
N M yx 0 = x10 und ut 
A* 1/27 0 1405 +5 1.65 x 107?? 40 En SoK p 
E* 3/2* 1 1382.3 + 0.4 
r*{ yr 3/2* 0 1382.0 + 2.5 1.78 x 10725 37 An, EN PiK p 
Et 3/2;  —1 1387.4 + 0.6 
Er? 3/2* 0 1531.8 + 0.3 
a* — . -23 z P 
PE 372* —1 15350406  ^4*10 7 T 
Exercise 6.5 The T; component follows from the Gell-Mann-Nishijima relation and the 


measured charges for 

Z** to T;=1 

X*? to T,-0 

E*- to T3=-1 . (3) 
Now we fill up the empty columns of the table shown below. 


Isospin and hypercharge of 
the baryon resonances 


Particle T B Y 


V MM 3 +3 1 
At 3 +4 1 
4? 3 —1 1 
4^ 3;  —3 1 
N'* 4 +4 1 
N’? i —4 1 
A* 0 0 0 
r*+ 1 1 0 
PLU 1 0 0 
E*C 1 — |i 0 
go 4 +4 -1 
af 4 -ił -1 
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The Y — T; diagram for the J? = 3+ baryon-resonances is shown in the 
following figure. 


Obviously one particle, with 
JPzà3* , Y=-2 and T,-0 , (4) 


is missing to establish a figure of higher symmetry. Indeed we allowed for the 
_Q particle as one of the baryons in Example 6.3. Because of its spin J = 3 it did 
not fit into that scheme. Now we can insert it at the point T3 = 0 and Y = — 2 
into the multiplet of these baryon resonances. Also its high mass fits well into 
this diagram now. 


so that Q=—1 , 


6.1 Biographical Notes 


GELL-MANN, Murray, physicist. *15.9, 1929 in New York, professor at the 
California Institute of Technology in Pasadena. He wrote articles on the theory of 
elementary particles, especially on form factors, symmetry groups and Regge poles. At 
the same time as Y. Ne'eman, G.-M. developed the eight-fold way model of baryons and 
mesons. For this work he received the Nobel Prize in 1969. 


Exercise 6.5 


Representation of the 
T;— Y values for the 
J? =3/2*  baryon-reson- 


ances 


T, — Y scheme of the bar- 
yon resonances including 
the Q particle. This figure is 
of high symmetry and ap- 
parently complete 
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NISHIJIMA, Kazuhiko, physicist, *04.09.1926 in Tsuchiura, Japan. After his edu- 
cation in Tokyo and Osaka, he worked in Góttingen, Princeton and Illinois. In 1966 N. 
became professor at the University of Tokyo. He is now director of the Yukawa Hall at 
Kyoto University. N. has made numerous contributions to theoretical particle physics, 
most notably the suggestion of the strangeness quantum number, the two-neutrino 
hypothesis and the field theory of bound states. 


MM 


7. The SU (3) Symmetry 


To deepen our understanding of the symmetries in the Y-T; plane, which 
occurred in the last problems investigated in Chap. 6, we turn back to group 
theory. We suspect that the figures obtained represent the multiplets of a new 
symmetry. The question arises as to the nature of the symmetry group that is 
underlying these multiplets. Because isospin multiplets are a part of the larger 
ones of the obtained multiplets and since isospin is a realization of the SU(2) 
symmetry, we try the next higher group, the SU(3). Indeed we will find that the 
multiplets of SU(3) fit exactly the figures obtained in Exercises 6.3—5. 

The discovery of the SU(3) symmetry as an ordering principle of elementary 
particles is a highlight of modern physics, as we will discuss later. First we will 
give a brief introduction to: 


7.1 The Groups U(n) and SU(n) 


A unitary quadratic matrix Ü with n rows and n columns can be written as 

Û =ef . (7.1) 
Here H is a Hermitian quadratic matrix with n rows and columns. All such 
matrices form a group under matrix multiplication. This group we call U(n), 


which stands for “unitary group in n dimensions”. Because H is Hermitian, the . 
diagonal matrix elements are real, 
H# = H; and (7.2) 
Hš = H; , tf =1,2,...0 - (7.3) 
Thus H and therefore U allows for n? real independent parameters. Obviously the 
group U(n) is a continuously connected group, because the value of every single 
matrix element can be changed continuously. U(n) represents a compact Lie 
group, because every limit of the complex matrix elements of the form 
lim Uo) = Ua(c ?) (7.4) 
a9 
yields a complex number U;,(c?) once again, and the matrix built up with these 


clements forms a group element once more. The trace of an Hermitian matrix is 
real because of (7.2). For the unitary matrix U, UtU =1 holds and it follows 
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that 

det Ut det Ü =(detU)*detU=1 , |detU}?=1 . (7.5) 
Applying this to (7.1) yields, 

TrH sa , «real 

det Ü = det(eE) = ei Ê gis (7.6) 


This is a consequence of 


Ui 0 - 0 
n - EA U;; 0 

det U = det U’ = det SUS ^! = det , 
NN Uh 


assuming that $ transforms U to the diagonal form Ü'. So if Ü' is diagonal, 
H has to be diagonal too. Thus, 


a 0 -= 0 
^ ^ a H5; 0 
det U = det U’ = dete" = detexpi , 
0 Ann | 
giis 0 . 0 
eiH2; 0 
= det 
0 nee see eee giHnn 
= giHiitHiite8Hi) ei Tr H’ a giTr H 


The last step is correct because 
TrH' - Tr$H$-! 2 Tr SS! 2 Tr. , 
due to the fact that Tr(AB) = Tr(BA), which reads explicitly as 
Tr AB = Y. Ay Buy: = Y By Ag = Tr BA 
ik ki 


If we demand that 
det U = +1 (7.7) 


should always hold, this implies a single condition on the n? parameters, 
a = 0 mod 2x. The matrices specified by (7.7) form a continuous compact Lie 
group. This group is called a special unitary group in n dimensions. It depends on 
n^ — 1 real parameters and is denoted by SU (n). Obviously SU (n) is a subgroup 
of U(n). If we denote a certain element of SU(n) by Uo, with 


Uo = eifo , Tr Ho = 0 ; det Uo =1 , (7.8) 
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then we always can write an arbitrarily given element U of the group U(n) as 


[see (7.1) ]: 
i-a] t) oe]. 
A n n 
(7.9) 
where H = Ho + (x/n)1 and 1 is the unit matrix. The factor «/n has been chosen 
such that 


TrÉ = Tr E, + Tria - Tra - 5n 
n n n 
In other words the matrix elements U;, of U (n) factorize, forming 
OY 
Ui, = exp (i) (Uo )ix 
Indeed it follows from det Uo = | that 


det Ü = ei^ det Uy = e 


Such a factorized matrix Ú is an element of U (n) and Ü, is an element of SU (n). 
The factors exp(iz/n) are unitary 1 x 1 matrices and form the group U(1), the 
nxn matrices exp(ix/n)1 form a possible realization of the group U(1). We can 
formulate the result (7.9) in the following way: An arbitrary element U of U(n) 
can always be written as the matrix product of a suitable exp(ia/n)i, which is an 
element of U(1), and an element Uo of SU (n). 

Obviously both U(n) and SU(n) are subgroups of U(m) if n < m. This can be 
deduced from the fact that an arbitrary element U of U(n) can always be 
expanded to a (m x m) matrix via 


, (Ü 0 
»-(9 9). cao 


Here the unit matrix 1 has the dimension (m — n) and 0 denotes the rectangular 


n x (m — n) zero-matrix. According to (7.1) the corresponding Hermitian matrix 
H' is of the form 


, (H 0 
H Ze 5) , (7.11) 


where A corresponds to the (n x n) matrix U in (7.1). 


7.1.1 The Generators of U(n) and SU(n) 


The general statements of Chap. 3 lead to the conclusion [see (3.6)] that for all 
Lie groups the generators are determined by group elements which are infini- 
tesimally close to the unit element. The group U(n) has n? parameters ¢,; 
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(j= 1,...,s) and thus n? generators Aj. The relation then holds that 


n? 
U(5o;) = c» — 14 iB(09) 2 1i Y 66,4; . (7.12) 
j= 
Since H has to be Hermitian, in the case of U(n) we can use n? linearly 
independent, Hermitian nx matrices as generators. In this case it can be 
deduced directly that 


[4;, À;]- = ici (7.13) 


holds, because i[4,, 2 jl- is once again a Hermitian n x n matrix which can be 
expressed by a linear combination of the linearly independent 4,. Thus, the Lie 
algebra of U(n) is closed, a fact which we know already from our general 
considerations in Chap. 3. For practical reasons we have written the structure 
constants as ic;;, in (7.13), while in (3.13) the factor i has been absorbed in the c; jk 
The generators of SU(n), in analogy to those of U(n), can be chosen as n? — 1 
linearly independent Hermitian (n x n) matrices with trace equal to zero. The 
tracelessness is necessary to ensure the validity of (7.7) by use of (7.6). Once again 
we can conclude that iA, À jl- is an Hermitian matrix with vanishing trace and 
that the Lie algebra of SU(n) is closed, too. 


EXAMPLE DEEEEEMMLULUUAMALLLLIKLULU!LALLILLALIALALI?AA .)AAG v 


7.1 The Lie Algebra of SU(2) 


In this particular case we choose n = 2. Consequently the SU(2) of two dimen- 
sional matrices contains 2? — 1 = 3 parameters. These can be associated with 
the three real components of a vector $. As generators we need three linearly 
independent traceless matrices. From considering the Pauli spin-matrices! we 
know that 


(9 1 . /0 =i 
1710/7 Fi o]? 
1 0 10 
G4 = = 1 
73 (o *) ah (s ) 0) 


are linearly independent Hermitian 2 x 2 matrices which span the 2 x 2-matrix 
space 


| Uii o) 

Ur; Uz2 

completely. In addition, the ¢,, 6; and 6, are traceless. So we can take them as 
generators of SU(2). The commutation relations of the 8; read [6;,6;] = 2i¢;,,0,. 


! See Vol. 1 in this series: Quantum Mechanics 1 — An Introduction (Springer, Berlin, 
Heidelberg 1989). 


7.2 The Generators of SU(3) 


Instead of dealing with the 6; it is more convenient to use the S, = 46; as 
generators, simplifying the commutation relations to 


[S;, 5;]- = ie; S, (2) 


without the factor 2. These relations define a Lie algebra which is isomorphic to 
that of the group SO(3). In view of (7.1), the operators of SU(2) can be expressed 
as 


U = exp(—id;S;) . (3) 


Obviously no pair of the generators (S 1552553} commutes. So the maximum 
number of commuting generators is one, which determines the rank of SU(2) to 
be one. Using Racah’s theorem it follows that there exists only one Casimir 
operator. It reads 


S? = S? + S2 + S2, l (4) 
which can be proven immediately, employing the homomorphism of the algebra 
O(3) and SU (2). 


7.2 The Generators of SU (3) 


The special unitary group in 3 dimensions SU(3) has 3? — 1 = 8 generators. We 
denote them as 


Ài, Aa, -Ag (7.14) 


and choose them appropriately. Because SU (2) is a subgroup of SU (3), three of 
the generators of SU (3) can be constructed from those of SU (2) (Pauli matrices) 
by extending them to three dimensions. Equation (7.10) shows how to proceed, 
the result being 


01 0 0 -i 0 1 0 0 
à=]1 0 0} , Àà9s4]i 0 0} , å=]|0 —1 0| .(715) 
000 0 0 0 0 0 0 


The trace of the Hermitian 4; vanishes as required. The commutation relations: 


of the first 3 generators are similar to those of the 3 Pauli matrices 6; from which 
they are constructed: 


[6,,6;]- = gino, , Lik- {1,2,3} , (7.16) 
[45 4;]- = ie; adn , ik = {1,2,3} . (7.17) 


&:;x is the well known totally antisymmetric tensor. The remaining five gener- 
ators can be chosen in different ways. We use the notation from elementary 
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001 00 -i 000 
À,210 0 aloo o| o LEE 
1 0 io 0 010 
00 0 1 0 ° | 
4;,2|0 0 -i| , Ag=—=/0 1 0 (7.18) 
Oi 0 3100 a] 
All J's are Hermitian and traceless. 
Aad, , 4;=0 . (7.19) 


The construction is simple, e.g. A, and A, result from 4, by moving the non-zero 
elements of the Pauli matrix 


un 


down successively: 


0,10 0 0,1 000 
à =l o 0] +4,=/0 @ 0) +4,=10 0 217 . (7.20) 
000 A 00 0 4/0 
Similarly the 1,, 1, and 4; are related 
0 -60 0 0-2 00 0 
À,-Lr 0 0|2à-|0 9%0 |] +2,=/0 0 si]. (721) 
0 0 0 i 00 0 à 0] 


Finally the 4, and J, are traceless diagonal matrices. In the definition of Âs the 
factor 1//3 is necessary, so that the relation 


Tr Aa; = 203; 


holds for all i,j = 1,2,...,8. We will discuss this relation and its consequences 
after proving (7.24) below. 


EXERCISE C 


7.2 Linear Independence of the Generators 4; 


Problem. Show that the eight generators 4; are linearly independent and span 
the space of all Hermitian traceless (3 x 3) matrices. 


? See for example M. Gell-Mann, Y. Ne'eman: The Eight-fold Way (Benjamin, New York 
1964). 


7.2 The Generators of SU(3) 189 


BEEN a EL MA 11 i-r 


Solution. The problem is solved if we can show that the most general traceless Exercise 7.2 
Hermitian (3 x 3) matrix 
h, 1 h, 2 h 13 
H =| hf, hz h23 
ht h33 —(hı; + h22) 
can always be represented as a linear combination of the eight A, matrices (7.15) 
and (7.18). 
8 
j=l 


This ansatz leads to linear inhomogeneous equations for the coefficients 4; 
v = hy 

Ay1 — Ani + 450 + 440 + 450 + 160 +470 + 1,0 = hi2 

A10 + 450 + 130 + A41 — Asi + A460 + 470 + 490 = hi3 

A41 + 22i +130 + 440 + 450 + å60 + 450 + 440 = hf, 


1 
A10 + 4,0 — Asl +440 + 450 +20 + h10 + 4s- = ho» 


A10 + 450 + 431 + A40 + 450 + 260 + 4,0 + Ag 


4,0 + A209 + A390 + A40 + RU + Agl — Aqi + Ag0 = ho; 
4,0 + 450 + 230 + A41 + Asi + 460 + 4,0 + 1,0 = hf; 
1,0 + 450 + 430 + 440 + 450 + å61 + Api + AgO = hf, 


Since the last equation is not independent, but equals the negative sum of the 
first and the fifth equation, it can be omitted. So indeed there remain eight 
equations for the eight coefficients 4;. The determinant 


0 0 i 0 00 Q0 5 
l1 —i 0 0 0 0 0 0! 
0 0 0 1 -i 0 0 0; 
1 +i 0 0 0 0 0 16 . 
det , | =z! #0 
0 0 -1 0 00 4] J3 
0 0 0 0 1 —i 0 
0 0 0 1 +i 0 0 O0 
0 0 0 0 0 1 +: 0 
is not equal to zero. Consequently there always exists a unique solution for this 
system. 
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Table 7.1. Table of the to- 
tally antisymmetric struc- 
ture constants f; and the 
symmetric coefficients d, 
[compare (7.24)]. All non- 
vanishing structure con- 
stants are obtained by per- 


mutation of the indices 
listed above 
ijk fix ijk — dj, 
123 l 118 5 
147 ł 146 ł 
156 —1 157 i 
246 ł 228 $ 
257 i 247 —ż} 
345 i 256 i 
367 -—1 338 $ 
344 i 
458 Ya 

678 — x3 355 1 
366  —1 
377 -1 

l 

448 2/43 

558 | —-A- 

2v3 

668 J ..1. 

2v3 

4 EU 

778 ~ 243 

888 -+ 


7.3 The Lie Algebra of SU (3) 


With the explicit representation of the generators (7.15) and (7.18), we can easily 
compute the commutators of the 4; and the Lie algebra of the SU(3). Using 
Einstein's summation convention we find that 


[Ai Aj ]- = Zifig Ax > (7.22) 
where we have here extracted the factor 2i. The structure constants are totally 
antisymmetric under exchange of any two indices. 


Sin = — fix = — frj etc (7.23) 


They are compiled in Table 7.1, where we have also listed the symmetric 
coefficients d; which occur in the anti-commutation relations 


Cann = 96,1 + 2dindy , 


diy = djir = dipj etc (7.24) 


We have split up the anti-commutator (7.24) into a trace term (first term) and 
a traceless term. Indeed it can be verified by means of thc explicit representation 
that 


Tr 4j; = 20;; , 
and accordingly 
Tr [4;, 4]. = 46,; = Tr$ó1 = $ó; Tr 


because Tr(1) = 3. We refer to the general considerations contained in Exer- 
cises 11.1, 11.2, and also 5.7. The relations (7.22, 24), the antisymmetry relations 
for the f; (7.23) and the symmetry relations for the d; are indeed helpful tools 
in practical calculations. Only the nonvanishing structure constants are listed in 
Table 7.1. 


Equation (7.22) proves explicitly that the Lie algebra of SU(3) is closed, as 
expected according to our general considerations in Chap. 3. Similarly to SU(2) 
it is useful to redefine the generators as 


F, = 42, (7.25) 
From (7.22) we deduce that 
[Fi F;]- = if Fr (7.26) 


These are similar commutation relations. However, the factor 2 has now 
disappeared. The analogy of the relations between À; and F; in SU(3) and 8; and 
S; in SU(2) is obvious. This caused Gell-Mann to call the generators F; collec- 
tively F-spin, even though there is no direct relation to angular momentum or 
spin. 

As for the considerations concerning the angular momentum algebra [Lie 
algebra of SU(2) or SO(3), see Chap. 2] we now introduce the spherical 
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representation of the F-operators 
T, =F, iÔ, , Ty =F; , 


Ü, = Fs tik; . (7.27) 


The definitions for T., Ü,, V, and f, are obviously based on the observation 
that the F operators are constructed from Pauli matrices [cf. our discussion 
following (7.19)]. The final definition of (7.27), i.e. the Y-operator will prove 
useful in the following. The commutation relations for the new operators can be 
computed as follows: 


[h.f.].- +7. (T.,T-]- 21 


[7,,0,]-- Y3U. [U,,U_]_ 2» 3f- 3 if 2U, 
(Ê, Pi]-= +40, [Pe P]. 23? + T9 29, (7.282) 
[£f]. 20 [£0] - £0. [£P] = tV. (7.28b) 


(T.,¥.]-=(T.,0_]- =([U.,V.]- 20 
[7., P] = -Ü. (7.,U.]- = P. 
(U.,V-]-=T. [Â Y]. 20 . (7.28c) 


The missing commutators can be deduced from (7.27), partly with the help of the 
relations resulting from the hermiticity of the F;, i.e. 


fo2(f , 0.20 )* , Be =V-)* . (7.29) 
Following (7.28), the maximum number of commuting generators of SU(3) Lie 
algebra is 2 (e.g. [73, Y ]- or [Y, T.]- = 9). Thus?, SU(3) is of rank 2 and as 
a consequence of Racah's theorem it contains two Casmir operators. These are 
generally defined as 


C, = F? = T7 Y fa EE, and (7.30) 


C.(F) = din F,F, k > (7.31) 


EXERCISE ma 


7.3 Symmetry of the Coefficient d;;, 
Problem. Show that the coefficients d;;, are symmetric by proving the relation: 
diy = iTr([A;, Àj] «Àx) 


3 It can be shown that the group SU(n) in general is of rank (n — 1). 
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Exercise 7.3 


Solution. We start with the anti-commutation relation 
8 
[Ai Aj | = $ó0,1 + 2 Y diim Ám , (1) 
m=1 


multiply by 4, 

[45 45] adn = $0414. + 2 Y dij An Ak (2) 
and take the trace to give 

Tr([A;,A;]+4,) = $60, Tr(34,) + 2Tr ( 3 dnd . (3) 
With 1B = B it follows that 


$ô; Tr(14,) = $6,;Tr(A,) = 0 (4) 


since the 4, are traceless. Furthermore we can see from the explicit form of the /; 
that 


Tr (4,4) = 20g 
Tr([4, 45] â) =4 Y ijmOmk = 4d: ix 


dijk = 4Tr((A,, À J+ Ax) . (5) 


The symmetry of the dix, under exchange of i and j, follows from the symmetry 
of the anticommutator, because 


Tal. = [A5 Ade . (6) 


The symmetry in the remaining indices can be deduced from the fact that two 
matrices may be exchanged under the trace operation: Tr(AB) = Tr(BA) 


4dij, = Tr(4,2;À; 4 À. AG) = Tr(À, 4,4; + Ais Àj) 
= Tr([4,, A.J] 4 2j) = 4dixj . (7) 


Thus the d;, are symmetric in all indices. 


EXERCISE Se 


7.4 Antisymmetry of the Structure Constants f; ;, 


Problem. Show that, analogously to the formula derived in Exercise 7.3 for the 
dix» a similar relation holds for the structure constants f;;,, given by 


1 a oa ^ 
Six = 4i Tr([Ai, À]- Ax) 
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Solution. Once again we start with the commutation relation for the 4;: Exercise 7.4 
(2, ĝ;]- = 2i Y fade (1) 
multiply by Ax, 
(ihe = 21 Y, Sida D 
and take the trace 
Tr([45, 4]- 4x) = um ( Y fidus) (3) 
Because of 
Try) = 20, (4) 


it follows that 
Tr([A;, Àj] - Àj) = 4i fiimOmk = 4i fin 


1 ^ ^ ^ 
fin = TIAS Ad-À) . (5) 
The relations 
[4.4]. = —(À,À]- and Tr(—4)- -Tr(4) , (6) 
yield 
Sii = — fjir , 


showing that f; is antisymmetric under exchange of i and j. The antisymmetry 
in the other indices follows from our previous considerations, namely, 


4i fin = Tr([A, 4;]— Ax) = Tr (Âe — Ajai) = — Tr AA, — AAA) 
= — Tr(A;As A; — AAA) = —Tr([Ai, Ax] - Àj) = — 4ifixj > (7) 


once again using Tr(AB )- Tr(BA ). Thus the f; are totally antisymmetric in all 
indices. 


EXERCISE Sa 


7.5 Calculation of some d; Coefficients and Structure Constants 


Problem. In order to become more familiar with the SU(3) algebra, calculate the 
structure constants f; ss, f45s and the coefficients d, s and d77,, using the explicit 
representation of the 4; and the previously derived trace relations. 
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Exercise 7.5 Solution. In view of 


1 2242 l a « a 
fine = g TA Aj] - 4) Jise = g (41, 45]- As) (1) 


we first calculate 


010 [9 0 -i 00 -i\/0 1 0 
[4,4,]]-2|1 0 ollo 0 0|—]00 0 [10 0 
00 0/\i 0 0 i 0/100 0 
0 0 
=|0 0 il . (2) 
0 —i 0 
Matrix multiplication yields 
0 0 0\/0 00 0 0 0 
(A1.45]-44=|0 0 —illo o 1l «lO -i 0 (3) 
0 —i 0/\0 1 0 0 0 =i 
Evaluating the trace 
Tr([A41,45] 4g) = -2i , (4) 


the structure constant we are looking for is found to be 


1 1 
zol(-2)a-—- 5 
fise ra 2i) 2 (5) 
Performing the same calculation for 
1 A a 
Jass = ái Tr( [44 „Às ]- Ag) (6) 
one obtains 
00 1\/0 0 -i 00 -i\/0 0 1 
[(44s]-=10 0 ollo o 0/|—1[00 ollo oo 
1 0 O/\i 0 i 0 10 0 
1 
=2110 0 0 (7) 
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, [1 ° 1 0 
[Aei] 00 of/o01 0|- 
0 0 0 0 


2 
3 


Fe (8) 


Tr( [À4. Às] - As) = 
Hence, it follows that 


1 2i 1 
fase = 4723753 . (9) 
For the dij, 
dijk = Â, 2j] Âa) , diis = 143,411. Âs) . (10) 


Because of 
0 


010 100 

[454]. 22|]1 0 0 01 0] , (11) 
00 0 000 

it follows that 


, [| 9 1 0 1 0 0 
[(4541].4492—4|0 1 ojlo 1 O |2—10 10]| . ap 
0 0 0 0 000 


D 


The trace gives 


~ ~ ^ 2 
Tr([À,,41]-28)) 2 —2 , (13) 


A 


leading to diig = 1/,/3. 
Analogously one evaluates 


di7g = ATr((A7, 47] 448) 
to find 


0 [0 000 
[45,44]. 2 2| 0 —i f QU 0 1 i (14) 
0 i 0i 0 0 0 1 
0 
[47,45] + Âs — — 0 
1 


\ 5 0 0 

i 0 1 0 (15) 
0 0 

({A4, 47] 448) = — 
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EXERCISE LLULICLIIULLLIISILILLIUIIGIEULLUUNUUS 


7.6 Relations Between the Structure Constants and the Coefficients d; 


Problem. Show that the identities 


pim Ímka + fim Ímap +S oemfmg =O, (1) 
and 

Spxm4miqg + Sqim4mip + Sitm4mpq = 9 (2) 
hold. 


Solution. In order to prove (1) we employ the Jacobi identity, 
CÂ, 4]-. À.]- + CEA, A.J -,4,]- + CLÂ, pl- 4rd - 
= 1,14, — AA — 44,4 + 4,41, +144, A, AAA 
+ Apdudi + Agdpdr — ApAkAt — Addy + APA, =O. (3) 
Insertion of (7.22) into the I.h.s. of (3) yields 
O = 2ifgimlAms A] - + Zifin LAm 45]— + 2ifepml Ams Ar] - 
= —4(frimSmun + SitmSmpn + Sipmiminyan (4) 
We multiply by Â, and take the trace. With 
Tr(Aqdn) = 20, 
follows 
O = fim fmka + Sim Ámpa + SipmJSmiq 
= foimImka + fim map +SokmImai - (5) 


In order to prove (2), we make use of (7.22) and (7.24), obtaining 
Tr([A;, Ay] — {Â Aa} +) = Y 2i fabe Tr(A,[45,, + 2deas Ay) 
e,f 


= di Y abe dea 206 f= ŝi > fabe cae . (6) 
e,f e 


We can now rearrange (2) as follows: 
fokm mig T Soim4 mip + Sirm dmpq 


1 2 5 2 a ^ 4 ^ ^4 a oa ^ 4 
= gi IP A] - Uu. Ag] + + E A, - (Ai, Ap} + + [hi 4.]- (Ap. Ag} +} 


1 A A A ^ e A A ^ ~ A A A ~ A A ^ ~ — A A 
= g TAA, + AAA - AAA - A + VÉ, 
A Apa — Ada, — ae a + a 
— APA, — AA AP) m0 . (7) 


Terms equally underlined cancel mutually under the trace. 
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7.7 Casimir Operators of SU (3) 


Problem. Verify by use of the commutation relations (7.26) and the anticommu- 
tation relations (7.24) that C, and C; [(7.30,31)] are Casimir operators of 
SU(3). 


Solution. 1) We show that 
~ 8 ~ 
C= Y F f 
i=1 
is a Casimir operator: 


8 ~ P ^ 
[C,,F,J-= Y (FCF; F,]- + (Fi. F.]- Fi) 
i=1 


8 ^ ^ 
=i Y fü (Fi Ey, + Fn Fi) = 9 , 
ijm=1 
because the structure constants fix are antisymmetric in the indices i and m. 
2) We show that 
C, = Y di, F,F;F, 
ijn 
is a Casimir operator: 
[C;. F,J- = Y dijn (E FEE, Fi] - + ÊL, F,]- F, + LF, F,J- F,F,} 
ijn 
= i Y dijn FF, fas Fs T ER, S fim T E,FE;F, fan) 
ijn 
= iy FF; Fm diy Sam + farjdinm + dajm Snki } = 0 
ijn 
In the last step we have employed (2) from Exercise 7.6. Since C, and C, 
commute with all operators F;, they are indeed Casimir operators. 


EXERCISE ENNEIEEEEIEIEIEIMMSZMSMEEENNENENMEEE 


7.8 Useful Relations for SU(3) Casimir Operators 


Problem. Prove the following relations 


YAaEER S. (1) 


ijk 


@ &G)exER-- 


(b) CF) = ÈX din FiF Fi = 6,6, — 4g) . (2) 
ijk 
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Exercise 7.8 


Solution. (a) For the proof of (1) we use the relations 
CÂ, £;] = ifi Fr > (3) 
fiafia = 38u (4) 
The proof of (4) we will give in Exercise 11.3. We evaluate 
Pa PF = fi FFF; + ifi i FE 
= —f FFF, + Poy FF 
= ine SLAP 6 


Extracting )' F? gives 
l 


^ a 2i aaa 
C,= Y F--— 3 Y fi Fi FF; . (6) 
l ijk 
(b) For a proof of (2) we recall the definition of the di; 
(FK, fya = dig Fy + $ô; . (7) 
This yields 
aa a aa o a a laaa 
C; =} din FF; k 7 Fi jl bF 3 F; jÓu 
ijk ij ij 
-LARAA+DARRR- SDR . (8) 


~ ^ 


Now we set Y, F? = C, and we apply in the first term again the relation (3). This 
leads to 
C, = 2C2 —1¢, + dfi FFF, . (9) 


For the last term we insert the relation that has been proved in (a) and in this 
way we get the result 


^ ^ a | 
 ————P[VOrmm&————— ————— d 


7.4 The Subalgebras of the SU(3)-Lie Algebra 
and the Shift Operators 


In order to become more familiar with the F-spin algebra, we study some of its 
subalgebras. The first line of (7.282) shows that the operators (71, T2, T3) fulfill 
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the Lie algebra of SU(2) [isomorph to SO(3)]. 
tí.$3.-25 , E Ef. (7.32) 


The operators T, (i = 1,2,3) form a closed subalgebra. The same holds for the 
operators 


{U,U-,Us} , 
for which we have the relations 

(0,,0.]- =2Us , [0,0,]- = +Ü . (7.33) 
The last of these identities follows from the commutators, (7.282, b) 

[5,0,]. 2 X30. | x(-9 

[LU.]--- Ü.à | xi 

[0.04] = +30. + 4U, = EU. 
Similarly one obtains 

[(V.,V-]-=2Vs . [A P.] 9 +° - (7.34) 
The T-spin algebra (operators T). as well as the U-spin algebra (operators Ü;) 


and the V-spin algebra (operators V.) are closed. All three of them are subalgeb- 
ras of SU(3) and each individually matches the algebra of the angular mo- 
mentum operators [Lie algebra SU(2)]. The operators T+, Ú, V4 are also [cf. 
(2.16)] shift operators, ie. raising (T, Ô, V4) and lowering (T_,U-, V_) 
operators. 

The question arises as to which quantum number gets raised and lowered, 


respectively. To answer this we consider the final equation (7.28c), 
[£72,520 . (7.35) 


Accordingly the operators f and 7; may be simultaneously diagnolized. We 
denote the common eigenstates by 


173, Y? 

and have 
T,|TsY>=TslTsY> » (7.36) 
&nY»-YITY) - (7.37) 


From [Î, P,]- = £if. 
(Ts P. — V. T;)\Ts Y>= +4Vi\Ts Y»? , 
and by making use of (7.36) 
APAY) — TVn Y) = +4 YY 
follows that 
f. TY») = (Ts + YV21Ts ¥) (7.38) 
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Fig. 7.1. Action of the shift 
operator in the 73-Y plane. 
The units of Y correspond 


to ./3/4 times the units on 
the Tj axis (cf. Fig. 7.2). 
Along the 7-, V- and U-lines 
are located the 7-, V- and 
U-submultiplets [SU (2) mul- 
tiplets] 
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implies 


PITY =E N(Y, YT +4, Y>) (1.39) 
a. 


The normalization factors N(T3, Y, Y") occuring in the above equation may 
depend on the quantum numbers T} and Y. Thus, the operators V, trans- 
form a state with quantum number 7; into a state with quantum number T; + 4 
and yet unknown hypercharge Y'. V, raises and lowers, respectively, the 
quantum number T; by 3. By the same arguments we deduce, from 
[73,U,]- = TÀU,, the relation 


RÓT Y») -(T5T3(041T3Y)) . (7.40) 


Hence, Us lowers and raises, respectively, the quantum number T; by 4. From 
the relation 


cy, P.]- = + P. , 
follows analogously 
¥(Vi\Ts, Y>) =(Y DPY) . (7.41) 


Hence V, raises and lowers the quantum number Y by 1. Finally, the commuta- 
tor 


[Z,U,]. = +40, 
yields the equation for the eigenvalues 
Y(U.|T,, Y») -(Y + (0,17; YY) . (7.42) 


Ü, raises and lowers, respectively, the quantum number Y by 1. Because of 


[Z, T,]. = 0, the operators 7, do not change the quantum number Y. In view 
of the algebra of angular momentum (cf. Chap. 2), we already knew that the 
quantum number 73; may be integer or half-integer valued. This is evident 
because V, and U+ shift T; by half-integer units and T, change it by integer 
units. We leave open the question of the units in which V has to be measured. 
We will return to it later, when we consider special examples (cf. the section 


Y U-lines V -lines 


a — 


-3n 12 132 2 52 3 72492 5 B 


exu e s 


7.5 Coupling of T-, U- and V- Multiplets 


about quarks). The shift operators either have no effect on the quantum number 
Y (T4), or change it by integer units (V+, U +). This is illustrated in Fig. 7.1. For 
example, V, raises Y by 1 and T; by 4 whereas T, does not change Y at all, but 
changes T; by 1, etc. We have scaled the integer units on the Y-axis by a factor 
(3/4)? with respect to the units on the T3-axis. Thus, the shift operators T- , V+, 
U_ or T,, V-, U, form equilateral triangles (see Fig. 7.2). 


7.5 Coupling of T-, U- and V-Multiplets 


Some general features of an SU (3)-multiplet structure may be expressed quite 
simply: 

1) The SU(3) algebra has as subalgebras are T-, U-, and V-algebra. Each of 
these algebras is isomorphic to the SU(2) algebra, i.e. to the algebra of angular 
momentum. SU(3) multiplets, therefore, can be constructed by means of coupled 
T-, U-, and V-multiplets. _ . MEN . 

2) The operators T3, Y and, therefore, also U, = 3(3Y — 73) and V3 
= 4(3Y + T;) may be simultaneously diagonalized. Their eigenvalues are 


Ts, Y, U; = $(3Y — Ts) and V;=3(3¥ + Ts) 


3) The shift operators T, V, Ü, act on the states of a SU (3) multiplet 
according to Fig. 7.1. The end points of these operators are situated on a regular 
hexagon. 

4) Hence, the SU (3) multiplet is constructed from a T-multiplet (parallel to 
the T, axis), a V-multiplet (along the V-lines of the diagram) and an U-multiplet 
(along the U-lines of the diagram). These T-, U-, V-submultiplets must be 
coupled because of the commutation relations (e.g. [T.,V- ]- = — U., 
[T., U. ]- = —V,). 

5) Due to the equivalence of the three subalgebras T, U, V, the (finite) 
representations of SU (3) multiplets within the Y-T, plane have to be regular 
(but not necessarily equilateral) hexagons or triangles (if three sides of the 
hexagon have vanishing length) of the form shown in Fig. 7.3. 

This is supported by the following considerations: the elements (states) of 
a T-multiplet are placed along the T-lines and are counted by the quantum 
numbers T}. As we know from the angular momentum (and the algebra of 
isospin) all Tj values of a given multiplet have to be within the interval 
Ts max > T3 = — T, max: Therefore, the SU(3) multiplet has to be symmetric with 
respect to the Y-axis (T3 = 0 axis). Evidently, the T lines make a right angle with 
the Y-axis. 

6) As the T-, V- and U-algebras are equally symmetric and, hence, equiva- 
lent subalgebras of SU(3), a figure representing an SU(3) multiplet has to be 
symmetric with respect to the axis U;= 0-53(Y)- Tj and V4,-—0 
= 3( Y) + T}. The three symmetric axes intersect, forming an angle of 120°. The 
V-multiplets are arranged vertically to the (V4 = 0) axis and the U-multiplets are 
arranged vertically to the (U3 — 0) axis (Fig. 7.4). The three submultiplets are 
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one unit of the 7T5-axis 


Fig. 7.2. Units in the Y-T; 
diagram 


n 


Fig. 7.3. Typical form of 
a representation of a SU(3) 
multiplet within the Y-T; 
plane 


Fig. 7.4. The three axes of 
an SU(3) multiplet. The 
angles between the axes 
amounts to 120^, the Y-axis 
being scaled by a factor of 


3/4 
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YÀ nya Y) = Ymar 


Fig. 7.5. Furthest right of 
the SU (3)-multiplet states 
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linked to each other (e.g. by the commutation relations of the type 
[T.,V.] = —U.). Thus, a regular hexagonal or triangular structure is formed, 
representing the SU(3) multiplet. 

7) In particular, the origin (Y = 0, T} = 0) is the centre of each SU(3) 
multiplet. In other words: each SU(3) multiplet is centred around the origin of 
the Y-T, plane and is left unchanged by a rotation through + 120° around the 
origin. 


7.6 Quantitative Analysis of Our Reasoning 


In the following we want to elaborate on our ideas about the structure of SU(3) 
multiplets. Our interest is restricted to finite multiplets, ie. such multiplets 
containing a finite number of states. Consider first the state which belongs to the 
largest T; value in the SU(3) multiplet. Such a state always exists within a finite 
multiplet. We denote it by 


V max = (73 )max Y» . (7.43) 


In a T3-Y diagram (see Fig. 7.5) it is the furthest right of the states, and for this 
state holds the relation* 


T, V max = A V max = U_ W max =0 , (7.44) 


since each shift operator would otherwise raise the value of 75, which is 
impossible according to the previous assumption. 

The boundary of the multiplet may now be constructed by repeated applica- 
tions of V_ on Wmax. Let this process be repeated p times. Assume that the 
(p 4- Dth action on this state results in 


(PP n= . (7.45) 


This property uniquely defines the integer number p. As soon as the state 
(V- ij, is reached, one may follow the boundary of the multiplet by a repeat- 
ed action of T_ on the state. This process may be repeated, say, q times, the 
(q + 1)th action of the operator resulting in 


(DY (P ya =O, (7.46) 


which determines the integer q. The numbers p and q define a multiplet of the 
group SU(3). 

Until now we have followed the boundary of the multiplet as depicted in 
Fig. 7.6. 

One may wonder why the boundary line turns to the left and not to the right 
in the lower right corner of our figure. A global answer to this question can 
already be given based on symmetry groups: The representation of an SU(3) 


^ Following S. Gasiorowicz: Elementary Particle Physics (Wiley, New York 1967). 
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Fig. 7.6. The boundary of 
the SU(3) multiplet in Y-T; 
space 


(f YD as qtimes YÜ- Ymax 


multiplet has a hexagonal structure with symmetry axes intersecting at 120° and 
with the origin Y = 0, T; = 0 in the centre. It will now be shown that the 
boundary of the multiplet always has to be convex. For this purpose, consider e 
Fig. 7.7. The point M, representing the state with the maximal T; value, V max» 1S 


called the state which carries the maximal weight T;. Action of V_ on Yma ree ° ° ? 

sults in a state N on the mesh.° o 
It is important to realize that there is only one unique state in N, if Ymax in M is 

unique. One might be inclined to think that, e.g., the state e. o. œ 
Ü. Î- Wmax es 


is another, independent state in N, as it has not been reached directly but via the Fig. 7.7. A concave part of 


state M,. However, by means of the commutation relation (7.28c) we show that the boundary of an SU(3) 
multiplet. The dashed lines 


U_T_Wmax = ((U- T- — T- U_] + T- U- Vas to the right of point À rep- 
= [Ü _, T. J]-WYmas (since Ü. Panax = 0) resent forbidden steps 
= V_ Vmax - (7.47) 


It may easily be checked that all other detours lead to the same result. Similarly, 
it follows that 


Ys = Vn (7.48) 


is equally unique. The same holds true for the state represented by the point 
A and denoted by y 4, where 


yam V Vs . (7.49) 
If there exists a state at C (which may be denoted by Wc), then 
Gite = Aba s, (7.50) 


5 If V_Wmax = 0, one may argue in a similar way with Us Y max- 
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Fig. 7.8. Typical representa- 
tion of an SU(3) multiplet, 
characterized by (p, q) = (7, 3) 


À / 


bd 


Fig. 7.9. A convex dode- 
cagon contains 12 directions 
(pairs of which are anti- 
parallel) 
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since the state in A is uniquely determined to be y4. The relations 


AQ? = <P- hels de> = bel Oa [Wed (7.51) 


would then hold and thus 


1 = SMallVs, U. ]- + U, Valve? _ 9 (7.52) 

CAL» 
The commutator 1A ,Ü + ]- vanishes identically because of (7.28c), just as the 
matrix element 


CbelU Vs led = QU Wal Peed 
= QL.( Ph marl Pe kc» P YU uui P, Wed 
=0 , (7.53) 


because V_ and U_ commute and U_ Ymax = 0 [cf (7.44)]. According to (7.50), 
a constant A = 0 implies the non-existence of a state at C, i.e. Yc does not exist. 
The outer boundary of the multiplet cannot be concave, it has to be convex. On the 
inner side of the boundary all points are occupied. Such an inner point is 
completely surrounded by occupied points. It should be remarked that the point 
M carrying the maximal weight must be occupied only by a single state, because 
it is the outermost point of a T-multiplet. Concerning T-multiplets (which are 
determined by angular momentum algebra) one knows that all points belonging 
to a sub-mesh of the quantum number T are occupied only once. This holds 
especially true for (7%)max- 

However, note that inner mesh-points e.g. M,, may well be multiply occupied. 


7.7 Further Remarks About the Geometric Form 
of an SU(3) Multiplet 


The requirements of convexity and 120? symmetry of the boundary of an SU(3) 
multiplet are met either by a triangle or a hexagon (see Fig. 7.8). Why do not 
higher polygons appear, e.g., 12 sides or 24 sides? The answer is that the 
available shift operators only allow for a shift along the V-, T- and U-lines in 
both directions. Thus, there are only six directions available, pairs of which are 
antiparallel. The convexity of the polygon allows solely for triangles and 
hexagons. À convex dodecagon could only be constructed by making use of 12 
directions (two at a time antiparallel, see Fig. 7.9). However, as already stated 
above, there are only six directions available. 


7.8 The Number of States on Mesh Points on Inner Shells 
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7.8 The Number of States on Mesh Points on Inner Shells 


The mesh points of the boundary of an SU(3) multiplet are occupied only once, 
as demonstrated earlier. This means that there is only one state which corres- 
ponds to a given mesh point on the boundary. On the next layer or “shell” (by 
this we refer to the next hexagon on the inner side of the boundary), each mesh 
point is occupied by two states of the multiplet. Thus, the next shell has a double 
occupancy, the following shell has a triple occupancy etc. The multiplicity is raised 
by one each time we pass to the next inner shell, until, after q steps (q < p), the 
hexagon has become a triangle. Now every mesh point carries (q + 1) states. 
Each state within the triangle has a multiplicity of (q + 1). This is depicted in 
Fig. 7.10, showing the (p,q) = (7,3) multiplet. 

In this typical SU(3) multiplet, characterized by (p,q) = (7,3), the multi- 
plicities of states per mesh point are noted on the shells, which are hexagons or 
triangles, respectively. Every mesh point on a given shell carries the same 
number of states. This can be proved by first showing that the multiplicity is 
raised by one when passing from a given hexagonal shell to its next inner 
neighbour. To this end consider any, two neighbouring shells (Fig. 7.11). 


First it will be demonstrated that constant products of the V-, T- and U-shift 
operators, which are independent of Y, may be written in a form 


Pi,=TtULV2 @B>O0) . (7.54) 


Furthermore, for u = «+ B there exist exactly u + 1 independent products. 
(These operators transform a state with quantum number 7; into a state with 
T3 — p). To begin with we consider an example: u takes on the value u = 1, only 
in the cases a = 1, f = 0 or « = 0, f = 1. The products are easy to evaluate 
P, o = T. and By, = Ü., y. . (7.55) 


There is still one combination of operators leading to the same value 7; and 


Fig. 7.10. SU(3) multiplet 
with the multiplicity of the 
shells. Example of D(7,3) 


Fig. 7.11. The multiplicities 
of M and N 
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Fig. 7.12. Of the three 
apparently possible routes 
from M to N, only two are 
independent due to the com- 
mutation relations 


leaving Y unchanged, namely the product V. Ü (Fig. 7.12). In view of the 
identity V. U, = —T. -Ü,PF ., the operator V_U. may be represented in 
terms of the products (7.55). Thus, the assumption is verified for the case u = 1. 
. For the general case consider the products of the shift operators (Ü, V_) and 
T- which leave the hypercharge Y unchanged. As Ú , raises the hypercharge by 
1 and V_ lowers it by the same amount, such a product must contain an equal 
number of U, and V_ operators. To begin with we show that all of these 
products may be written as linear combinations of the kind, 


B, fe us ys " (7.56) 
By making use of the equations 
V Ü, =- O-U0.P. , and POTo- [f P. (7.58) 


any given product may be reordered such that all V. operators appear on the 
right. Thus, we get a sum of terms in the form 


U.T....T.U0, 08 . (7.59) 
In a second step all operators T_ are moved to the left by making use of 
Ü,- =Ê Ô, . (7.60) 


Thus, a decomposition of an arbitrary product into a sum of terms in the form of 
(7.54) is obtained. The operators P,,g decrease the isospin quantum number by 
1+ 83+ B4>a+f=y. On the other hand there are, for any given p, 
exactly u + 1 operators P, a, namely P; p-a, & = 0, 1,2, ..., u. Now returning to 
the general case, if we apply P,g to a state of the outermost shell then apparently 
H = x + D specifies the shell of the multiplet. For u = 0 we see that Poo does not 
change the state and remains on the outermost shell; u = 1 yields a state of the 
first inner shell; 1 = 2 a state of the second inner shell, and so on. As mentioned 
above, the operator P, , leads inwards, parallel to the Y axis. All of these paths 
are of the form 


(T-(P.Ü,y«U, P ys. , (7.61) 


where ny + n; + n3 + -= a+ f. These different zigzag paths lead from the 
starting point, towards inner shells parallel to the Y axis. They may be trans- 
formed into linear combinations of the shift operators in the form of (7.61) by 
means of the commutation relations V- U, = —T.. + U, V... All we have to do 
now is to count the number of paths [i.e. operators in the form of (7.61) ] which 
exist for a given number u. We elucidate this in the following: 

, For a displacement of y units in the T, direction, by means of the operator 
Pag, various possibilities (x = u, B = 0), (« = u — 1, B= 1)...(x« 20, B=p 
exist. These are the u + 1 independent paths. For each state on the outermost 
shell (u = 0), we therefore get two states on the next following inner shell, three 
states on the second inner shell, etc. Since each point on the outermost shell is 
occupied by a single state [outermost points of the largest 7; multiplet are singly 
occupied, because it is an SU(2) multiplet], each point on the next inner shell is 
occupied by one more state. Why does this reasoning fail to hold when we reach 
a triangular shell? This either happens after q or p steps, according to q>por 
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vice versa. In order to obtain a graphical picture, we observe once more the 
increasing number of paths when going towards inner shells of the multiplets 
using the example of a D(7,3) multiplet (Fig. 7.13). We start with the state of 
maximum weight, the outer right (A). There are two independent paths to B, 
namely T- and V- U,. This results in two states at B. From B to C, there is 
a path for each of the two states in B by applying the operator T_, that is 7. T- 
and T. V_U,. In addition we have the path (V_)?(U,)? to C. This additional 
path is actually the reason for the increase of the multiplicity by one. 
A similar reasoning holds true for D. The paths from C are extended by T.. 

Furthermore the path 


(V.P (0, 


to D is situated on the triangle. Going from D to E, each existing path to D may 
be continued by applying the operator 7.. But the additional path which 
existed for the previous shells now vanishes. It would be represented by the 
operator 


(V_)*(U.)* 


This operator applied to the state | A> yields zero, because (Ü. A» (i.e. in the 
general case (Ü., A») is the last, nonvanishing state on the boundary of the 
D(p, q) multiplet in the Ú, direction. Therefore, the number of independent 
paths is no longer augmented, once we have reached the triangle. By means of 
the path ( Ü.y(F.. y we argue in a similar way for the case p « q. Example 7.9 
demonstrates these facts again using different arguments. 


EXAMPLE Se 


7.9 The Increase of the Multiplicity of States on the Inner Shells 
of SU (3) Multiplets 


In the following we want to determine the multiplicity of states on the inner 
shells of a multiplet in another way. To this end we start with the state carrying 
the largest weight in a (p, q) multiplet (see figure). This state has the following 
values for the V-, U- and T-spin: 


_P LP 
=; > Vs 2 
_4 EE 
U=; » U 2 
_p+4 _pt+4 1 
T= > Ty (1) 
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Fig. 7.13. Illustration of the 
routes from À to B, C, D 
and E 


For the derivation of the 
multiplicities of states on 
inner shells of a multiplet 
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Example 7.9 The relative phase is set equal to 1, i.e. we define 
+q p+ 
55), =(e-2) -prastrfy lay | D 
2 2/y.1 |2 2/u.1 2 2 T,1 


In general we choose the phases for all states on the border of the multiplet 
(outermost shell of the multiplet) equal to 1, e.g. 


I2» = LER) 2-2 157) [Pago tet) 
2 2 /y2 PF 2 U.2 2 2 T,2 
peppe) jey ien 
2.7 2 y.3 2 7 2 U.3 
HERES (3) 
2 , 2 T,3 


As we have already seen, all of these states on the outermost shell are unique. 
How about some arbitrary state |4»? To answer this question we apply the 
operator identity 


Ü, V —PU.—f =0 (4) 
to the state |1>. This results in 
Ü. P.» P UO. — fry 


+, [P(p+2) p(p—2) > j[a4(4t2 4q(q-2) 

4373 0303 DD-fJ$532-18134 

_ jp*d(pta-2 (p-q(p-a-—2lpq pean?) 
2 2 2 2 27° 2 jra 


_ *0(2-3) (¢@+1)(q—1 |q+1 -) 
=v? 2 2 2 ue 2 Jua 


- fq fez9073 (G*10(-1 


— ib ee 


2 2 2 2 
p+1 p—1 P+q p+q-—2 
ERE) -ve prati 
+1 —1 p+1 p-1 
= Vela + D/P, .2-l —Ja(p + 1) ——, —— 
2 2 /va 2 2 fva 


— i- ——— m = 0 . 5 


T.4 


For the moment we presume that the state |4) is occupied by one state only. In 
this case the corresponding U-, V- and T-spin states differ only by factors a, b 


pq ni ilp+1 us 
' T,4 Vr,4. 


2 2 “al 2^" 3 


liq+1 q-1 . 
= -[—————É t b= +1 . 6 
i 2^3 » with a t (6) 
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But from (5) it follows that 


b./p(q+ 1)—a.j/qip+D=J/pt+q . (7) 


We square this equation and obtain 


ab./pq(q + )(p- 2p4 . (8) 


Apparently (8) is valid for the case where p or q equals zero. However, for p # 0 
and q # 0 (8) has no solution, as squaring and division by pq results in 


(q- D(p-D*pg . (9) 


Thus, we have found that the state |4> is occupied by only one state provided 
that either p or q equals 0. This means that the corresponding representation has 
the form of a triangle. Since |4» is positioned on the edge of the multiplet in this 
case, this fact corresponds to our earlier result. 

In the case p # 0 and q # 0 one has at least to assume a double occupancy 
of |45 


ptqptq-2 p+q—2 p+q-2 
4» = t |\-———, ———_—_ +t, (|Á i 
M =t] 2 LL ? 2 2 TA 
q+i1 q—1 q—1 q—1i 
= 1 , u^ > 
2 2 /ua 2 2 Jua 
p+1p-1 p-1 p-1 
= v, | ——, —— , —— . 
FPS) rh ESI), e 


The question arises as to whether this ansatz satisfies (5). To prove this we 
consider the following general ansatz: 


+1 q-1 
qti 4 ) ka 
U,4 


pea pein?) 
ma eee =a, 
T,4 


27 2 2 2 
p+q—-2 p+q-2 =a q+1 q-1 
2 7 2 ra 7| 2^" 2 Jua 
lIq-1 q-1 
à, E 5 L (11) 
a2 4-a$-1 
p+q p+q-2 -b p-1lp-1 b p-1 p—1N 
27 2 7|" 2 *2|737 32 
T,4 Vr, 4 Vr, 4. 
pnr _»letie-1\ _, |p-i ep- 
2 à 2 ra | 2° 2 /ma 12^" 2 Jya 
(12) 
b? + bł = 


We consider whether a,,a;,b, and b;, may be chosen such that (5) is fulfilled. 
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Example 7.9 
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To this end we multiply (5) by 


+ — 2 —2 — 2 - 
(toa q ptq-2 and (R53 tg p*g-2 , Obtaining: 
T,4 T.4 


2 2 2 ' 2 
aiy p(q + 1) — by /q(p + 1) — (P 4)-0 (13) 
azy plq + 1) —b/q(p-1)20 . (14) 


Performing some algebraic manipulations we arrive at 


biq(p + 1) = p(q + 1)a2 + p+ 4q—2a;,/p(q + 1)(p + q) (15) 


bia(p + 1) =p(q+ la?—ptg . (16) 


Subtraction of these equations yields 


_ p 
EVT ESITE S (19 


We choose the positive solution for a>, 


_ {4q+pt+i1) 
2 Vat Deed (8) 


and get for b, and b, 


b= [94*Ptl) , —4 1 19 
CERET "=~ laqenpep 09) 


Thus, we have shown that in the case p ** 0 and q # 0, the mesh point must have 
at least a double occupancy. For the irreducible representations, in which we are 
interested, this minimal case must be realized. 

From the fact that |4» is doubly occupied, it follows immediately, by means 
of the U, V and T symmetry, that all inner points are occupied by at least two 
states. In the next step one may derive the decompositions for the states 16> and 
18>, which are analogous to (11) and (12). As an example we apply the operator 
identity 

T.U,-U.T_ =0 (20) 
to the state |1>. This leads to 


[41 ——siptq—1p-c-9g—3 
2 A T,6 

qT1 q—3 

= VP +q {| (a1 /2q 307 
U,6 


+a,/q—1/421 2-3V \_, (21) 
2 2 U,6 
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or 


Fel fttt _ Pero 1il -— 
2 , 2 p+q- 1 U,6 
" MN -£3i) 
qp*tq-0! 2° 2 /ue 
oJ RN ES +1 — -17) 
TEETER U,6 
, Ka-Di-tato E _ t) 
(q+\)(ptq—-1)]| 2" 2 Jue 
Having derived by this method the decompositions for |6> and |85, the commu- 
tator relation (4) is applied to the state |4> which yields the multiplicity and 
decompositions of |9>. 

In such a way one is able to derive the multiplicities for simple representa- 
tions. The general proof for the rules in Sect. 7.8 is carried through by making 
use of group theoretical methods which cannot be explained in detail here. It 
should have become clear by now that the multiplicity of states is raised by 1, 
starting from the state with largest weight, by repeated action of T_. This 


process may be continued as long as the construction is possible, i.e. until 
a triangle is reached. Within the triangles the multiplicity is not raised. 


EXERCISE SR 


7.10 Particle States at the Centre of the Baryon Octet 


Problem. With the help of the general relations deduced in the last Example 
(7.9), specify the combinations of particles which corresponds to the states 
IT=0, 7, 20» |T=1, 74205, |V 50, V5 05, |[V=1, V3 = 0>, |U —0, 
U, = 0» and [U = 1, U; = 0>. 

For a physical interpretation of these states consider the octet of baryons 
from Example 6.3. 


Solution. The classification of the particles is based on the isospin eigenstates 


[2°> =|T=1, T; 20» = |1, 0dr 
|A°> =|0,0>7_ . (1) 


Example 7.9 
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Exercise 7.10 From (11) and (12), given in Example 7.9, it follows that (p=q=1) 


3 
IZ?) = $10», + SEIS 


49> = LÈ 1,0), —4 10,05, and (2) 
|z?» = -5ll o> + Zio, 05, 

3 
4 exi, 10, . (3) 


These relations can be solved for the states on the rhs 


D(7,3) multiplicites 

The outermost shell consists 
of constants with p = 7 and 
q = 3 units 


3 1 
10,0, = iz 1o; 


1 
Oy = 112°) + ¥3) 49 
2 2 
[z 
3 
00r = 12°) + 214% 


L0 o 312% + ao °» (4) 


Note, however, that the signs in (4) depend on the phase convention. 
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EXERCISE Sa 


7.11 Calculation of the Dimension of the Representation D(p, q) 


Problem. Determine the dimension of the general representation D(p, q) with 
the help o the known multiplicities of the states of the SU (3) multiplet. The states 
correspond to the lattice points of the graphical representation of the multiplet 
within the Y-T} plane. 


Solution. We remember that p and q are just the number of links at the edge of 
the weight diagrams [see, for instance, D(7, 3) in above figure]. Furthermore we 
know that each point of the outermost shell has multiplicity 1, the points of the 
neighbouring inner shell have multiplicity 2, and so on, until we reach a triangu- 
lar shell (p = 0 or q = 0). Then the multiplicity stops increasing. The outermost 
hexagon contains 3(p + q) points (states). The adjacent inner shell has (p and 
q decreased by one) 3[2(p — 1 + q — 1)] = 3[2(p + q — 2)] states, the factor of 
the two originating from the multiplicity of the lattice points. Accordingly the 
third shell has 3[3(p — 2 + q — 2)] = 3[3(p + q — 4)] states. In general the 
number of states of the (n 4- 1)th shell is given by 


3((n + D(p +q — 29) 


Summing up we obtain 


q-1 
3 2 (n+ Dp a- 2n , (p»4) 


The sum does not include the triangle and its interior points. The number of 
points enclosed by the triangle and lying on the triangle itself is simply (see 
above figure) 


p-qti 
Y nei(p—-a-c0D(p—a4a-42) 
n=1 


The multiplicity of each triangle point is q + 1. Thus, the contribution of the 
triangle to the dimension of the representation D( p, q) is 


3(q + 1)(p—q+t+ D(p—-a- 2) 
Altogether we have 
q—1 
d-i(q-1(p—q-^D(p—4-2) +3 (n^ D(p-*q- 2n) 
n=0 


The summation of the second term can be done by factorizing the expression 
and ordering with respect to parts proportional to n and n?. Additionally, using 


q-1 q q-1 2 q 
Y n-5(q— 1) and Y n -&(a—- D24- 1) 
n=0 n=0 


Illustration of the inner tri- 
angles. The number of iat- 
‘tice points lying upon the 
lines parallel to the T; axis is 
1—1,2,3.... 
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Action of the operators 
V,,U_, and T, on the state 
of maximal weight 
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the two terms yield the final result 


d=3(p + 1)(q+ 1)(p+q +2) 


EXERCISE Sis 


7.12 Determination of the Dimensions of the Representation D 


Problem. Determine the value of the quadratic Casimir operator Xi F 7 in the 
representation D(p, q)! 


Solution. First we express the F, in terms of the operators defined in (7.27). We 
use the relation 

T? + f2 = (f, Ê + Tf. fon (1) 
which is also valid for U- and V-spin. This is easily verified by explicitly checking 


for U- and V-spin. 
We obtain 


DFP =KT.T_ + TT.) + T2440, 6 + Y. V.) 
+4(U,U_+U_U,)4+3 Ê? . (2) 


Since the value of a Casimir operator is fixed for a given multiplet, we can 
choose an arbitrary state of the multiplet to evaluate it. Again we choose the 
point where T; has its maximum (right outermost point of the multiplet). Acting 
with V., T+ and U- on this state leads out of the multiplet and yields zero as 
illustrated below. 

The idea is now to rearrange the operators in (2) such, that Y, T, and U- 
stand on the right of the operator products. Accordingly such products yield no 
contribution when acting on a state. For this reason we use (7.28a), which can 
also be written in the following manner: 


T, T. 2 T. T, +2, 
P, V- =°., +3f+ Ê 
U_U, = Û,Û_—}łf4 T; . (3) 
Inserting into (2) yields 
Y F? = T.T. + T2 + y. ZA +43Y4+ T;) 
+U,U0_ - 4—3Y + hh) 437? 
=734+27,4+377+77.407-0.40.0_ . (4) 
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Since the last three terms do not contribute (as mentioned above) it only remains 
to determine 7; and Y at the point at the far right of the multiplet by considering 
the figure below. 

Looking at the lhs of the figure, one sees that 73 is half the length of the side 
of the dotted triangle, i.e. 


-2+4 
n-—— (5) 


From the rhs of the figure, one infers that Y is one-third of the sidelength of the 
inner dashed triangle, giving 


| .p—4 
Y= =z (6) 


We are thus led to the result 


^ p+q\* ,ptq 3(p—qV 
ÔÊ, =| 2E pE 
(z " ( 2 y+ 2 «à 3 
p! * pq * d? 
3 


As important special cases we obtain the values 4/3 for the representations 
D(1,0) and D(0, 1) and 3 for D(1, 1). 


+p+q . (7) 


Exercise 7.12 


f 


x 4, 
wt? 
For determining the T3- and 
Y-coordinates of the state of 
maximal weight 


8. Quarks and SU(3) 


In the previous chapter we have shown that the SU(3) symmetry indeed yields 
multiplet structures, as we have found before empirically (Examples and Exer- 
cises 6.3—5). It therefore appears that the group may represent a new funda- 
mental symmetry for classifying elementary particles. Of course the question 
remains whether the SU(3) symmetry may predict further multiplets which have 
not been found until now. 

In searching for a physical interpretation of the SU(3) we should understand 
the implications of the SU(3) representation and its quantum numbers 7; and Y. 
The 7-, U- and V-spin fulfill the angular momentum algebra [the SU(2) Lie 
algebra] and turn out to be subalgebras of SU(3). The following considerations 
will enable us to classify elementary particles within SU(3) multiplets if we 
interpret Y as hypercharge and T as isospin. Following this hypothesis, we will 
compare the theoretical implications with experimental facts. Isospin multiplets 
in a given SU(3) multiplet are represented by parallels to the 73-axis. As a first 
step we define the charge operator according to (6.5) as 


O=1Y4+T, . (8.1) 
We denote the SU(3) states by 
IT: Y,a) , (8.2) 


where the additional quantum numbers abbreviated by « will be specified later 
(eigenvalues of the two Casimir operators which classify the multiplets unique- 
ly). The eigenvalue equations 


Y|T3Y,a)>=Y'T3¥,x) , TQTYa- T TYx (8.3) 


yield for the charge operator 

^ Y 

ànra = $+ Jio) = Qi o) . (8.4) 
For SU(3) states the charge Q is a good quantum number. In particular, a singlet 
state has zero charge (see Fig. 8.1), 

100,25 = 000,2) , (8.5) 


because the eigenvalues Y and 7; vanish in that case. 
It becomes natural to interpret the A* hyperon, which has been identified as 
the baryon resonance (see the list in Example 6.5) at 1405 MeV with spin 4 and 


Y 
1 


singlet 
/ g 


Fig. 8.1. The singlet repres- 
entation of SU(3) (p,q) 
— (0,0) It is the smallest 
trivial representation 


V-spin-doublet 
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1 T3 


I 


Fig. 8.2. The isospin doub- 
let T=4 with the states 
ITT3> =|23> and |TT;> 
=|$—4) is the smallest 
non-trivial representation of 
SU(2) 


U-spin-doublet | y 


Isospin-doublet 
< 


V-spin-doublet 
[3] 


U -spin-doubletl y 


T3. 
Isospin- 


"doublet 


[3] 


Fig. 8.3. The smallest non- 


trivial representations of 


SU(3) 


negative parity, as a singlet state.! We remember that it did not fit into the 
highly symmetric scheme of Example 6.5; indeed, it represents, so to speak, the 
most trivial SU(3) representation. Let us now look at the smallest non-trivial 
representation of SU(3). We first remind ourselves that the i isospin doublet with 
T — is the smallest non-trivial description of the isospin group SU(2) (see 
Fig. 8.2). This implies that we can construct all higher multiplets from this 
representation. Technically this is achieved by Clebsch-Gordan coupling of 
isospins T = 3 to an arbitrary isospin, although this can not be performed with 
the lowest SU(2)-multiplet 7 = 0. In that sense the T' = 0 multiplet of the SU(2) 
is trivial. 

Because the F-spin algebra [SU(3)] contains the isospin as a subalgebra, the 
smallest SU(3) representation we are looking for must contain at least one T = 4 
charge doublet. As a matter of fact the T-spin, U-spin and V-spin algebra 
appear fully symmetric in the F-spin algebra. Consequently, the SU(3) multiplet 
we are interested in must contain a T-, U- and V-doublet. By reason of the 
inherent symmetries of the SU(3) multiplets in the Y — 7; plane (see the 
conclusions concerning 7-U-V multiplet coupling in Chapter 7) we are led to the 
two equilateral triangles, as shown in Fig. 8.3. As required by general symmet- 
ries they are symmetrically centered around the origin (Y = 0, T4 — 0). We 
denote the representations by [3] and [3], respectively, because each contains 
3 states. If [3] stands for particles, then [3] represents the corresponding 
antiparticles since the state y, has opposite hypercharge and opposite 73-com- 
ponent and thus the opposite charge as compared to y,: 


Qv, - Qu, , Qj, - - Qu, (8.6) 


Each of the two representations [3] and [3] contains an isodoublet T = J and 
an isosinglet T = 0. For instance the isodoublet for [3] is given by the states 


Wi=lz¥> , Vasl|-iY) , (8.7) 
whereas the isosinglet reads 
Vs m JOY» (8.8) 


Until this point the hypercharges have remained unknown but they may now be 
determined: The T;-values of y, y ;, V4 can be directly derived from the eigen- 
value equations 


Tama, fàui--W.,. fa-05,, (8.9) 


and, considering that y, is a U-spin singlet, the corresponding values of the 
hypercharge Y can be derived. 


Us, =0 (8.10) 
From U; = (3¥ — 27,)/4 [see (7.28)], it follows that 
Yy; 2 340, + 27;)W, =F Ts. = 4, (8.112) 


! See S.L. Glashow, A.H. Rosenfeld: Phys. Rev. Lett. 10, 192 (1963). 
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Since y, and y; belong to the same isospin doublet (situated perpendicular to 
the Y axis) and thus have the same hypercharge, it also holds that 


Fy = 4(4U; + 2T, =32 . (8.11b) 

Now one can identify [4U; + 2x ( — 3)]/3 = 3 and thus U; — $ for y2. 
Accordingly, Y, must have the eigenvalue U, = —4. Indeed the U_ operator 
leads from y, to W3 as seen in Fig. 7.1 and this leads to 

Pips = $(4U3 294. = 44 x(- 4) +2xO)¥s=—F¥3 . — (811Q 
By similar arguments, we obtain for the states of [3], 

Wi=-th . Yé--5.,. Y--98. (8.12) 


We are thus necessarily led to hypercharges which are multiples of one-third. 
This has far-reaching consequences if one accepts that the charge operator 
Q [see (8.1)] is determined by the Gell-Mann-Nishijima relation. As a conse- 
quence the following charge eigenvalues for the states of [3] are found: 


OW, - OY + Ty, = Gx} + Dui -3V4 , 
Ow, = GF + T; —-(ixi-by-2-—ivi;, 


Qy; =GY + ys = $x(-3 + Os =— 405, (8.13) 
and similarly, for the states ý, of the antitriplet [3], 
Qj;--34, , QU; Wa. Q= +i (8.14) 


The particles which correspond to the states of the [3] multiplet of the SU(3) 
have fractional charges. Gell-Mann proposed the name “quark” whereas Zweig 
called these particles *aces".? Since y, and y; form an isodoublet similar to the 
proton and neutron, the y, quark was named "p quark" and the y; “n quark”; 
V3 is named “4 quark". A more modern nomenclature is “up quark" (u), “down 
quark" (d) and “strange quark" (s). From now on the quark states y ,, V2, v4 are 
denoted by q1, q2,q3 to make the association clear. Similarly, we write for the 
antiquarks: 


Visas Vs ^ 41.42.43 
8.1 Searching for Quarks 


Many physicists have searched for quarks, i.e. particles with one third charges. 
Jones? described attempts to produce quarks in accelerators and to find them in 
seawater, minerals and in cosmic rays. McCusher and Cairns believed that they 


2 G. Zweig: CERN-Preprint 8409/Th. 412 (1964). 
* L.W. Jones: Int. Conf. on Symmetries and Quark Models, Wayne State University, 
Detroit (1969). 
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had found quarks in highly energetic cosmic rays.* Nevertheless, up to now no 
convincing positive result has been achieved. There is also much doubt about 
the experiment of W. Fairbank? et al. who claimed to have found particles with 
a fractional charge in a modern version of a Milikan experiment. Other authors 
object to this.? Thus, there are strong reasons for assuming that free quarks do 
not exist in nature. With the great success of the quark model for describing 
elementary particles on the one hand, one is directly confronted with the 
fundamental problem of quark confinement on the other hand. This concept 
tries to explain that quarks can only exist inside particles as bound states (i.e. 
they are confined) and not as free particles. We will return to this point later. 


8.2 The Transformation Properties of Quark States 


For the triplet representation [3] the operators F, are given by 3x 3 matrices, 
because we are dealing with three states |q;> (i = 1,2,3), ie. 


(jy = «ada . (8.15) 


With the help of the shift operators V, Ü, and T, and their properties [see 
(7.28) and Sect. 7.4] one derives for the quark states: 


T-|lg? 2143» . T1432» 44», 

Ü.|q;» —|45» , Uslgs>=Iq)> , 

Vd -145» > Pilg) =l) , 

Tslq.>=41a1.> . HRa»--3134» . fa»-01» , 

Ys» -3a4» . Yla-342 , Vigs>=—3lgs> , etc. (8.16) 


On this basis we can calculate all matrix elements of the operators Ü,, T4, Vs: 
and from 


F, = h =-=} - Ê), Fs = }4(Û, +U_) 
FR, F,=-(G,-U_) , (8.17) 
F=}, +°), "TE , 


all matrix elements of the operators F, (a = 1,...,8) can be evaluated, as well. 


* C.B.A. McCusher. I. Cairns: Phys. Rev. Lett. 23, 658 (1969). 
5 G.S. LaRue, W.M. Fairbank, A.F. Hebard: Phys. Rev. Lett. 38, 1011 (1977). 


6 R.G. Milner, B.H. Cooper, K.H. Chang, K. Wilson, J. Labrenz, R.D. McCeown: Phys. 
Rev. Lett. 54, 1472 (1985). 


8.2 The Transformation Properties of Quark States 


After a simple calculation, using 
F, = 1 > 
one recovers the earlier result for the generators À, of the SU(3) [see Exercise 


8.1]. In general one can construct the unitary operators by means of the 
F, according to 


U(0) = exp ( ~iy 23 (8.18) 


These represent the group operators of the SU(3) and transform the states 
within each SU(3) multiplet (F-spin multiplet). In the case of the triplet repres- 
entation, the F, and thus the U (0) in (8.18) are unitary 3 x 3 matrices with the 
determinant det U (0) = 1. So we write 


la» = 01a = 2.14,2U5(8) , where 


U,(8) = (40 Oq) - (8.19) 


In the following exercises we study the transformation properties of the states 
|g;» and |q;> of the representations [3] and [3]. 


EXERCISE Se 


8.1 The Generators of SU(3) in the Representation [3] 


Problem. Calculate the generators À, of SU(3) in the representation [3] by 
applying the shift operators to the quark states. 


Solution. We remember the relation Ay = 2F, and the fact that the quark states 
are orthonormal, ie. (q;|g;? = óij. Together with the relations (8.15—17) we 
obtain 


(y = 2¢ ail Falai> - (1) 
Consequently for Á 


(4) = 2<qilFilas> = (ql Ts + arm 


= <q:lÎ la? + «adT-142. - Q) 
Because of (8.16), 
T.14)> = dj2lq1> and T_\qj> = 5j192> , (3) 


(i)i = (qilqi>dj2 + (qild2 Oj = Oi Oj2 + 0:20 j1 (4) 
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(also using the orthonormality condition); thus, we obtain the only non-vanish- 
ing matrix elements, (A,);. = (A,)2; = 1, which implies that 


010 
A,=/1 0 0) . (5) 
00 0 


In order to construct the matrix representation of the generators Áz, ..., Ág We 
proceed in the same way: 


2 ^ 1 ^ n 
(43); = 2€qi|F2laj? = + Lal T. aj? — Kai T-1a;?] 


= — 1(0;10j;2 — 015041) > (6) 
0 -i 0 
ie. (3) 25 —i and (A4, =i , ie Á =li 0 0| ; (7) 
0 00 
for 4, 
(43) = 24a £345? = 24403005». , (8) 


i.e. the matrix elements are 
(sya = 2<q:l lq) = addi? = ôn , 
(43) = 2(4173|02»? = — (dild2? = — ĉn , 


(sys = <q: flg) =0 , (9) 
and thus 
1 0 0 
i=] 0 -1 0l . (10) 
0 0 0 
Next we have 
(4) = 24 gilFalaj> = Cal lay» + Qa Pla) - (11) 
Because 
V.1q;» = 06;3\q:> and V_\q;> = Ój LED) (12) 
are valid, 
NY = (qilqi >oj3 + (Gilda Oj, = ĝi j3 + ij > (13) 
Le. 


0 
(ais =1l=(dy)3, and 4,20 (14) 
1 


ooo 
oof 


$2 The Transformation Properties of Quark States 


The following is valid for As, 


^ 1 ` ^ 
(A5) = RECOLALUP — «gil V- 14,51 


1 
= = [041553 — 0:305] > (15) 


1 
(îs =—i and (ís): =i 


(all other matrix elements vanish) and thus 


00 -i 
s=|0 0 O| ; (16) 
i0 0 


Similarly we find for 46 


(iu = 2CailFolas> = C200 15? + <alÛ-la> - (17) 
Because 
U.1q;) = ôjlq2) and U-|4;> = ô;2ld3) (18) 
we have 
(Ae)ij = (qild2>9j3 + (qild3 2952 = iaÓjs + Õi3ðj2 > (19) 
i.e. 
0 0 A 
(Agh3 = (å6)32 = 1 and Ag =| 0 0 P (20) 
0 1 Q; 
For p we obtain 
n 1 a a 
(Åy = -Kal Us la> — alU- M) 
1 
= = [ðizðjs — 995] , (21) 
0 0 0 
(ijs -i and (Ay)s2=i , ie A= 00 -i| ; (22) 
0 i 0 


Finally dg is found to be 
(s = 24a £312)» = V/3«al lai? > (23) 
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ie. 
(fan = 35a fla, 73/5 al) = ei ! (24) 
Vola = Gal Flan) = s fSCalas) = a ! Q5 
sha = V3Ca Pi) = 5 Co 2 adn) = - Lis , (26) 
padlo 1 o (27) 
J/5 00 —-2 


The generators 4, in the representation [3] are the matrices given by Gell-Mann. 
Of course this result is not very surprising. 


EXERCISE ——— 


8.2 Transformation Properties of the States of the Antitriplet [3] 


Problem. Show that the states Idi? of the antitriplet [3] transform in the 
following way. 


la» = U(6)2» 2 Y lj» U,(0) (1) 
j 
The unitary transformation operator is given by 


6 = ew ( - iz £.) , F,=—4% , e 


x 


with the matrix representation 

U;(8) = ¢G,|U (8)|g:> = Uji(9) . (3) 
Solution. To prove this theorem we start from the transformation of the triplet 
states: 

Ü (0) = exp(—i8- Ê) 

la» = U(8)g» . (4) 
The complex conjugate equation is 

la»* = Ü*(8)g*» , (5) 
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where 
Ü*(8) = exp(+ i0- (Ê)*) =exp(—i0-F) . (6) 


The operators — F* = F are the generators of the antitriplet [3]. They are 
introduced in such a way that, corresponding to (8.18), the exponent (note the 
minus sign) reads: —iĝ F. Complex conjugation does not change the properties 
of matrix multiplication, but it changes the sign on the rhs of the commutation 
relations. This is corrected by the additional minus sign so that the (— F*) again 
form a representation. According to (8.1) the generators are given by 
F; = -(F, )* or (F, = —j* /2), Le. T; and Y, (equally their eigenvalues) are 
multiplied by (—1). Clearly this is exactly the property characterizing the 
antitriplet. Therefore the states |q; >* are called antitriplet states and we denote 
them by |d; ». The change in notation |q; >* — |g;> and —FF- F, should not be 
mixed up with hermitian conjugation. In the following exercise we prove that 
there exists no unitary transformation connecting U and U *, i.e. [3] and [3] are 
independent representations. 


EXERCISE Se 


8.3 Non-equivalence of the Two Fundamental Representations of SU(3) 


Problem. Show that the representations [3] and [3] (triplet and antitriplet) are 
different fundamental representations, which cannot be transformed into each 
other. 


Solution. We have seen in Exercise 8.2 that the generators F, = — j* /2 belong 
to the generators of [3], whereas the F, = he /2 are the generators of [3]. This 
implies that the states dq; transform with U *(0,) and not with Ü (0,). If the 
representations were to be equivalent, then their generators would only differ by 
a unitary transformation S, i.e. 


~ 


s! aa a 
,9 (=F, or SS !-—4. (1) 


^ 


$ 


Applying this transformation to the eigenvalue equation of the NEMPSS 
= À|q;», where å is the eigenvalue), 


Saldi) = SAlqi> = AS|qi> = SS Sia) , (2) 
with 
$14» 714» 


If (1) is valid one obtains 


— Agi — Adi. , 


Exercise 8.2 
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Exercise 8.3 i.e. Á, has to have the same eigenvalues as — n Now the A, are hermitian 
matrices, i.e. 
dg = A= (ty, 
where T means the transposition. Since the determinant of a matrix and its 
transpose are equal, 4* and Àa have the same eigenvalues A, which are deter- 
mined by the secular equation 


det(4, — Af) = det(4* — AD) =0 


Hence the eigenvalues of — Á* differ from those of Ay by a sign. By explicit 
calculation one finds that the eigenvalues of all 4, are — 1, 0, and +1, with the 
exception of ds which has eigenvalues 1 //3 twice and — 2/./3; therefore, 
Ag and Af have different eigenvalues. The result is that there exists no trans- 
formation which transforms (3] into [3], ie. triplet and antitriplet are indepen- 
dent representations. This is of course no surprise, because the operators U only 
transform states of a given multiplet into each other. The states of the antitriplet 
cannot be transformed into states of the triplet via the generators F; (note that 
this is different for the group SU(2) where the doublet and the antidoublet are 
equivalent representations, the reason obviously being that the generators 7; all 
have eigenvalues — 1 and + 1!) 


————————yun— mnm! 


8.3 Construction of all SU(3) Multiplets _ 
from the Elementary Representations [3] and [3] 


We have just found the smallest non-trivial representations [3] and [3] of 
SU(3), which play an important role in constructing higher multiplets (discussed 
in previous chapters). This should be seen in close analogy to the situation of 
SU(2) where we were also able to derive the general structure of multiplets of 
the angular momentum algebra [Lie algebra of the SU(2)]. The result has been 
that to each value j = 0,4, 1,3 ... there corresponds a multiplet of dimension 
(2j + 1) with the states | jm», m — 4 j,..., — j. An alternative way to construct 
the SU(2) multiplets consists of a successive coupling of the fundamental 
doublets j = 3,m=4, — 1. We already know that each spin j can be represented 
by coupling spins 1 successively together. Often one uses the following notation 
to express this procedure in mathematical terms: 


1e601-BP-[19[] or 
(219 RIS] = Grelo] 


By decomposing these Kronecker products (lhs) into direct sums, particular 
irreducible SU(2) representations, i.e. multiplets of a total angular momentum j, 
can appear several times, as can be seen above. 


8.3 Construction of all SU(3) Multiplets from [3] and [3] 


The latter is an example where the same total angular momentum j = 4 
appears twice. This is a direct consequence of different possibilities of coupling: 
The first two j = 5 states can couple to intermediate states j' = 1 and j' — 0. 
Now these angular momenta j ', together with the third j = 4 state, can couple to 
the total angular momenta J = 3, 4 (by coupling of j’ = 1 with 4) and J = 4 (by 
coupling of j’ = 0 with 3). This is illustrated in Fig. 8.4, which shows the multiple 
coupling of the fundamental multiplet j = 3 [SU(2) doublet] to different total 
angular momenta J. The angular momentum J — 1 appears in the Kronecker 
product [4]* three times. The configurations on the left represent the stretched 
couplings, i.e. the maximal (parallel) addition of the angular momenta. There is 
only one unique way to realize this. Therefore the largest angular momentum 
(stretched scheme) of the product [1]" is Jmax = n/2. Physically this implies the 
construction of composite particles with angular momentum J from elementary 
particles with angular momentum j = 4, Rotational symmetry remains conser- 
ved in this process. 


. a Na 
mn xf 
vi 


384@4@15—>-— —— 93 -5 3S 


Similarly, in the case of SU(3) one can construct higher multiplets by means 
of the fundamental representations [3] or [3]. The general classifications of 
SU(3) multiplets and their construction are known from the previous chapters. 
The method is similar to the general classification of the SU(2) multiplets based 
on the angular momentum algebra. Now we generate the same SU(3) multiplets 
using the fundamental multiplets of quarks [3] and antiquarks [3]. An essential 
difference to SU(2) becomes clear with the appearance of two fundamental 
representations. 

In principle the construction of all irreducible representations of the SU(3) 
requires only one of the two fundamental representations 3 and [3]. The reason 
is that the states of the representation [3] can be derived via Kronecker 
products from the triplet representation [3] and vice versa (we will prove this 
later, when we discuss the reduction of tensor products of representations): 


(31@(3]=(6]@(3] , (3]@(3]=[6] @ [3] 
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Fig. 8.4. Multiple coupling 
of spins 4 to total spins J 
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However, for reasons of physics one needs both fundamental representations, 
because quarks (represented by [3]) and antiquarks (represented by [3]) differ 
by their baryon number (B = $ for quarks, B = — 4 for antiquarks) and charge. 

The general Kronecker product of SU(3) contains p triplets and q antitrip- 
lets; 


[3] 8 [3] 8 ... BI@BJ@Ble... [3] . (8.20) 
—— ——— m 
p times q times 


In the following we decompose this product by always isolating the largest of the 
resulting representations, and continue this procedure with the remaining part. 
In physical terms this means that we construct (complex) particles out of quarks 
and antiquarks, always conserving the SU(3) symmetry. 


8.4 Construction of the Representation D(p, q) from Quarks 
and Antiquarks 


First we explicitly note the basis vectors of the fundamental triplets (quark 
states) 


a) B] : IT, Y> , 


with the quantum numbers 


(T3, Y) = (3, 3) , (— 1, 4) , (0, = 3) and (8.21) 
b) [3]: I5, Y» with 
(Ts, Y) = (0, 3) , (4, m $) , ( m $ — 4) . (8.22) 


The direct product is given by the set of all product states of the form 
50) Y (05173), Y 2)» ... 1T, (p), Y (p)? @|73(1), Y (2) 
= Ba, Y(g» . (8.23) 


These vectors characterize a J-quark q-antiquark state, because of the additivity 
of 73 and the hypercharge Y, 


T; = È RO , Y= Y Y (i) (8.24) 


(the sums run over all particles). These many-quark states have eigenvalues of 
T; and Y, where 


(5, n-( š 7,6) + Y TG) , X Yo)e y 7o) . (8.25) 


Following the mathematical literature, this pair of eigenvalues is termed the 
“weight” of state (8.23). A weight (75, Y ) is called “larger” than (T3, Y) if 


Tz >T; or T3=T; and Y> Y’ 
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Then one writes 
(T3, Y)-(TS, Y) . (8.26) 


We illustrate this in the following examples. 


EXAMPLE M 


8.4 The Weight of a State 


According to the definition, 

(2,3) >(—4,4) (4.4) >0,—-4) , 
as well as 

(3, +1) » (4$, —1) 


One says the left weights are larger than the right ones. 


EXAMPLE M 


8.5 The Maximum Weight of the Quark Triplet [3] 
and Antiquark Triplet [3] 


From the Y — 7; diagrams of the representations [3] and [3] we directly read 
off their maximum weights [see Fig. (8.3)]; 


[3]: (T3, Y )max = (4, i) , 
3: (Ts, Y)max = ($, — } 
Dy (Ts, Y)ma = (2 3) The states of maximal 
As shown schematically they are the points on the far right. weight in [3] and [3] 


By recalling the results of the previous examples we are led to the conclusion 
that the (p-quark, q-antiquark) state of maximum weight is that one which 
consists of p quarks of maximal weight and q antiquarks of maximal weight, i.e. 
p-quark states |4,4) and q-antiquark states |4, — 4>. This state is characterised 
by 
p+4 

2 , 


p—4 
3 


Accordingly every multiplet contains only one state of maximum weight, as 
becomes obvious by construction. In contrast to this there exist various possibil- 


(T3)max = ( Y )max = (8.27) 
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Fig. 8.5. Explanation of the 
general multiplet D(p, q) in 
the special case D(2, 1) 
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ities to obtain states with lower weight. For instance states with the weight 
[(T)max — 1, Ynax ] are obtained by replacing one (and only one) of the factors 
l3, 3» or |3, 4» in the state of maximum weight, 

|4, 35 Ut [5, 35,15, mni 35 ttt ES = 3» , 

by a state | — 5, $5» or| — 4, — 4> 

Based on the state of maximum weight one is now able to generate the whole 
multiplet by means of the shift Operators T, , U+, V+ (in previous chapters we 
have discussed this procedure in detail). Let us consider an example for the 
D(p, q) representation, particularly for p — 2, q — 1as illustrated in F ig. 8.5. The 
state of maximal weight is located at the point A. Denoting its weight by 
[Ts max = (p + q)/2, Yna = (P — q)/3], we know that starting from A the point 


B is reached along the V line in p' steps. Then, after q’ steps along the T line, one 
ends up at C. 


The symbols p' and 4' are still unknown, though since T, = 0 at D, one 
obtains 


q 1 q'-p 
7 max ~“ 1+p’x-= 
(73) 2* P x3 2 


(8.28) 


A belongs to a U multiplet 
(U3) min = — iq' . (8.29) 
On the other hand we know that 


(Tha = and 


2 
3/p— + 
(U3) min = 4(3 Y ax -— (T3) max) = ix 5 p = P4 — — 34 
2 3 2 
Together with (8.28, 29) we can determine p' and q’: 
ptq pd 8 4 
2 2 ' 2 2” 


yielding 
=p, q=q. (8.30) 
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This proves that D(p, q) represents the largest SU(3) multiplet of the p-quark, 
q-antiquark configuration (8.21, 23). Thus we have found an important relation 
between the general multiplet structure and the number of quark and antiquark 
states, which can form such a maximal multiplet. 


8.4.1 The Smallest SU(3) Representations 


We show the simplest multiplets of SU(3) in Fig. 8.6 and a higher multiplet in 
Fig. 8.7. 


| singlet 
D(0,0) = [1] 


Yu 
D(1,0) = [35]- 4 i 
. 2 -1 1 
; D(1,1) = [8] 
DO, 1) = (3]- 4 j 


DQ,0) = [6] 


4 DQ, 1) = [15] 
D(0,2) = [6] 


D(1,2) = 


D(3,0) = [10] 


D(2,2) = [27] 
D(O, 3) = [10] 


Fig. 8.6. The simplest mul- 
tiplets of SU(3) 
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Fig. 8.7. T, — Y diagram of 
a higher SU(3) multiplet. 
The numbers indicate the 
multiplicities of states on the 
various shells 


The nonet of the pseudosca- 
lar mesons 
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D(7,3) = [192] 


One immediately obtains the values for p and q by considering the boundary. 
Due to (8.27) we thus get (T; )max and (Y )ma,, i.e. the coordinates of the outermost 
lattice point. Starting from this point we are able to construct the coordinates of 
all lattice points of the multiplet in a simple way. The origin of the coordinate 
system (73 — 0, Y = 0) is of additional help in this task as are the various 
symmetries of the figures of the multiplets. 

In the representations D(1, 0) and D(0, 1) we again recognize the presence of 
quarks and antiquarks. The multiplet D(3,0) = [10] represents the baryon 
resonances known to us from Exercise 6.5. The dimension, i.e. the number of 
states of the multiplet is denoted by [10]. Corresponding relations hold for all 
other representations. The baryons known from Example 6.3 are clearly repre- 
sented by the octet D(1, 1) = [8]; the same holds for the antibaryons. The centres 
(T3 = 0, Y = 0) of these are Occupied by two states each. 


EXAMPLE a O 


8.6 The Pseudoscalar Mesons 


Elementary particles with spin 0 and odd parity are called pseudoscalar mesons. 
Since they possess odd parity they are not scalar, but pseudoscalar particles 
implying that their wave functions change sign under space inversion r’ = — r. 
We give a representation of them in the following table. One of their inherent 
relationships rests on the fact that they have the same spin and parity. 

Since all pseudoscalar mesons have no spin their magnetic moments vanish 
(u = 0). The pseudoscalar mesons can obviously be arranged into the diagram 
above in a natural manner; thus, they are members of a D(1, 1) = [8] multiplet 
of SU(3). There seems to be no place for the n’ particle, indicating that it can be 
associated with the SU(3) singlet and has to be shown separately. Sometimes 
one adjoins the y’ particle to the point (7; = 0, Y = 0) in the octet. In so doing, 
one calls the diagram “a pseudoscalar meson nonet”, as shown above. 
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Properties of the Pseudoscalar Mesons (S=0, Odd Parity) 


Name Symbol Charge T T3 Y Mass Lifetime [s] Main decay Main 
spin isospin hyper- [MeV] mode decay 
charge [76] 
nmr +1 1 1 0 139.57 2.60x1078 ni spt +y, 100 
Pions mx? 0 1 0 0 13497 0.89 x 10715 n? => y+y 98.8 
x —1 1 —1 0 139.57 2.601078 T —Hu Y, 100 
K* +1 1/2 1 493.82 1.235 x 1078 K* — u* +, 63.8 
Kaons 1/2 — n* 4- n? 20.9 
on +n *+n 5.6 
K? 0 —1/2 1 497.82 50%K,+50%K, see below 
K^ —i —1/2 —i 493.82 1.235 x 107? Ku +4, 63.8 
T^ 0 
1/2 ul Tn . g 20.9 
E >n +r +n 56 
K? 0 1/2 —i 497.82  50%K,+50%K, see below 
Shot. K,=K? 0 1 497.7 0.88 x 107 !? n'-nAC 70 
lived Ko 1/2 —1/2 nOn? 30 
Long K,zK$ 0 1 497.7 5.77 x 1078 3n? 22 
lived Ky ntr +n? 12 
ntu tv, 27 
nt-4e*-wv, 39 
Eta > n? + yy 2 
meson n 0 0 0 0 548.6 ca. 10 ?? = 3n? 31 
n+ HR? 23 
Eta- n yy 2 
prime " 0 0 0 0 958 »66x107?? > y+n TK” 67.6 
meson 2 p9 y 30.4 
EXAMPLE 


8.7 Example (for Deeper Insight): 
The K?- and K°-Mesons and Their Decays 


The K?- and K?-mesons are peculiar particles, the first one being the particle, 
the second the corresponding antiparticle: 


(K°) = K° 
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Looking at the decay modes of the K? and K^? one finds an amazing feature’: 
There occur two different lifetimes. This is a remarkable fact since normally an 
unstable particle (characterized by its mass M and its lifetime t) is described by 
the quantum mechanical state 


\W(t)> = exp(— iMc?t/h) exp( — rt/2R)V(0)»., (1) 


with I = h/t. If, say, the decaying particle is a t^ meson, which decays into 
A c, then the rate at which H^ — Y, pairs are observed at a time t is given by 


R(u v, t) — Ro exp(— [t/h) , with (2) 
Ro = 2n| (u^ 9, | Hi | (0) |? 


where Hin is the weak interaction Hamiltonian. 

Hence, one obtains an exponential decay law which is confirmed by other 
unstable particles (systems). This law also holds if a particle decays — as the pion 
- in different modes; only the constant No changes. Considering, for instance, the 
beta decay of the t^ particle, 


Tom +e +9, , (3) 
which occurs very seldom compared to the j^ decay, one finds that, similarly to 
(2), 

R'(19e^ y, t) = Ri exp(— Pt/h) , (4) 
where 

Ro = 2n| (meV, | Hi |] (0) [2 
As may be seen, the ratio 

R'(me ve, t) qne Fel Him (0) 

R(u 3,0) — |Cu^v,| Hay (0) [2 


is always independent of time and very small (3 x 107°). The decay of the charged 
K mesons is similar: the three possible decay modes of K * and K^, presented 
in the previous table, are commonly described by the same lifetime 
tk — 1.235 x 107? s, The ratios of the various decay modes (branching ratios) 
are also independent of time. . 

On the other hand, neutral K mesons (K°, K?) do not have a common 
lifetime. They decay faster into two pions (short lifetime) than into three pions 
(long lifetime): 


(5) 


K? t - 
Reet eet t, = 0.9x1071%s (6a) 
— 


7 See W. Greiner, B. Müller: Theoretical Physics, Vol. 5 Gauge Theories of Electroweak 
Interactions (Springer Berlin, Heidelberg) to be published; P. Roman: Theory of 
Elementary Particles (North Holland, Amsterdam 1960). 
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and 
Kos ne +n? + n°, 
nt +n +n? 
q=5x10°s . (6b) 
K? — 7° + 1° + 7° , 
>n +n +n? 
This observation can be interpreted quantum mechanically such that the states 
IK°> and |K°> (7) 
may form two linearly independent states® 
IK?(t)» = pK?» + qIK®> , 
IK2(t)) =r|K°> + s|K°> (8) 


with different masses (M,, M, respectively) and lifetimes (T;, t,). One speaks of 
Ky — Ko-mixing. These new states, given by (8), have a time independence 
obeying 


2 
IK? (t)> = exp f - (i Mie i2) IKP) , 


h 2h 
2. 
Ko = exp | - (1% 7 +55) KO (9) 


with the widths T, = h/t, and T, = h/t,. Inversion of (8) leads to 

[K°(t)> = alK?(t)> + BIKS()>  , 

[K°(t)> = ciK?()> + 4IKT(0». , (10) 
where 


a=s/(sp—rq), c-—r/(sp—rq) . 


b--—q/(sp—rq) d=p/(sp—rq) . 41), 


Clearly, an arbitrary state in K? — K?-space can always be written in the form 


IW(t)> = «[K? (05 + BIKT(0».— (12) 


Now we can understand in a simple manner the empirical fact that the decay 
into two pions is characterized by t, and the one into three pions by t,. Assume 
the short-lived K? decays only into two and not into three pions,” 


C2n|Hin|K®> #0 , (3t|Him|K2>=0 , (13) 


8 The indices | and s are abbreviations for long-lived and short-lived, respectively. 

? The approximate validity of this relation indicates the CP invariance of the strong 
interaction — see Vol. 3 of this series, Relativistic Quantum Mechanics (Springer, Berlin, 
Heidelberg 1989). 
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and, on the contrary, that K? decays into three pions!? only, 
(2n\HinlK?>=0 , QnlH,IK?» #0 . (14) 


Then in fact, according to (10), it results that K? (and K?) has two lifetimes 
which depend on the decay mode. Additional experiments show that, to quite 
a good approximation, K? as well as K? decay into two pions in 50% of the 
cases and into three pions in the other half of the events. Thus, 


Ip? 2]g? 23$ and |r? =|s/?=3 . (15) 


Since these equations cannot be solved uniquely (phase factor!), one commonly 
uses the convention (e.g., at time t = 0) 


1K°(0))"= |K,) = (KO) +O»), 


1 — 
IK?(0)> =|K,> = Ja K^» -|K*(9)5) . (16) 
Note that the equations hold only approximately, since the exact solution is 
IK» =(Ki2) + elK1,2))/ V1 +e? , (17) 
where e ~ 10? by experiment. 
In the following we shall draw some simple conclusions from (9, 10) and (16) 


concerning the K? mesons. At time t = 0 a K? meson may be produced, e.g. by 
the reaction!! 


"T +p>K°+A 
>K? + . (18) 
For the state |y (t)» in (12) this yields 
IV (t = 0)» = |K?5 = «|K? (t = 0)» + BIK2(t = 0)» 


1 
-—KP» + |K?>) , (19) 


ZA 


+° These relations hold only approximately: More precisely, 
Ia n | Hin | KP n7 Ha [K25] = 1.95 x 107? 


!! K mesons and A hyperons are always produced in pairs. This is called “associate 
production”. Besides the reactions of (18) there are also others supporting this assump- 
tion: 


Ro +p+K*+2° , at +p5K*t 42+ 


This is due to the fact that on the ihs only up and down quarks and their corresponding 
antiquarks occur, but on the rhs an s-quark and an anti-s-quark, 5, appear. The 
anti-5-quark is contained in K*, the s-quark in Z^ and 2*. The s5 pair may be 
produced in a collision (cf. the tables 11.6 and 11.7 in Sects. 11.4 and 11.5 showing the 
quark content of the particles). 
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leading to (taking (16) into account) 
1 
Ja 


According to (12), (16) and (9), for arbitrary time t, 


2 T, 
VO) = z|- (i8 e 5 e)» 


1 Me 1n, 
eAge(- (i38 «52 oet» 


and, with respect to (16), 


2-B- (20) 


. Mic 1 T, — 
-apf - (ME 25): [hio (21) 


This state determines the time-evolution of an initially produced K? meson. 
Indeed, one recognizes that at t — 0 a pure K? meson is present which develops 
into a superposition of K? and K?. If 


T>t>tts , 


then K? and K? are each present at the 50 percent level. Immediately this leads 
to a paradoxical result: In a beam of K? mesons the particles do not only decay, 
but transform themselves into other particles, namely K? mesons, without the 
presence of other matter. The K? mesons in the beam can be detected experi- 
mentally, e.g. by the reaction 


K?--pomx*-44A , (22) 


if the beam passes through matter. The scheme of the experiment is sketched in 
the following figure. A t^ beam produces K? mesons at A which then transform 
into a mixture of K? and K?. 


107'°s 

ro —" 107 10, 

T igo bor 

l K, TT T" ko LA - 

Kk? AAA pF-7* 
T— A ZZ L——————-——— 
Ko ELE Kj, 
A ° B 
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Decay, transformation, and 
reappearence of K° mesons 
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Example 8.7 


Regeneration experiment 
with a linear polarized beam 
of light 


Soon all K? decay into pions and thus only K? remain. According to (16), 
this beam corresponds to a linear combination of K? and K?. The K° are 
absorbed in the target B due to the reaction of (22), and therefore a pure 
K?-beam emerges from behind B and the process repeats itself. Experiments of 
this kind are called “regeneration experiments with K? mesons" and nowadays 
they are routine experiments in the laboratories of high-energy physics. 

For a better understanding of the regeneration of K? mesons one should 
refer to the analogous experiments with polarized light waves (see next figure). 
The two directions of polarization of a linear, transversal polarized beam of light 
correspond to the states K? and K?. As indicated in the figure, the incoming 
light may be polarized in the plane of the paper and passes through a medium 
between A and B which rotates the polarization vector by a certain angle; let us 
assume the rotation angle at B to be 45°. Next this beam of light is filtered in 
such a way that at C the polarization vector again coincides with that at A. The 
experiment starts anew. Thereby, the direction of polarization at A and C obvi- 
ously corresponds to the K° mesons behind A and B in the previous figure, and 
the direction of polarization at B and D corresponds to the K?. 


lu 


Filter 


This analogy follows from the wave aspect of quantum theory. Both phe- 
nomena are essentially based on the superposition principle, which also holds 
for probability waves (the guiding field of the particles) in quantum mechanics 
and has been used, e.g., in (8) and (12). As a further consequence, both particles, 
K? and K?, can interfere, which is already formally expressed in (12). This 
interference becomes experimentally observable since the 2n-decay of the 
K? does not vanish completely [cf. footnote 4 corresponding to Eq. (14)]. 
Taking into account (9) and (12), one derives 


Knn | Hine |W(e)> ? = [A exp [ — i(Mic?/R)t] expE — 30/8] 
+ Bexp[ — i(M,c?/h)t] 


xexp[—4(f./hA)t]/? , 
(23) 


whereby 
A - a(n* n7 |Hig|K?(0)> and B= B<n*m~ Hi IK9(0)» 
are complex constants. Squaring (23) leads to 
IKn*n7 His] = LAP exp[— Qi/8)r] + |B}? exp[-(T,/h)t] 
+ 2Re{AB} exp[i(M, — M,)(c2/h)t] 
xexp[— XI + 1T,)t/A] (24) 
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N (b) 


The first two terms on the rhs describe the incoherent superposed decay of two 
independent particles, shown in the following figure (a). In addition, there still 
appears an interference term (third term) which modifies the time dependence of 
the decay and leads to the dashed line of (b). Evidently the maxima and minima 
depend on the values of the constants A and B. The empirical result (see 
subsequent figure) clearly confirms the interference of K? and Kj and allows the 
determination of the ratio | (t ^x^ | Him {Ke Satr] Ha (Ko >| if æ and f are 
fixed by the regeneration experiment. 

Arguments similar to these presented here for the K? and K? mesons also 
lead to oscillations when considering different species of neutrinos. Suppose that 
Ve, Ya, and v, neutrinos have nonvanishing rest masses and that at least two of 
these have different masses. If the hypothesis is true that neutrinos may trans- 
form into each other, one would expect an expression analogous to (24) for the 
“neutrino oscillations".!? At present these effects are being searched at various 
laboratories, but so far still without success. 


0 5 10 15 
t[Lifetime K,(0.9 x 107195] 


12 See W. Greiner, B. Müller: Theoretical Physics, Vol. 5 Gauge Theories of Electroweak 
Interactions (Springer Berlin, Heidelberg) to be published. 
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Schematical illustration of 
the coherent decay function 
(a) of K? and K? and the 
effect of the (coherent) inter- 
ference term (b) 


The K? and K? interference. 
Experimentally ^ observed 
decay as a function of time 
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8.5 Meson Multiplets 


The meson multiples of SU(3) differ from the baryon multiplets in some essential 
properties: 

Whereas to each baryon multiplet there exists a different multiplet of 
antibaryons (antiparticles), in the case of mesons it has been observed that 
particles and antiparticles are members of the same SU(3) multiplet, i.e. to each 
state vector with given 73 and Y there exists a state vector in the same multiplet 
with — T; and — Y. Furthermore, particles and antiparticles possess the same 
spin and parity. The quantum number which distinguishes particles and anti- 
particles in the case of baryons, namely the baryon number, vanishes in the case 
of mesons (B = 0). This implies that to each state in a multiplet there exists 
a state in the same multiplet (either the same or an other vector) which has the 
quantum number of the antiparticle. Every quark has the baryon number B = 3, 
every antiquark B = — 4. This follows from the fact that a nucleon, consisting of 
three quarks, possesses the baryon number B = + 1 and every anti-nucleon, 
B = —1. Mesons appear to consist of a quark-antiquark pair. In fact, we shall 
see in Sect. 8.6 that 


[5] Q [3] = [8] e (1] 


which corresponds precisely to the scheme of pseudoscalar mesons provided in 
Example 8.6. 

A further difference to the baryon multiplets is given by a different type of 
violation of SU(3) symmetry. For explaining this we consider two SU(3) mul- 
tiplets with equal spin, parity, and baryon number. Furthermore, we assume 
that to each particle of the first multiplet there exists a particle in the second one’ 
with equal, T, T3, and Y, for example the SU(3) singlet with 7} = Y = 0. Note 
that a state vector with T; = Y = 0 is also found in the octet (see the tables of 
meson properties). By performing experiments one can see that the physical 
states are mixtures of these multiplet states. This SU(3) mixing is more dominant 
in the meson multiplet than in the baryon multiplets. Each meson multiplet is 
connected with a singlet (with equal spin and parity). Since the two multiplets 
are mixed we classify the mesons of both multiplets together in a nonet. Mesons 
may also be classified by spin and parity: 


scalar mesons with J?” =0* vector mesons with JP=17 
pseudoscalar mesons with J? =07 axial vector mesons with J? — 1* 
tensor mesons with JP =2* 

pseudotensor mesons with J’ — 2^ and so on. 
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8.8 The Scalar Mesons 


Informations about masses and main decay modes for these mesons are often 
uncertain; large widths (several hundred, MeV) indicate difficulties in measure- 
ments (see table on the next page). The classification into multiplets cannot be 
made uniquely due to SU(3) mixing. One considers the c meson as the singlet 
and combines the other mesons to form an octet. It can be seen right that the 


octet also contains antiparticles such as x? > x? etc. The scalar mesons 


Properties of the Scalar mesons 


Name Symbol Charge T T; Y Mass Width Main decay 
[e] [MeV] P -h/t modes 
[MeV] 
I 
+1 
ag meson do +1,0 1 0 0 976 50 vr, or (?) 
K, resonance K +1,0 1/2 +1/2 rl 1250 ~ 450 Kr 
S* resonance S* 0 0 0 0 ~993 40 KK 
Sigma 
resonance c 0 0 0 0 (750) (~ 600) n 


OO 


One should remark that the existence of the c meson is uncertain; there have 
been efforts (among them the so-called o model of M. Gell-Mann and 
M. Levy)!3 to combine the o meson and the three pions into a "four-vector" 
which is invariant under the symmetry group SU(2), & SU(2)z (chiral group). 
The “chiral” model of the pion-nucleon interaction established in this way is 
remarkably successful. As suggested partially by the names of the particles, all 
*mesons" have been discovered as resonances in reactions like +N, K +N, 
and y + N (N = nucleon); therefore, one labels them as pion. kaon, and eta 
resonances. 


EXAMPLE M 


The pseudoscalar mesons 
8.9 The Vector Mesons 


We already know of the rho and omega mesons. In addition to these states there 
are the kaon resonances K**, K*° and the ® meson. It is shown below that 


13M. Gell-Hann and M. Levy: Nuovo Cimento 16, 705 (1960). 
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Properties of the Vector mesons 


a MÀ 


Name Symbol Charge T T Y Mass Width Main decay 
[e] [MeV] [=A/t modes 
[MeV] 
eS 
Q* +1 1 1 0 nrt 
Rho meson Q^ -1 1 -1 0 713 154 x?n- ) 100% 
Qo? . 0 1 0 0 nn? 
n'x n? 90% 
Omega w 0 0 0 0 782.7 10 n° 994 
Kaon K**K* +1 ~—1 892 o 
resonance K*okK*9 0 0 1/2 £12 +1 ~1 898 50 Kr 100% 
K*K^ 46% 
Phi meson ó 0 0 0 0 1019 42 KK? 35% 


n nTn? 16.5% 


these resonances again form an octet similar to the corresponding octet of the 
pseudoscalar mesons (r, n, K). 

The n’ is a singlet, and thus the ® is singlet too. The c and Ø mesons have 
to be envisaged as a mixing of the octet c and the singlet ® due to SU(3) mixing. 
This is experimentally verified. The vector mesons, especially the w and the 
@ mesons, play an important role in the theory of nuclear forces between two 
nucleons at small distances ( ~ 0.5 x 107 !3 cm)!*. They give rise to a repulsive | 
contribution to the strong interaction between the nucleons if they come 
sufficiently close together. 


EXAMPLE [ers 


8.10 The Tensor Mesons 


In this case f is the singlet meson (the n*’ resonance). All other mesons form an 
octet: À; is the pion resonance, K* is the kaon resonance, and f' is the n* 
resonance (see table and figure). 

The importance of the tensor mesons mainly rests on the fact that they occur 
as intermediate states in the reactions of the corresponding pseudoscalar par- 
ticles. 


The tensor mesons 


'* For meson field theory and its applications in nuclear structure physics we refer to 
J.D. Walecka: Annals of Physics 83, 491 (1974), and P.G. Reinhard, M. Rufa, J.A. 
Maruhn, W. Greiner, J. Friedrichs: Z. Phys. A 323, 13 (1986) 


8.5 Meson Multiplets 


Properties of the tensor mesons 


Name Symbol Spin/Parity Charge T T; Y | Mass Width Main decay modes 
J? [e] [MeV] [MeV] 
on 70% 
A, mesons A, 2+ £LO 1 +10 0 1320 110 m 15% 
ml =? ONT 10% 
KK 50% 
Kr 49.1% Ko 6.6% 
K 
aon Kt 2+ E10 1/2 +1/2 +1 1426 10043 K*n 26.9% Ko 3.7% 
resonance 
K*ax 11.2% Kn 2.5% 
f'meson fh 2* 0 0 0 0 1525 76-10 KK 10094 
Tn > 81% 
f meson f 2+ 0 0 0 O 1274 185+20 2n*2n^ 3% 
KK 3% 


EXAMPLE ee 


8.11 Other Resonances 


There are also other (17) resonances belonging to the vector mesons, namely the 
J or y particles, discovered in Stanford and Brookhaven as well as at DESY in 
Hamburg (cf. Chap. 11). The most interesting feature of these particles 
consists in their surprisingly long lifetime (I ~ 0.067 MeV, see table below) as in 


Properties of some other resonances 


Name Symbol  Spin/Parity Charge T T, Y Mass Width Main decay modes 


Y [e] [MeV] [MeV] [9*6] 
hadrons 86% 
UP Jv 17 0 0 0 0 308 0067 ce 7% 
UU 7% 
had 98 
Y (3700) (3700) 17 0 0 0 0 3684 0.228 ACTORS 


e*e',u*u ^ 1% each 


hadrons 98% 


- 0 0 4 t 
(4160) (4160) 1 0 O 4160 — 78320 est +n, ete 


V (4400) (4400) 1^ 0 0 0 0 4415 432420 as ¥ (4100) 
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Example 8.11 general the lifetime decreases with increasing mass. The long lifetime of the y is 
a hint of a conserved quantum number which prevents their fast decay; this 
conserved quantity is called “charm”. Thus our quark model has to be supple- 
mented by a fourth quark, the “charmed quark" c (u, d, s, c). Within this model 
the long lifetime of the y appears as a consequence of the conservation of charm. 
This implies that one has to replace the SU(3) by an SU(4) symmetry group 
which we shall discuss later (cf. Chap. 11). 


8.6 Rules for the Reduction of Direct Products 
of SU(3) Multiplets 


This seems a suitable point to show explicitly how to reduce several products of 
SU(3) multiplets. The rules will be pointed out by considering some examples 
and then representing them graphically. On the basis of the insight and results 
provided by the preceeding sections this task will be quite simple. 

Let us start with the product representation [3] & [3]. In view of (8.20) and 
(8.25) we obtain the weight vectors of the corresponding direct product states 


| 73(1) Y (1)>|73(2) Y (2)> 
by vector addition of the single vectors in the Y — T; plane (see Fig. 8.8). 


T 


Fig. 8.8. Reduction of the 
direct product [3] 69 [3] 
= [6] 8(3] 3] e B] - 


To each endpoint of the vectors of the first factor, the multiplet [3], are 
attached all vectors of the second one. The endpoints of the sum vectors 
obtained by this construction represent all possible states of the direct product 
in the Y — T; lattice. We obtain a scheme of points, partially occupied by two 
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states, which can easily be decomposed into a sextet [6] = D(2, 0) and an 
antitriplet [3] = D(0, 1). Of course, in this final step one takes into account the 
properties and the structure of the SU(3) multiplets discussed in the previous 
paragraphs. Let us investigate [3] & [3] = [8] @ [1] as the next product (as 
shown in Fig. 8.9). 


Clearly, the product of a quark triplet and an antiquark triplet can be 
decomposed into an octet [8] and a singlet [1]. More complicated products like, 
say, [3] & [6] may be decomposed in a similar way. One starts from the larger 
multiplet whose *occupied points" may be marked on the lattice. Thereafter the 
vectors of the lattice are attached to each of these points. The scheme of points 
obtained by this procedure can be associated with the decuplet [10] and the 
octet [8] (see Fig. 8.10). Also [3] @ [6] = [10] @ [8]. 


Fig. 8.9. Reduction ofthe pro- 


[3] - [8] e[]  dut[3]1e(3]- [8] @ [1] 


Fig. 8.10. Reduction of 
the product [3] 9 [6] 
[10] e [8] = [10] @ [8] 


B] e [6] 


From the maximum weight of [3] @ [3] it becomes evident that [3] & [3] 
must contain [6] as the largest representation, the remaining states forming the 
[3]. One can understand this by the following consideration: In line with (8.27) 
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one has 


with n=0, +1, +2... 


Ynax = (p — = 
max = (P — q)/3 = (3n + 1)/3 N t=0,1,2 modulo 3 


(8.31) 


Since p and q are integers, Ymax is usually a multiple of one-third. In (8.31) Ymax iS 
expressed as a sum of an integer and the non-integer part (multiple of a third). 
Accordingly, Ymax is an integer only if the triality t is zero. Equation (8.31) may 
be interpreted as the division into three classes of all representations of SU(3), 
namely: 


Class 1: t — 0: Y integer (examples: D(1, 1) = [8], D(3,0) = [10]), 
Class 2: t= 1: Y is a multiple of one third with the prototype [3], 
Class 3: t=2: Y isa multiple of one third with the prototype [3]. 


Thus, to define “triality”, one can conclude: The triality determines the character 
of an SU(3) representation, i.e. whether it is a triplet or an antitriplet. All 
representations which occur by reduction of a direct product of irreducible 
representations have equal triality. For the states of a direct product the equation 
(8.25), 


(Ts, n-(* Ts (i) + y T; (i), y Y (i) 4- y Fo) ; (8.32) 
i-1 i=} i=} i=l 


is valid. The hypercharge of the various quark states of the product (and thus for 
the multiplets) differ by [ Y(i) — Y'(i)] = 3-453 —(—3); —2—50ra multiple 
of this [because of (8.21) and (8.22)]. Similar relations hold for the values 
Y(i) —Y (i) of these states in that they are integers. In view of (8.31), t must be 
equal for all product states. Since x is an additive quantity [because of (8.31) and 
(8.32)], in particular it follows that all representations formed as products of two 
representations with t = 0 must also have t = 0. 


Returning to the product [3] & [3]; since [3] has the triality t = 1, then the 
triality of D(2,0) = [6] is t = 2. Therefore, the three remaining states must also 
have t = 2, ie. they are members of the representation [3]. By means of such 
considerations one is easily led to the result 


[3] 8 [3] @ [3] = ([6] @ [3]) @[3] =[1]@L]@ [8] [10] , (8.33a) 
in which the conservation of triality is easily verified. It is a remarkable fact that 


the octet occurs twice here. Similarly one gets the more complicated result of the 
product of two octets: 


[8] 8 [8] = [1] @ [8] e [8] e [10] @ [10] 8 [27] . (8.33b) 


On the left and on the right all multiplets have the trality t = 0. On the right side 
[10] must occur in addition to [10] because [8] & [8] represents a symmetric 
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eeaeee a i a e ————————— 


set of points around the zero point. All other multiplets on the right are 
symmetric within themselves. 


EXERCISE Se 


8.12 Reduction of SU(2) Multiplets 


Problem: Transfer the graphical method for reducing SU(3) multiplets to the 
simpler case of SU(2) multiplets and split up graphically the direct product of 
the SU(2) doublets [2] 


RIS RISP] . (1) 


Solution: The SU(2) multiplets can be represented graphically analogously to 
SU(3) multiplets. The group SU(2) is of rank 1 and has therefore a diagonal 
operator. In the case of the isospin group this is T4. Each irreducible representa- 
tion, each multiplet, can be represented by a straight line. 


[2] = x x 
—$ 3 
[3] = x x x 
—1 0 1 
{4] = x x x x 
-i -i D 3 


In product representation the eigenvalues of diagonal operators are additive. 
This addition of 7T3-values can be represented graphically by putting the center 
point of the multiplet (7; = 0) on each point of the other multiplet. 

We demonstrate this for the case of the product [2] [2] 


x— x 
x x @ Xx X = X—rx 
| 
| | 
x x 
= xX x x &Q x 
The product can by split up in the form 
[2]@(2]=B]e] . (2) 


We use this result in order to reduce [2] @ [2] @ [2] further: 


[2] 8 [2] 8 [2] = R18 (B] S UI) . (3) 
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Example 8.12 


Fig. 8.11. The baryon octet 
as a function of the hyper- 
charge Y and the isospin 
component 7, 
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We apply the graphical method to the product [2] & [3] 


x x ® x x x 
= x [^X 
| 
X: a: x x 
i | | 
| 1 
x x x 
= x x x x @® x x 
This yields 
[216[3]-[4eD] . (4) 
and therefore we finally obtain 
[2] 8 [2] 8 [2] = [4] 6 [2] 9 [2] . (5) 


This graphical method seems to be somewhat awkward but it is very useful for 
more complicated groups, as in the case of SU(3). 


8.7 U-spin Invariance 


Up to now the most extensive use has been made of the T-spin (isospin) group 
- an SU(2) subgroup of SU(3) - while investigating the SU(3) multiplets in 
detail. Thereby, it has turned out that the baryon octet can be associated with 
isospin multiplets by means of the hypercharge: 


T=%3:n,p (4M =2MeV) Y=1 , 
T=1: £°,2°,5* (4M =8MeV) Y=0 , 
Tzk = °,=° (AM = MeV) Y= —1 (8.34) 


States of a given multiplet are transformed into each other by means of the 
operators T}. Within a multiplet the mass differences AM are of the order of 
magnitude of 10 MeV, i.e. one percent of the particle mass, and it is said that the 
isospin symmetry is weakly broken. 

Besides the 7-spin we are acquainted with the U-spin and the V-spin as 
SU(2) subgroups of SU(3). First we consider the U-spin: The states of a single 
U-spin multiplet are transformed into each other by applying the operators U, . 
Thus one reads from Fig.8.11 for the multiplet: 


1.2 ,5"^ with AM = 124 MeV, charge: Q= —1 , 
2.n,29,Z? with AM = 374 MeV, charge Q—0 , 
3.p,5* with AM —251MeV, charge Q= +1 (8.35) 


8.7 U-spin Invariance 


o I II aama 


Obviously the states of a U-spin multiplet all have the same charge, i.e. one can 
draw in the (Y, T3) diagram the analogous (Q, Us) graph of the octet (see 
Fig. 8.12). 

The states on the edges all have unit multiplicity, which means they are 
singly occupied, whereas the center of the diagram has the multiplicity two, 
indicating occupancy by two particles (the 2 © and the A). The X? and the A are 
eigenstates of the isospin (at least to a good approximation). A state with 
multiplicity one must be simultaneously an eigenstate of T-, U- and V-spin, but if 
the multiplicity of a state is not one, then an isospin eigenstate with this multiplicity 
is in general no eigenstate of the U- or V-spin. This is true for the Z ? and the A. 

We can construct the eigenstates of U very easily, and we therefore start from 
the fundamental isospinors « and f. The wave functions of Z+, Z° and A are 
then given by 


1 


St=an , Z= Ni + pa) , E-— B , (triplet) 
= e — Ba) . (singlet) (8.36) 


Since T-, U- and V-spin are SU(2) algebras, their generators must be the Pauli 
matrices. We denote them in the case of the T-spin by 7; and in the case of the 
U-spin by ji, which means that 


ns ( i) A (; >) A k ) 937 
= Ta = > _ == > = = » 
H3 3 0 -—1 H 10 Hy = T+ 00 (8.37a) 


and, for states with more than one particle, 

T. 1 ^ ° - ^ Q T ^ « 

T; = 5250 , T-=yi-@ . T+= i0 > 

^ lun, ^ ^q ^ ^q 

U; = 32 Aali) , U-2Yà-G , U, = LA; (8.37b) 
We are searching now for the triplet eigenstates of the U-spin, which we denote 
by n, y, E? (let the singlet be ġ), where x and $ are orthogonal linear combina- 
tions of the isospin eigenstates A and E9: 

aX? +bA , $ =b? -aA . (8.38) 
Let us recall the action of the isospin-operators on the isospin eigenstates, e.g. 

f.X* 2 Y (ae]- (6. aja + alî-a)= patap , (8.39) 


i.e. 


T E+ = 2x? 


Fig. 8.12. The baryon octet 
as function of the charge 
Q and the U-spin compon- 
ent U, 


250 


8. Quarks and SU(3) 


As U_ applied to the U-spin triplet eigenstate n has to act in the same way as 
T- on the isospin eigenstate X*, we conclude that 


Un= J2x (8.40) 
Since furthermore T,n = p, then 

[U., T,].n =Ü. T.n — T.U_n = U_p — T,./2x ; 
or 

[U_,T,]_n= U_p — JT, (aX? + bA) . (8.41) 
In addition, with 


Upz-EZ*, T, X9 = /2z* and T,A-0 , results 


[U.,7,].n 2 E* -2a^ -(1 -2a]E* | (8.42) 
We know already [Chap. 7, Eq (7.28b)] that [Ü.., 7, ] = 0, ie. 
l—2a=0 or a=}. (8.43) 


Normalization of y implies that 

X! -|aX? + bA} = la? + |b? =1 
(since |2°|? = | A|? = 1 and (X9|A» = 0). With this follows, provided b is real, 

b-i1—-agq-à3 , b= +4,/3 . 
Usually one chooses 5 with positive sign, that is 

x =32°44,/3A and p=} BEA. (8.44) 
Therefore $ and y are the eigenstates of U; (eigenvalue 0) corresponding to the 
eigenstates of 7;(2°, A). a 

The center of the diagram must be doubly occupied, since from [U_,T, ] = 0 
follows a^ = 1. If, as well, b = 0, then y would not be normalizable to 1: i x. 
Therefore, two states must exist in the center, something we were already aware 


of from our general discussion concerning the structure of the SU(3) multiplets 
[see Chap. 7, *The number of states on lattice points of inner shells"]. 


8.8 Test of U-spin Invariance 


We know that the electromagnetic interaction violates isospin symmetry since it 
splits the T-multiplets, e.g. for the isodoublet the mass splitting is 4M ~ 2 MeV. 
As argued earlier, this might be caused by the electromagnetic interaction. This 
kind of symmetry breaking should not occur for the U-spin, since we have seen 
that the members one U-spin multiplet all have the same charge ({[Q,U3]_ = 0). 
But this is only so if the U-spin symmetry is a symmetry of the strong 


8.8 Test of U-spin Invariance 


interaction. However, this is only true to a very limited degree (4M max 
~ 100 MeV, ie. about 10% of the mass of the particle), whereas the isospin 
symmetry is broken only by about 1%. Therefore, we can at best expect that 
U-spin conservation influences the electromagnetic properties of the particles. If 
one postulates U-spin conservation, it might be expected, for example, that p and 
E* (since they belong to the same U-spin multiplet) have the same magnetic 
moment: 


uX*)- up . (8.45) 


Analogously we expect u(Z ^) = (Z7) and, for the triplet n, x, 2°, x is a linear 
combination of Z? and A and, therefore, not a physical particle. Experimentally 
one has found (uo = eh/2m,c) 


Hp = 2.7940 , Hz. (2330043) , 
uz- =(~-0.69+0.04 yo , uz-—(—1.41 + 0.25)uo 
la = —191 uo , piso = ( — 1.253 + 00145, . (8.47) 


Thus the predictions of U-spin invariance are only roughly confirmed; a fact 
which will be better understood in the framework of the quark model. 

We can make further comments about the electromagnetic mass splitting: 
We assume therefore that the mass of a baryon on the one hand results from the 
strong interaction, which conserves isospin, and on the other from electro- 
magnetic interaction, which conserves U-spin, ie. the electromagnetic contribu- 
tions to the mass must be equal within one U-spin multiplet. This implies, 
roughly, that the radii of these particles have to be the same. We find 


dM, = ÔM y- ’ 6M, = ÔM zo , ôM z- = 6M:- , Of 
5M, — 5M, + 5Mz- — 5Mzo = 6Mz- — Mz». (8.48) 


If, besides electromagnetic interaction, there exists no other interaction which 
destroys the degeneracy of an isomultiplet, then we must have 


ôM, — ôM, = M,— M, , óMs- - óMzo— M=- — Mz» , 
óM;- — dMys+ = Mz- — My. 
Inserting this in (8.48) yields 
M, — M, + Mz- — Mæ = Mz- — Mrs . (8.49) 


This simple relation is called the “Coleman-Glashow” relation** and is well- 
confirmed experimentally by 


M, — M,=1.3MeV , Mz- — M= = (6.5 + 0.7)MeV , 
Mz- — Mr- =80 MeV . (8.50) 


This shows that U-spin invariance is to some extend a useful hypothesis in the 
context of the SU(3) multiplets. 


15§ Coleman, S.L. Glashow: Phys. Rev. Lett. 6, 423 (1961). 
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Finally we study the V-spin multiplets, 

2 .n : AM~257MeV , 

S ,0,p: AM ~ 383 MeV as triplet; and o as singlet 
Z°, Xt: AM «x 125 MeV 


Here ọ and c are linear combinations of Z? and A. For the U-spin we have seen 
that all members of one U-spin multiplet carry the same charge. The members of 
a V-spin multiplet, however, share no common property. Therefore the 
V — symmetry, which is strongly broken (AM /M > 20%), is not useful for the 
classification of the states. 


8.9 The Gell-Mann-Okubo Mass Formula 


If the SU(3) symmetry was an exact symmetry of the strong interaction, then all 
states of one SU(3) multiplet would be energetically degenerate, which means 
they should have the same mass. Experiment, however, shows that (e. g. for the 
baryon octet the mass splitting is of the order 4M/M = 100 MeV/1000 MeV 
= 10%) SU (3) symmetry is broken considerably more strongly than the isospin 
symmetry by the electromagnetic interaction: For an isospin multiplet we had 
4M/M =10 MeV/1000 MeV = 1%. 

Therefore we have to start from the idea that the Hamiltonian of the strong 
interaction splits into one part H,, (ss for “superstrong”), which is SU(3) 
invariant, and one part Hms (ms for “medium strong") which breaks SU(3) 
invariance. Since the mass splitting within a multiplet amounts only to about 
10% of the mean mass, we can assume that the contribution to the mass which 
originates from Hms is small, that is 


M = <s>) s... (8.51) 


According to H, the multiplets are degenerate, and Hn removes this degener- 
acy. One should recognize that H,,, must be constructed from generators and 
not from Casimir operators since the former break SU(3) symmetry, whereas the 
latter do not. To be precise, the generators, if applied to the states of a multiplet, 
yield in general different values, depending on the state, while the Casimir 
operator does not. 

From here on we will neglect the electromagnetic mass splitting, which 
means that all members of an isospin multiplet will have the same mass. This 
implies, of course, that the symmetry breaking part of the strong inter- 
action hamiltonian H,,,,, = Hss + Hm, has to commute with 75; therefore 
[Ha 73] -0 and Hms can only contain such generators of SU(3) which com- 
mute with 73. This is only the case for Fs = B 4 Y, and the simplest assump- 
tion is therefore 


Hms= bY , (8.52) 


8.9 The Gell-Menn-Okubo Mass Formula 


where b is a constant. Calculating the expectation value of Hms between the 
unperturbed wave functions ITT; Y>, we obtain by first order perturbation 
theory (CH «Ha»: 


(TT3¥|Hms|TT3Y> =bY , ie. M=a+bY , (8.53) 


where a is the mean mass of the multiplet (for Y = 0) and a and b are constant 
for all members of one multiplet. Looking at the decuplet of the baryon 
resonances (Chap. 6, Example 6.5), it follows that 


Mo- n Mz = Mz — Msgs = Mrz. — M, . (8.54) 
It is difficult to compare this prediction with experiment (because of the electro- 
magnetic mass splitting). We can, however, minimize this effect when we con- 
sider only particles with the same charge (U-spin multiplets) for which we find: 
Mo- — Mz.«- = (137 + 1) MeV > 
Mz-- — Mz.- = (148 + 1) MeV > 
M- — M,- = (148 + 5)MeV . (8.55) 
The agreement of theory with experiment is obviously very good, but our mass 
formula fails for the baryon octet since, because of Yo = Y,, we should also have 
Myo = M,. In reality the mass difference is Myo — M, = 77 MeV. This experi- 


ence forces us to modify (8.52) for Hms: As well as F, both T? and Y? commute 
with T}, and we try therefore 


Hy, = bY + cT? + d¥? (8.56) 
as the next simplest assumption. Its expectation value leads to the formula 
M=a+bY+cT(T+1)+d4dY? . (8.57) 


Here again the coefficients c and d are constant in an SU(3) multiplet. But (8.57) 
leads to a problem, namely that this relation does not yield a constant mass 
splitting for the decuplet, i.e. the good agreement [(8.54, 55)] with experiment is 
lost. 

We can correct this disadvantage by demanding that the decuplet 
cT(T + 1) + dY* has the same form as a + bY, in other words like 


cT(T+ 1) +d¥2=x+yY , (8.57a) 


where x and y are constants. Inserting the values of 4^, E*^ and Q7 results in 
(see adjacent table). 

The last equation is consistent with the first two if one chooses d= — ic. 
Indeed, multiplying the first equation by — 1, the second one by ł and adding 
both of them yields 


—~§c+d=x-2y 
This is identical with the last equation for d = — 4c, as already stated. 
M=a+bY¥¢e(T(T+1)—-1/4Y7] . (8.58) 
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One gets from (8.57a) 

for d7: 15/4 +d=x+F, 
for 2*7: 3/4e - d 2 x - y , 
for Q^ :4d2x—2y . 
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This is the mass formula of Gell-Mann and Okubo!$, first deduced by Okubo, and 
then applied by Gell-Mann to predict the mass of the Q^ . We wish to test it now 
in the case of the baryon octet and hence obtain 


3(Mn + Mz) = 4(3 M, + Mz) 
To minimize electromagnetic effects we consider the neutral particles 
4M, +4 Meo =(11271 +0.7)MeV , 2M, +M =(1134.8 +0.2)MeV , 


The energy difference between both values amounts to 7.7 MeV (much smaller 
than the mean mass splitting of around 100 MeV). This indicates that the 
Gell-Mann-Okubo mass formula is quite well satisfied; it also holds for the 
other SU(3) multiplets (for baryons as well as for mesons), although in the case 
of the mesons the mass formula must be modified since it is not valid for the 
masses, but for the squared masses. We can justify this — as we will see later — by 
the fact that baryons are fermions obeying the Dirac equation [which contains 
linear terms in energy (mass)], while mesons are bosons, obeying the Klein- 
Gordon equation [which contains the energy (mass) squared]. 


8.10 The Clebsch-Gordan Coefficients of the SU(3) 


In the case of the isospin group we have found that the relative probabilities for 
two reactions taking place.within an isospin multiplet are just given by their 
Clebsch-Gordan coefficients (CGC) (see Example 5.8). Therefore, in order to 
examine reactions within different SU (3) multiplets, we require knowledge of the 
CGC of the SU(3) group. We already know how to reduce Kronecker products 
of irreducible representation, for example: 


[3] & [3] = [6] & [3] or 

[3] © [3] 6 [3] 2 [11 e [8] G[8] S [10] , ete. 

To construct the CGC of the group SU(3), let us consider two irreducible 
representations x = D(p;.q,) and f = D(p2,q2) which are generated by the two 
basis functions V? and y”. Here x and £ denote the corresponding representa- 
tions and u,v stand for all other quantum numbers (T, 73 and Y). We use the 
abbreviations: 

u= {y,t,t3} , v= (y tU] , m= {Y,T, T3} 

Let N be the dimension of the representation D(p, q). In the well-known manner 
we first construct eigenfunctions of the isospin from wr, and yi)», 


T , / a 
Lya” = Y (tt TltstsT3)Y a, VO, , (8.59) 


t3t's 


16 S. Okubo: Prog. Theor. Phys. 27, 949 (1962). 
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where (tt T|t3t's T3) are the usual SU(2) Clebsch-Gordan coefficients. Now we 
construct similarly the eigenstates of the irreducible representation y of dimen- 
sion N, 

Mm. = Y (aByty NYTE + (8.60) 

yty't' 

The coefficients («fyty' t |N YTy) only depend on T, not on T;; therefore they are 
called isoscalar factors. Of course, we must have y + y = Y. Only then will we 
have contributions to the sum in (8.60). Thus, by inserting Xr, we obtain the 
CGC of SU(3) as 


(ayttay't t5| Nmy) = (xBuv|Nmy) = (aByty "IN YTy)tt T\tstsTs) . 
SU(3) — CGC = isoscalar factor x SU(3) — CGC. (8.61) 


To determine a CGC of the SU(3), we only need the SU(2)-CGC and the 
T;-independent factors!” (aByty't’|NYT,). As an example let us construct 
SU(3)-symmetric wave functions [wave functions with well-defined SU (3) sym- 
metry] for the simple quark model. We know that [3] and [3] are two 
fundamental (smallest non-trivial) representations of the SU(3): [3] for the 
quarks and [3] for the antiquarks. Consequently, these representations Corres- 
pond to the three quark states qr. 42,43 (or also u, d, s) and the three antiquark 
states d1,d2, ds (or also ii, d, 3), the quantum numbers of which are listed in 
Table 8.1. The physically most significant Kronecker products of these repres- 


entations are 
p1egpBl-r9eli . (8.62) 
which is the meson octet + singlet. Similarly, the reduction of the product 
[3] @ [3] 6 [3] = [11 € [8]: € [3]; € [10] (8.63) 


yields a singlet, two octets with different symmetry, and a decuplet. This product 
reproduces the baryons and their resonances, respectively. As done previously 
(see the section about meson multiplets), we conclude from (8.62) that the 
mesons consist of a quark and an antiquark, while the nucleons are composed of 
three quarks. This is also the reason for expecting the spins I = 0 or J = 1 for 
mesons and I = 5 or I = 3 for baryons, remembering that the quarks have spin 
I=}. 

Next we discuss the meson octet and, in particular, we construct the pion 
triplet: x* can only be a coupled ud state with an isospin function given by 


2, = GEHE DU PLE VE (8.64) 
In this case the CGC is given by (4411441) =1, and furthermore the isoscalar 
factor is found to be (334 4 — 471801 8) = 1. We note that this result is valid far 
all pions, because the isoscalar factors are independent of T,. The n* wave 
function is then given by |n* > = ud, Le. the corresponding SU(3)-CGC equals 1. 


For the n° state we find similarly that [n9 = (5)! (ui — dd) and for the x^ 


17 One finds a detailed table of isoscalar factors, for example, in J.J. de Swart: Rev. Mod. 
Phys. 35, 916 (1963). 
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Table 8.1. The quantum 
numbers of the quark and 
antiquark states 


pA 


TT, Q Y 


qi(u) 4 i 2 i 
q;(d) i -i —i i 
q3(s) 0 0 -i -i 
q, G) i i —2 -i 
dd) i i $ -i 
qd 0 0 i i 


256 


8. Quarks and SU(3) 


state|z~ > = di. There are no other possible ways to construct the T = 1-triplet 
than through coupling of the t = 5-doublet of [3] and the t = $-doublet of [3]. 
Similarly T = $-doublet states of the meson octet [8] with Y = 1 can only be 
coupled by the T = j-doublet (Y = 4) of [3] and the T = O-singlet (Y = 4) of [3]. 
Analogous reasoning holds for the T = -doublet of the meson octet [8] with 
Y = —1. So there appear only ordinary SU(2) CGC [for example + (3)!?]. For 
completeness we note the quark content of all pseudoscalar mesons in Table 8.2. 


Table 8.2. The quark content of the pseudoscalar mesons 


SU(3)multiplet Quark content Y T T, Name 
[8] ud 0 r 1 nt 
[8] uü — dd) 0 1 0 n° 

[8] dà 0 1 —1 T 
[8] us le l + 1 K* 
[8] ds 1 i -i K? 
[8] sd -1 i +4 Ke 
[8] sū —1 i -i K- 
[8] Jg (uu + dd — 2s5) 0 0 0 nn 
[1] “ua + dd — 2s3) 0 0 0 n,n’ 


In addition we have constructed isospin multiplets: 


with T=SandY=1: dsus , 
1 - > 
with T=5and Y=0: da,—~ui—dd),ud , 
, J2 


with T= iand Y= —1: sū sd 


As already mentioned, here all occurring CGC are SU(2)-CGC. 
Thus we have built up seven independent states V, Yg, ... from the nine 
states qiq; (i,j = 1, 2,3). The states are orthonormal, i.e. 


Walp) =o , with w= È % 59:4) , 
ij 
and. further, we can construct the state 
Wi = Flu + ad + SS) , 
which can also be written as 


Zen didi 


The invariance of this wave function with respect to SU(3) transformations is 
easily recognized with the aid of the results of Exercises 8.1 and 8.2. Namely, we 
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have 
y. didi = Yd; Ulian U,i = Y. djd. U,(U ^ ij 
i ijk ijk 


=) GH5x= dd > (8.65) 
jk i 


and consequently y, is completely invariant under SU(3) transformations since 
it will be transformed into itself. Thus y, is an SU(3) singlet (scalar) . The eighth 
state Va = Jg (uu + dd — 2s5) follows from the requirement of orthonormality. 


In simpler cases the SU(3) Clebsch-Gordan coefficients can be determined by 
symmetry arguments or normalization conditions, and in general there exist 
detailed tables on this subject.' To gain additional, and experimentally verifi- 
able insight we continue the discussion of the quark models. 


8.11 Quark Models with Inner Degrees of Freedom 


So far we have discussed a naive quark model by neglecting all internal degrees 
of freedom of the hadrons (like quark spin, angular momentum etc.). Now we 
want to extend our discussion of these subjects. Taking the quark spin into 
account we have six independent quark states q — (u4,u2,d1,d2,51,52] where, 
for example, u, means the u quark with spin up, u; the u quark with spin down, 
etc. In the case of SU(3) the quark triplet is the “simplest” representation of the 
group. Demanding our quark sextet q to be the smallest nontrivial representa- 
tion of a symmetry group, we will be lead directly to the application of the SU(6) 
group of which [6] and [6] are the fundamental representations. Again we can 
form Kronecker products and reduce them (graphically), so that it seems 
reasonable to introduce a notation simplifying the reduction. This is realized by 
classifying the representations of the SU(6) group by means of the quantum 
numbers in relation to the subgroup SU(3) x SU(2) c SU(6). We denote 


(61S U(6) > L9 9SU(3) x SUQ) , 

(61SU(6) > (3.3SU(3) x SUQ) , (8.66) 
where the first number marks the SU(3) content and the second the total spin. 
Again mesons should be composed of a quark and an antiquark pair. Hence 
they have to be imbedded into the direct product [6] ® [6]. Because the product 


contains the spin, we should obtain both pseudoscalar mesons with spin 0 and 
also vector mesons with spin 1. Reduction of the product yields 


[6] 9 [6] = [116 [B5] . (8.672) 
or, by denoting the spin explicitly, 
(3,0 e [3143 = (1,01 e [{1}, 11 e (8, 11 e [(8,0] . — (8675 


18 See, for example, P. McNamee, F. Chilton: Rev. Mod. Phys. 36, 1005 (1964). 


257 


258 


8. Quarks and SU(3) 


Here we have used that [3] & [3] = [1] @ [8] is valid in the case of SU(3). 
Furthermore we have coupled the individual spins S, = $ and S, = 1to the total 
spin S = 0 or S = 1 and, since qd is the quark content of the mesons, we have 
obtained a better classification for mesons: A singlet and an octet with spin 
0 and a singlet and an octet with spin 1. Indeed, these are just the pseudoscalar 
and vector mesons. 

To summarize, we first have to determine the SU(6) multiplets (in the case 
[6] & [6] these are one singlet and one 35-plet) and then decompose them into 
SU(3) multiplets. Let us do this again taking the baryons as an example: 


[6] © [6] @ [6] = [20] @ [56] @ [70] G [70] . (8.68a) 


Instead of splitting up the baryons according to fundamental SU(6)-multiplets, 
we can also classify them by means of SU(3) x SU(3) subgroups. For this 
purpose we reduce the direct product 


[{3}, 2] @ [{3} 2] @ [{3},3] 
of fundamental quark triplets with spin. 


([3]1 6 [3] 6 B) @([2]® [2] @ [2] 
flavour SU(3) spin SU(3) 


Reduction of the products yields 


(L10] & [8] @ [8] @ [1]) 8 ([4] & [2] 6 [2]) 
= [(10,5] @ [{8}, 5] @ [{8} 2] © [(1). 2] 

® [ {10}, 5] © £{8},3] @ [{8} 2] 6 ({1},3] 

® [{10},5] © C{8},5] @ [(8.31 6 (1. 2] 


In this way we get a large number of states, which are far more rittmerous than 
the number of states observed in nature. We already know the baryon decuplet 
with spin 3 and the baryon octet with spin 4. 


[{8},3] ® [{10}, 3] 


The octet with spin $ contains 8 x (2s + 1) = 16 states. the decuplet with spin 3 
10x (2s + 1) = 40 states. In total these are 56 states of the SU(6) 56-plet. We will 
understand the fact that it is the 56-plet that is put into reality by nature in 
Chapter 9, where we will deal with the group of permutations and the Young 
tableaux. There we will show that the 56 states are the 56 completely symmetric 
combinations of three spin-} quarks. 

Apparently only those wavefunctions exist which are totally symmetric 
according to an arbitrary permutation of the quarks. Together with the total 
antisymmetric colour wave function of the quarks this leads to a total wave 
function which is antisymmetric, as required by the Pauli principle. The quark 
wave function of the triplet, V2) , is supplemented by the spin wave function. 
Hence 


VO Kan > (8.702) 
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and similarly for the antitriplet 
yo Lav > (8.70b) 


From these quark sextets we now construct the x-meson isotriplet (T = 1), 
which is embedded into the meson octet and has Y = 0 (cf. figure in Example 8.6 
and Sect. 8.10). According to (8.64) the isoscalar factor is known to be equal to 
one. Therefore the states of the T = 1 isotriplet of the pions (spin 0) can be 
written as 


VP -o.T-1,7120,M-20 = Y (131|t555 73) ($5010) 


t3,US 1S Y 


xy (DY, Ox, Ox,0) - (8.71) 


The arguments (1) and (2) denote the coordinates of the particle 1(quark) and 
particle 2 (antiquark), respectively. We explicitly evaluate (8.71) for different 
values of 73: 


a) T, = 1. In this case both t4 and t5, can only take the value 4. Hence the wave 
function reads 


et) = G3 DE d $ OI — HOW YS Dtp O2, - 2) . (8.72) 


dii 


Since the Clebsch-Gordan coefficients are 


G.j,0 |p — 00) = Go (8.73b) 
J2j -1 
it follows that 
Int » =? (y 9 TAE Dz, D- x (l J 
Dl Z t- 0), 0 1,4 4-4 (02 
-. 1 
= utDdQ)—- iz, (Dx, Q0 — x4 0x, 4€ 
u(1)d( RE ,( x, ) X, X, , ( | 
1 - — 
= greh — u(1);d(2), ] 
1 E E 
= "yet — u,di) . (8.74) 


In the final step wave functions and spin up and spin down are indicated with 
the indices 1 and |, respectively. At the same time the position of the wave 
function denotes the argument; thus u, d, actually implies u, (1), d, (2), and so 
on. 
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TT SOR 


b) T; = 0. According to (8.71) the |n?» wave function reads 
In?» = [5 2113 -3947 (WO | (2) + (241) —110) 


-li-i 
22 32 2 


“dye (WS, 21-2401 u - uoz (x, ,Q) . (8.75) 
The SU(2) Clebsch-Gordan coefficients take the values 
dh — 40 =— (8-76a) 
1 

(2 31] 330) = Fi (8.76b) 
—)yit 

Gilu- n9 = CO, (8.76c) 
Ja 


Which lead to 
0s, d = 1d E 1 2) — 1 2 
In» Ja «o t d(1)d(2)) JR Gt )x, -4( ) x E ny )) 


= $(u(1),2(2), + d(1),d(2), — u(1),a(2), — d(1),d(2);) 
= 24,8, +d;d, ~u, ü, -—d,d,) . (8.77) 
This continues in the same way for the x^ meson (T, = —1). In the following 
table we summarize the wave functions for the (pseudo-)scalar (pions, spin 0) 
and the vector particles (o mesons; spin 1) which belong to the isospin triplet of 
the SU(3) octet: 
{72° = iu, i, — uU, — did, + d,d,) 
Iz > = (diii; — d, a) 
leti» = (us d, ,) 
leo > = > (u,d. + u,d,) 


V< 


loti» Jg, Ls, — di, uds) 

loo? = 3(uiü, + ui — did, — d,di) 

load = (d; jd, ,) 

leo > — 75 (dii, t dii) . (8.78) 
The upper index refers to the charge and the lower one the z component of the 
Spin: u, means u| f, u | means uj |>, etc. The pions have spin 0, the Q mesons 
spin 1 (vector mesons). The latter have therefore j, = 0, + 1 as indicated in 


(8.78). The wave functions of the baryons can be constructed similarly, which is 
quite easy for the decuplet [{10}, 2]. Let us start, e.g. with the state of maximal 
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weight 4**: 


++ 
Apt =| d cmm (8.79) 
ATi = ey uyuy uuu, uu ugu) 


In connection with the wave function for 4135 — u,u,u, we come into 
contact with a new problem. Apparently, this wave function violates the Pauli 
principle. (The same problem occurs in the second wave function because all 
three quarks are in the same state u,.) 

In order to restore the Pauli principle in the realm of quarks one has to 
introduce a new quantum number for quarks. This quantum number is called 
colour or colour charge. Three colours are necessary (red, green, blue) so that the 
first u, quark is red, the second green and the third blue. 

Later, in volumes 8 and 9 of these lectures (Gauge Theory of Weak Interac- 
tions and Quantum Chromodynamics) we will discuss this phenomenon more 
precisely. 

We now explain the construction of the second wave function in (8.79) in 
greater detail. The SU(3) component for A** is u(1)u(2)u(3); the spin component 
of these j — 3-particles reads as 


Y G£lluvm) (1231 mM), (0x,,0).). - (8.80) 


uvmc 


This corresponds to the only possible coupling for j — 3, 
lgijilgl [7] 
[2 @2]"@2 (8.81) 


Now we evaluate (8.80) for M = 3 and M = 1. 


a) M =3. Accordingly one must have t=+ and m= 1, which leads to 


u = v = 4. For (8.80) this results in 


Nie 
Nile 
[n 


(221| 


KERETE ATOMOA NE (8.82) 


2 


The two Clebsch-Gordan coefficients are equal to 1 (maximal coupling, no other 
possibility!) and hence we get for the total wave function, 


Akt = EO 4023,02, o 


= Wl. . (8.83) 


b) M — 1. For (8.80) must hold 


m=1 , t= —4 or m=0 , t=} 
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Further, for 


. — 1 — ił 

mzzctl H5 5 ys 
=- Ld = i 
m=0: w= 5 , vy--—3 
A o1 01 
m = Q: H= —F 5 v= 5 


For the spin wave function (8.80) this yields in all: 
a = (4311531) 19311-32414 Oxy) 
+ GHIRO — $31025)4,, Oxy 4x44) 
x31] — $40) C4310, (0x,0,,0) - (8.84) 


The values for these Clebsch-Gordan coefficients can be found in various 
books!?, and we quote 


This results in the total SU(6) wave function 
1 

Ajay = Du DuQQuG) Ls (D 2x8) + 14,402, 02,0) 
t Xi -() Xi 0x, ,0 


1 
= Fe Dara) + uy (1), (2)u, (3) + u, (Iu, (2)u; (3)] 


= iu, tuu tug]. (8.852) 
Using (2.18b) for S — Az * = ./3 Aj * one can also obtain this result from (8.83) 
by means of spin ladder operators: 

S- = S_(1) + S_(2) + S.) 
Here again we have, according to (2.18b), 
S_(1)u, (1) = u, (1) etc. 


By means of acting with the lowering operators T., Ü., and V_ of the SU(3) 
symmetry group or with the spin lowering operators S_ on the state (8.79), all 


19 eg. M. Rotenberg et al: The 3j- and the 6j-Symbols (Technology Press, Cambridge, 
Mass. 1959). 
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the other wave functions of the SU(3) octet can be constructed, e.g. for the 2** 
particle with the spin projection jz = + 1 we obtain the wave function 


+ "AT. 1 i 
244 = const. V-Ast = sr T SUU +S, Urt + permutations) 


The permutations arise from the fact that V. = V. (1) 4 V. (2) + V. (3), ie. V. is 
built up by the V. operators of the three involved particles (quarks). Notice that 
the states of the decuplets [(10),$] automatically reveal symmetry under 
exchange of any quark pair. This can be immediately seen in (8.79 and 80). 

To construct the states of the baryon octets with j = $ we combine two 
quarks to form an intermediate angular momentum and then couple them with 
the third one. Here we require that the total wave function is completely 
symmetric under exchange of two quarks, just as for the spin-3 baryons [cf. (8.79 
and 80) ]. If, for example, we want to obtain the wave function of the proton p +4» 
we combine two u quarks to the (symmetric) triplet state (uuy!5 ! and then couple 
the third quark, the d quark, to form a good total spin 5: 


|p;? = const. [(1$311 — 22) (uid, +0 541033) (uod, + permut.] 


= const. [/2u,uyd, — gut + uu, )d, + permut.] 
= y (2uyurdy — usu, d, -— u uid, + permut.] 


In detail the wave function (showing all permutations) reads as 


Ipi? = eg [lud u; > + 2|u,u,d,» + 21d uqui? —luru d;> —lurdru, > 
— ju,d;u; > — |d; uu; > — id upu; X — lu uidi? . (8.85b) 


One must consider that here the position of the wave functions denotes the 
index of the position operator. For example 


udu «> u(1)d(2)u(3) 


By coupling the proton wave function via the intermediate spin j = 1 one 
assures the symmetry between the two u-quarks. The coupling via an intermedi- 
ate spin j = 0 (which, at first, seems to be possible) is ruled out, because the wave 
function of the first two u-quarks would then be antisymmetric. 

Still another remark on the uud-structure of the proton: Why is its structure 
not uus whose charge Q = (3 + 2 — }) = 1, too? The answer is simply that the 
proton in [8] has to have hypercharge Y = 1 while the uus-configuration has 
hypercharge Y= (3 +3 — 2) = 0. Similarly as for the proton above one obtains 


for the wave function of the neutron, 
Ini» = Ja [2d,d;u, — d;d u; — d,dqu, + permut] . (8.85c) 
The other states of the octet look quite similar, except the 4° particle, which has 


to be determined by orthogonalization with respect to the Z°. One finds in this 
case that 


|49» = ~ [uydis, — u d,s, — dyu, S} +djuysy + permut.] . (8.85) 
t JA2 t*1?f i1" t91 t 
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In the following exercises the structure of the neutron wave function and 
especially also that of the wave functions of the baryon resonances is worked out 
in detail. 


EXERCISE Se 


8.13 Construction of the Neutron Wave Function 


Problem. Calculate the wave function of the neutron by applying the shift 
operator T_ to the proton function. 


Solution. We know that the wave function of the neutron results from the wave 
function of the proton by applying the 7. operator, which lowers the 
T; component by one unit. Since the wave functions of proton and neutron are 
three-body functions, we have to use the three-body operators T- = T. (1) + 
T_(2) + T.(3). This operator consists of three parts, each of which acts in 
a different Hilbert space, though in a similar manner. The wave function of the 
proton is known from (8.85b) as 


Ip1? "US Atm (v. n -1(2) V, ,0) 


* 29, 0) V, QW, + Wy 0) V 0 V.) 
=H QV, QV...) — V, QV, V .,) 
V, OW, (QU, 0 — V, OV, 0) 
- , (V, QU, .,8) — V, 0094,09 ,,0). (1) 


Here w,,;, denotes the wave function of a particle with spin component j; and 
isospin component t3. The number given in parentheses specifies the corres- 
ponding Hilbert space, which is important because an operator applied to 
a function in a different Hilbert space does not affect that function [e.g. the 
notation T. (1) should be understood as an abbreviation for the tensor product 
operator T. OOJ (3), where Í is the identity operator, etc.] We know that 
T- lowers the isospin component t, by one unit, all other quantum numbers 
remaining unchanged. The 73 operator can not lead out of the multiplet of 
which the function is a member. Since the functions y,, ;,(i) are all functions of 
the elementary SU(3) triplet, it follows that T. (iU ,;, (i) = 0 for all i and j; (see 
figure below for illustration). The only allowed shift which remains is 


T- Oy, O= Ny, () (2) 
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for all i and j3, where N is a normalization factor. Thus follows: Exercise 8.13 


^ N 
In = NT- Ip) = Te 
18 


{UÊ 09, (Dy DV, 0) - 24, (007 QUA. OM, 0) 
2j, DW 4 TB, 8) +AT- OY, Oy (QU...) 
+ Wy (OÈ wy (QU...) + 29 (DV, OXCT- GV...) 
+ AF, DW, QV, 8) + W., OT QV, V, 0) 
2j. (Di, OCG 9) — TOYO, ., QU. 0) 
-= v, AVF QU, 29. ,,0) — V Oy, yO- 
- (FW, (DW, Vy) — V, TOW, 2-48) 
— V, (DU..,,0f- GV, .,0) — (FOV, ..(0)9..,,009, ,0) 
= y, UVF QU. DW, 0) — V, DV. (07-9, 8) 
- (FW, 099, OW, 8) — 44,0 — (LO, 2,8) 
= V V, OPGW, 8) — (LOW, Oy, OV, 4) 
— V ,AXf- QU, Dy 4B) — V.., (DU, OE GOV.) 
— (Ê (y, DW, OV.) — V DT QU, OW. 0) 
— y, 0, 7-00) 
Ini) = Qu. , (DV... 4, 0) +0 

/18 ii bi tii 

 2y, (DV. 4 42448) + 29. , DY, QW, ,8) 

+2 y, (DW, 24,8) +0+0 

29. , (0. , QV, 8) + 24 (09. , QV 0) 

= y LV, L8) 7 VV. 0)V.,,0) 7 0 

— V. QV. 1,8) — 0 — V, (DV. QW, -,8) 

= V. DY HB) -0 — 9, DV. (DV. 09...) 

-0 - y ARO ROR V, OV, v4.0) 

-0 — y , QV. OY, 0) — 4D, OV...) 

= V. , (DV OU. ,,8) — V. (DV. V..,,0) — 9} 
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Ti 
t 2j. OW 0, .,) + vy DV ,,) 
= V OV, QW, 0) — V, OW V. ,,) 
= V. V, (OV. ,.,) — V, (DU. , QU. ,.,) 
= V ,.,00V. 2%, 0) — V, (DY, Qu. ,,0j (3) 
The normalization condition is (n, |n; = 1, and the integral which has to be 


calculated consists of a sum of individual integrals which satisfy the elementary 
orthonormality conditions 


CW, 5, 0). 0)V.,:, )] Vv, p (D), p) Vv, 7, (3)? 
= à, t'i Oj, jn Örsta Ô ja ph Ota t's Ój p, . (4) 


(We suppressed here the index 3 on both t and j.) 
Making repeated use of this relation yields 


1 = (n,|n,» 

=N?-d-{44+04+04+04+04+0+04+0+04+0+4+0+0+0 
+0+04+0404+0404+44+040404+04+04+04+0+0+0 
+1+0+0+0+0+0+0+0+0+0+1+0+0+0+0+0 
+0+0+0+0+1+0+0+0+0+0+0+0+0+0+1+0 
+0+1+0+0+0+0+0+0+0+1+1)} 

=N?-4-(44444414+14+1414+141) 

= N? j= N? . (5) 


Hence [N?| = 1, ie. N = ei^, where the phase $ is arbitrary, because a wave 
function is only determined up to a phase. To obtain a result similar to the initial 
wave function, we choose $ = z, ie. N = - 1. Hence the wave function becomes 


1 
In; > = J8 (201 (DY, MOL 
+ WY, V, 1,0) + Wy DV. 0. ,,) 
= V. p a OG) — V, (DU... ,,) 
77 V LOO). , 0) 7 V, ROOL ATOL AE) 
7 V , (UW (2), 19 = Yi (DY, ROLERO), 


With the abbreviation d, for y ,, and u, for Y, _,, respectively, it is possible 
to rewrite the equation. Bearing in mind that; for instance, duu stands for 


8.11 Quark Models with Inner Degrees of Freedom 
duu = d(1)u(2)u(3), we obtain 


1 », 
In,» = ——- (2d,u,d, + 2d4d4u, + 2u, dd, — did,u 
f yu mh 1"171 Lert Te Let 


— usd d, — d,u,d, — u,d,d, — d diu; — d,u,d,} . (6) 


EXERCISE Se 


8.14 Construction of the Wave Functions of the Baryon Decuplet 


| Problem. Construct the wave functions of the decuplet of baryonic resonances, 
starting from 4** which we already know to be [see (8.85a)] 


Solution. The wave function of the 4** is given by the product of the SU(3) 
wave functions VI! (in.this case the functions are from the elementary triplet, 
thus [m] = [3]) and the spin functions xj» of the quarks constituting the 
particle. The number in parentheses specifies the Hilbert space of the respective 
function, so for example y DI(1) is the wave function of particle 1 which is part of 
the elementary triplet having the quantum numbers y — Li t, = 1. Spin, isospin 
and hypercharge are additive quantum numbers, i.e. for A+ * we have the values 
Y = 1, T, = 3, J = 3. Here we consider only states with maximal spin projection 
M =3. In general this is not necessary, we may also consider states with 
M = Ł, = —lor M = —3. But the isospin-hypercharge part of the wave func- 
tion is not affected by the spin-projection value, hence our choice of M = 3 only. 

Starting from the A** function, the other wave functions of the baryon 
decuplet can be constructed by successively applying the shift operators. All 
observed baryonic resonances have spin J = 3. 

We know the effect of the shift operator acting on a state in Y — T; space (see 
figure below) and care has to be taken that it does not move the state beyond the 
boundaries of the SU (3) multiplet, in which case the result would be zero. In our 
case the wave function denotes states of the elementary triplet (see following 
figure). 

Hence, for example 7. va = 0, because the state un does not exist. Sim- 
ilarly, 


^ 7 Blo U ye Pyl= 

Ôp = UW = Vel = 0 
Nevertheless the state 

P yS = [15] 

T. i const.J/; 


exists, because in the case of the 15-plet the fT. operator acting on the state with 
Y = 1, T; = $ does not result in an exit from the multiplet. The operations 
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Exercise 8.14 


The effect of the shift oper- 
ators 


The elementary quark trip- 
let 


The decuplet of baryon res- 
onances 


Py ts41 Ti 


Py 1,t3 -i Py-tts+4 


which are possible within the elementary triplet are 

P yB! — yB "D — yil P pB — yf, (33 

Twig = Mey PW Ta =a 

j yB! = yB È yB! = yil J yB! = yB 

Uwe, V * V. Vi , Uv, Vi ° (2) 
Before we start to construct new states of the decuplet, (see figure below) we have 


to realize that we are here concerned with many-body states, and consequently 
the operators have to be many-body operators: 


O¢ with $ = $(1)9(2)93) 
Therefore, 
{O(1) + O(2) + 0(3) 6 = (6006(10 $2000) + HÂD (3) 
+ $(1)$(2)(0(3)6(3)). (3) 


Now we can start to construct the first new wave functions: 

As we can see in the left figure, |4*) = N-7T_|4**), where N is a normaliz- 
ation factor which ensures that (4*|A*» = 1. Since we exclusively consider 
functions y belonging to the elementary triplet (which we assume to be nor- 
malized), we omit the superscript [3] in the following. Moreover we set 


x 0x,02x,0) =x, 
because the spin part of the wave function remains unchanged. Next we obtain 
l4*» = NT_|4**) 
= N(T-() + TQ) + TG) LY, (Dv, V, x 
= N a (T- (9,0), VG) 
* Ju) (f. QV, QV.) + v, (v, 0) (T. (39,,0)) 
= Nac |, DY, (24,8) + Vi (OV, ,0)V,,G) 
+ YOY OV, ,9) . (4) 
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The factor N is determined with the help of the normalization condition 
1=<¢A*|A*t) 


u al 
Wr 
+ VOV, OVO) + VOI,OV,_.@ | 
m r 
Wir Vr 


xX N+x° EZERU ROLIR) 
+ WY, 20,40) + V (0909,01 dx 


=|N|?-{ Ix? - (Iu? + Viu + Viu + Vini + aul? 
+ Vini + Yupi + Vara + Worl} x d’ xd (5) 


Now the y, are orthonormal, for example 


fur ° Ix dx d°x2d°x, 
= fY, OV, ODSOP xs f yD 21x, 21 23x; 
x J Vy, OW Bx B? "x; 
=1-1-l=1 
fx Wi 1 d?x, d°x2d°x; 
= fý, Ov Dy DP x [bv lld: 
x [V GV), P»; 
=0-0-1=0 . (6) 


With this, one obtains 
1=|N|?-(1-1-1+0-0-1+0-1-0 


+0-0-14+1-1-141-0-0+0-°1-0+1-0-0+ 1-1-1) 


=|NP-3 > N=} , 


VA 


and hence, 


l4*) = ely (DU OVO + YO, Oy 


J5 


t Vu OY OV, (O9), 0,043,9 - (7) 
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Exercise 8.14 Now we may calculate |Z* *5 in the same Way: 
[z**» = N. (P. (1) + P. (2) + P C 4409 40) Gy, (0) 0), .() 
- N-((F. (DV, (V4. QV.) 


t W (D) (P (22) 1(3) + WD QV (39,,8)] - x 
= N-( Wy QV, ) 
+ VOV (2), (3) + VOV, ,0V 4,8) "X 


(8) 
Again N arises from the normalization condition 
LINT DÀ. DV QV) + Vi 0 AQ). G) 
E (DU 20 GJ -xI DU gD DY ) 
* VOV (2,8) + V, js, QW GT 


=|N|?- A +0+0+04+1+04040+4 1) -3IN[? (9) 
Thus, N = 1/./3 and we obtain 


1 
|Z**» = B {y -CDY (2), (3) + VOV 0), 


+ Va (DV OV) 44,04, D . (10) 
Similarly one can determine the wave functions of the particles 4°, A 
E*, Q: 


[495 = Nf |A*» 
= N(T_(1) + f.) « f. od FAON 


+ MC a4QUAO + ^ (DV, 9014020910) 
(PO. (DY, DY B) 
-5 


+ (TY DY, DD + FO OV, QW, 0) 
A «OV, 2440) + VDF OV, QW, 8) 
+ WOT QU Dd, (G) + vy DH DA OV.) 
+ Ws (5 QV) + V, (OV OP- GV, GD} -x 


- F (0. V, QV) 
* V OV, 9) V, (DU, 09,0) +0 


TVD, QB) +, OW, QV, ,2) 
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2 
B N*x- Wy OV, 0,0) 


t V, 0)V,,0)v,. 0) t VOV, 0), ,) 
From 1 = (4| A49» follows 


1=$-|N/?-(1+0+0+0+1+0+0+0+ 1) AN —N—À 
leading to 


A TAROT RORE ARTACO TERE 


+ WHY, QV.) 1,,00x,,00)x,,0) 


|4°> = 


(11) 
la^» = NTA? = F (f- QV, V, V.) 
+ (Ê (0), Ov, + C- (VOV Ov, 
* V OU OV, ORO + V, OF Dv, OV, ,) 
+ V4 QV, OV, 8) H v, OV ,0(7- )v,,) 
* Vi OV OC GV, 8) + Wy O)V,O(T- B,D} x 
147» = vy $040, (DU, VG) 0 V DU, QV.) 
+0+ V, (OV, 0, ,G) - 0 +0} 
= Ny 3), OU OV. 
From (A7|4~) = 1 follows 1 = 3-|N[?, that is N = 1/,/3. With this, 
l4» = V, 0), QY, O 4 2) 


jg = N- P.|z** = Ur (HW 9, V4 42) 


(12) 


+ (P_ (1d, 099 4,0)/,,G) + VO, DY, QV 3) 
+ V DC- QV, QV.) + v. OF QU 0940) 
+ W DO- QV, QV 4) + V 4 0)9,,0 (V- GV ,,0) 
+ WW OO GV) + V, OV,,0)(- GV 4,0] 


N 
= B M p M {Y 0) 4,0), 0) 


TV VOV 4) + Wy JO EG x (13) 
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The normalization condition yields 
1 
(E> = AY DY DG) GDH S) 


+ WY QV 4,9 x,,0)x,, (2x14 3) , (14) 
and in the same way, 
|Q-> = N- P. |E*9» 
= V (DV 40) 1,90, 0,0) . (15) 


Now several possibilities exist for deriving | 2*9» from the previously calculated 
states, as can be seen in the Y — 7; diagram. On one hand we have 


JE") = ÊI, (16) 
other possibilities being 
|2*°> = P.|A*» and |Z*°> = |49» . 


We prove that all possibilities yield the same function (as one would expect), 
with 
|z*°> = T_|Z**) 


a {1 
-N-Î [s DU (9440.40) + V, V 4.20442) 


+ Wi (Dx, (2b -30(3)] nyO] (17) 


N a 
SF (T- Qv 4,0) D0) 
+ (Ê (DY DY 42)V,,G) + Ê- OV AD DY l) 
* V ADADA QV) + V, OX(T- QV ,,0)V,,0) 
+ VO QV QV 4) V 40V 0(- Gv.) 
+ VU VOU G)V,G) + VOV 2)(7- GV 4) 


N 
- V X* O0 V, Dd SQ) 0) + vy, OV,OV 1) 


+ OU (QV +04 VOV, QW 1) 
+H M OVAGOVL 5B) + Vy OV AOV *0 . —— (8 
The normalization condition leads to 
1 = 2*0] 2*0) = QI V (204,38) + Vy {YY 4) 
* VV, 5243) + Wy OV, OV 40) Vs OV, OV, 1G) 
+ WOU «QV, x ES (OV pD 
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+ V, OV QY 4.8) + V (DW, (2H) Exercise 8.14 
+ VOV, OV 4,0) + V (VOV. ,0) 


IN? 
T VOV 40V 0] ° X? "3 


-(1+0+0+0+0+0+0+1+0+0+0+0+0+0+1 
+0+0+0+0+0+0+1+0+0+0+0+0+0+1 


NI? 
4040404040404 1) E 2 2NP . 


Thus N — 1/,/2 and therefore 
1 
|z*05 = Je (V, (DU 4, QU,0) + V, 09,0 JO) 


Wg DN O + V, OU S OU 0), 02, 02,0) 
. On the other hand, 


#0) — NP-.LA*» = NV d. 1 2 3 
|z*9» = NV-A" > RP 7: {Wy -l ysl )v,,0) 
+ V, V, 040) T y, UV, d 


- = p (0 + V goby 4 DV 442) +H V, 0,0) 


$V, OY S OUO) H O H VV OV l) 

$y (DUO VO +O, QV MO F0 - — 09 
From this it follows that 1 = 6- |N|7/3 too, that is N-1 INZ: thus the function 
is the same as the one above. In the same way one makes sure that 


"- N A 
ze = NO 1d) = et 0-09, O2, 404,0) 


+ (Ü- (Dy, (99,404 ,..,0) + (- COV V, V.) 
£y, D - OV, (29,0) + V. (D(U- QU, OO) 
+ Pp DÛ- QV, 0), .,0) + y, Ov, ,20- GV.) 
TARU ROURE GV, (8) + y, 0, 2) 0- OV, 


N 
TUA x (b S OV, 04,0) + V SVO, B) 


$V, OU WO) VOV v OV...) 
d, AO 3B) + VOULU VO) (20) 
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which, after normalization, yields the same function. Now we calculate |= *7 
from 


2*7» = NU-1475 = N -(O- (V, 0), 2.0) 
+ V, 40(- QV, OV, .G) 
+ VOV, DÛ- V, 19) 02,,0),,0) 
=N. WV, OW 0) + Y, 0y (2), (3) 
+H, Od, D D (21) 
normalization yielding 
1 
1=<2*"|2*"> =N?*-3 ie: N—-— 
Cae) Le JA 
1 
|Z*-> = B iv OV, OQ), (3) + V (DV ,,0)V, ,) 


+H 4D, GOV v0) 0), 0),0) . (22) 
Calculating T-|Z*°> or V. | A?» gives the same result. 


Finally there is |£*^» to be calculated. The easiest way to obtain this 
function is by 


|g*7» = NU,|Q-) 
= N (0-0) 0) 4,0) 4,8) V (00. DY 09 1,0) 
E OV 40) (Ou. BY 4,99) x, 0)2,,0)2,,0) 
= N (OW 4 QV a) E V 4s OV, 0) a) 


* VOU «0v, (0) x, 0x, 0x, ) . (23) 
On normalizing, 


1248|5*» 2 INP-3 , N=- and 


VA 
> = va Hy Dv gol 9) + Y (DV (V 48) 
* V DV pV, sO} D D) - (24) 
Now we combine all the wave functions, using the abbreviations. 
gh To Meum dii Wty as > (25) 


and, with regard to the the implicit order, ie. udu = u(1)d(2)u(3) etc., we write 
l4* *5 = LI 


1 
l4*y = Jg Un + udu, + uuu d) 
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1 
|4°> = Jg din t d,u,d; + u4dídi) 
l4 » — did, d, 
1 
|Z**5 = Jae + UsS, Uy + Urus) 


1 
|z*95 = Je eiim + surd; + disu; t drugs; t upsods t usdisi) 


1 
75 


1 
E*95 = —= (S15, Uy + Sy US, + Ursis) 
Z 


IX*^7» = (sd, d, +d,s,d, +d,d,S;) 


1 
|E* > = —z(sisid, + sdis; + 415454) 
A 


I2 »-—5s,s,5,; . Q6) 


To construct particles with different spin projection j;, it is only necéssary just to 
recalculate the different spin part of the wave function. 


EXERCISE Se 


8.15 Construction of the Spin-Flavour Wave Functions of the Baryon Octet 


Problem. Construct the wave functions of the baryon octet in the frame of 
SU(3) x SU(2) (ie. the baryonic wave functions as eigenfunctions of isospin, 
hypercharge and spin.) 


Solution. I. The baryon octet and the effect of the shift operators. The baryon 
octet in the Y — T, plane is known from Example 6.3 (see figure) and we know 
the effect of the shift operators from Chap. 7, in particular from the considera- 
tion of the subalgebras of the SU(3). This is shown once again in the figure on 
page 276. 

A shift operator applied to an arbitrary state of the baryon octet yields the 
adjacent state with respect to the shift direction of the operator. If it is a state of 
the octet, one obtains the wave function of the corresponding particle. But if the 
shift crosses the boundaries of the octet, the wave function vanishes. The 
construction of functions of the doubly occupied points of the octet (this occurs 
only at the origin of the Y — T, plane) will be considered separately. We know 
here (from our investigation concerning the number of states belonging to lattice 
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The effect of the shift oper- 
ators 


points of inner shells, Chap. 7) that we obtain two different states if, starting 
from X*+, we apply T_ or the operator combination U + P- to E+: In the first 
case we generate a X° and in the second case a A°. Before we start to construct 
the wave functions there are still two important things to be considered: 


II. The explicit form of the shift operators: Each baryon consists of three 
quarks; in general its wave function consists of a linear combination of products 
of quark wave functions which obey the restrictions of the possible baryon 
quantum number Y, T, T, (initially we will not concern ourselves with the spin): 


Vaír) = 2, Ai(du, a yiii) ° Qi2,:2, y2(r2) 413,13, y3(3))1 . (1) 


The parentheses ( ...); indicate the ith of the possible three-quark wave functions; 
qurlyi( J) is the wave function of the jth quark with quantum numbers t), t4, yl 
(in the following we frequently use the common abbreviations lu» for dup Id» 
for di. and |s) for qy- Jj In the first instance the 4;, are arbitrary complex 


numbers. mE 
Looking at (1) we recognize that in reality the baryon wave function is 


a many-body function. Therefore an operator (for example one of the shift 
operators) which acts in the space of the baryon wave functions is a many-body 
operator, too, and 


Os = Ô, + Ô, + Ô, . (2) 


O; are operators which act only in the space of the corresponding quark wave 
function Quuy(j).?? This means that 


Ogg (r) = È AÓs(41(r1)22(r2)a3(r3)); 
= L((Ó.ai())a:t)as(3 + q1 (r)(Ô242(r2)q3(r3) 


+ qı (r1)42(r 2) (O3qa(rs))}; (3) 
[here we have abbreviated (ri, t, yy" by "i"]. 


20 See Vol. 1 of this series, Quantum Mechanics I-An Introduction (Springer, Berlin, 
Heidelberg 1989). 
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Finally we have to consider the functions on which the operators act: 


III. The form of a baryon wave function with spin component: Neglecting spin 
the wave function has the form (1). If we include spin, at first sight it may seem 
that the function will be very complicated. As has been shown previously (see 
footnote 12), the total wave function is the direct product of the wave function 
(1) and the spin wave function and is defined as 


Walr) @ x(r) = }, A(a1(r)2(r2)a3(03); @ 2, A05. 00,..0),. 9) 
i j 
= Y ild: @ Zyn: (1) +42 @ 1,0) 43 9 yw - (4) 
k 


Here wz is a function in the space of eigenfunctions of isospin and hypercharge, 
x is a function in the space of spin eigenfunctions. 

The point which significantly simplifies the calculation is that the SU (3) shift 
operators do not influence the spin functions. Therefore, applying one of the 
shift operators to an arbitrary function belonging to the octet will not change 
the spin part. Thus one can define the spin projection at the outset and leave it 
unchanged throughout the calculation. _ 

Since the quarks have spin s = 3, with the projections m, = +4, the coupling 
of three quarks provides the total spin projections J, = +3, +4 for the baryon. 
Yet we known from Example 6.3 that all baryons of the octet have spin J = 3, 
ie. J, = +4 (on the other hand the decuplet of baryonic resonances has spin 
J = 3). Hence we only have to consider the two cases J, = +4 and J, = — 1 and, 
since the spin part of the wave function is: not changed by applying the shift 
operators, we may restrict ourselves to J, = +4 from the beginning. The other 
case can be treated similarly. 

In order to construct a wave function one has first to calculate an initial 
state. Then the other states can be generated by applying the shift operators. 


IV. The construction of the first baryonic state: We choose the proton function 
as the initial state. We know the quark content of the proton to be two u quarks 
and one d quark in the framework of SU(3) (or a linear combination of these if 
the function has to have specific symmetry properties). In the framework of 
SU(3) x SU(2) the quark content has to be a linear combination of the product 
wave functions of three of the quarks 


lumix, 5 lu = luq, > d) and d 


(where two u quarks with spin are always coupled to one d quark with spin. 
Furthermore, J = J, = +4). 

To generate a wave function of this kind from these quarks, one has to apply 
the formalism of angular momentum coupling of Chap. 2. First we couple |u,> 
and |u, > to (uu) = |u,u,» and then the resulting function is coupled with 
ld, > (so that it yields a J, = 3 state). In the same way |u,» and |u,> are coupled 
to (uu)j;z and the result is coupled to |d,>. Since we have omitted the 
arguments r,,r;,rg for the sake of greater simplicity, the order of the quarks 
corresponds to the order of arguments; thus being of crucial importance. The 
quark placed first has the quantum numbers tt, t$, y! and the argument r, of the 
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corresponding wave function, the second quark is specified by :?, :2, y? etc. 
Hence, 


(uuo — Y (3 5 1 |m,m,0) (lufr) & X,0)) (u(rz)» @ X,,,(2)) 
= (23115 — $0) juu,» +441] —440)|u,u,> 
1 
= Jat tlu,u»., 
leading to 
1 


IP: = (12211 — 43) luzurd > + (14 41044 gerh) + |ujuyd, >) 


2 1 
= Jimma — fg uid) +|u;urd;>)) . (5) 


The wave function is correctly normalized but, since baryons have even 
parity (cf. Example 6.3), we must additionally demand that the wave function is 
symmetric with respect to the exchange of the quarks. Therefore we have to 
symmetrize the function. 

An arbitrary wave function can be symmetrized applying the symmetrization 
operator (cf. Chap. 9). The total symmetrizing operator for a three-body system 
is defined as the sum of all permutations of the three particles 


$133 = 1 + Pj; + Ps P5, + PysP,. + P,P; , (6) 
where the P;, denote the operators which exchange the ith with the jth particle. 


Hence the total symmetrical proton wave function is 
1 
Ip» = N'ug lars did — [uiu, di» — juju;d,> + 2luquid,» 
— lu uid,» -— lusu, d,» + 2\d;usuy> — ld,uju,> — Idi u4u,» 
+ 2luid u4» -— lu; du,» — lu; diui» + 21d u4u4» — \d,u,u,> 
— id-u,ui5  2lu4d u4» — lu d,u,» — lu du,» 


1 
IP: > TTia iud,» + 21d uiui? + 2luydyu,> — lusu; di» 


— diu ui) — jus dquj) — lu ud; — ddququ,» —|u,d,u,>} . (7) 


If we choose <p; |p;> = 1, N = 1/./12 results by normalization [for normaliz- 
ation of the wave function see Sect. V of this exercise]. 

It is easy to prove that this wave function is totally symmetric with respect to 
the exchange of two arbitrary quarks. 


V. The construction of the other baryonic states: Starting from the wave func- 
tion of the proton we construct the other baryonic wave functions according to 
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Sect. I. The neutron wave function is hence Exercise 8.15 


3 

^ ^ 1 

Ini» =N- Tipp =N. Y, T--——Qluiu,d,» + 2ld uu 
1 |P: E "ri | T1 i? | 14 t> 


+ 2|u,d,u,> — luqu,di» — diu u; > —|u,d,u,> 
— |u uid 4» — |d,uzu,> — ludr: >} 
= Tu QW Qu) ud,» + 2lu (P (2)u),d, »  2l1uqu (P-(3)3),» 
+ 2((f- (004) uy uy > + 214, (f-Q)u) us + 21d u; (T-G)us) 
+ 2f (1)u) d u4» + 2\u,(T_(2)d),u,> + 2lu4d (T-3)u)4) 
— |(F_(1)u),4,d,> — ju (Êu), d;) — lusu (Êd); > 
— (Ê (1)d) u u1) — Id (T_Q)u), uy > — dou, CE-())4 
— (Êu) dou,» — lu (Ê (2d) u, > — lu d,(T_G)u), 
— (Êu) uid; > — lu (f-Q)u) di? — lu us(T-(3)4)0) 
— (Ê (Dd) uru, > — ldi(T-Q)u)qu,» — Id ous(T- 9)» 
— (Êu) dru;) — u, (TL2)d),uy> — [ud (T_@w)p»} . — (8 


From the structure of the elementary triplet (see figure below) and the effect of 
the shift operators we may read off terms like 7_(i)q;: 


T_(i)|u> =|d> , f.()d»sa0 


It follows that 


N 

In, » = Jia Ciara + 2\u,d,d,> + 2|d,d4u4» + 2\d,u,d;> 

+ 2|d,d,u,> + 2\u,d,d,> — |d,uyd,> — |u,d,d,> — |d,d,u,> 
—|d,ujd,> —|d,d,u,> — |u,d,d,> — |d,u,d,> — ludid; >) 

- |d,d,u,> — |d,u,d,> — |dyd,u,> —|ujd,d,>} " (9) 


The elementary triplet 


Altogether we have 


N 
+ |u;d d;>  |deusd, + |dydyu,> + lurd;d,> + Ido uid45j. (10) 


and the normalization factor N is obtained from the condition 


iani» = f Why d?r,d°r,d°r3=1 . (11) 
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Exercise 8.15 Since 
* t * * 
f dri gyn Xim (F1) dr, ua y Xin (r2) drs 153 y Xim 33) Jait, yi Ximi (ri) 


3 3 3 
X Q12 2, y2 Xqmil2) do i2 ys X1; (03)d rid rod r3 


3 
= I] f Oi ag, y? Xim:(ri) dii ns yi Xy (r^r; 
i=1 


3 
= I] Oye, ynÓp p Ón ut Omi, mii , (12) 


i=l 


then 


1 
1 = (niin; = N? 33-44 6-1}=N? , 
ie. N= +1 
If we choose N = —1, then the neutron wave function is of a form similar to the 


proton wave function: 


1 
In,» = Jag ara? + 2|u ,d4d4» + 2\d;u,d,> — LINT — luu, d,» 
- diu4d,5 —|dyd,u,> — Jusdgd;5 — |diu4d o5]. . (13) 


We proceed similarly with |Z} >: By replacing the operator T. by Ü.. in (8) and 
using the corresponding relations U_|d> = |s», U_|u> = 0), we immediately 
write 


1 
[27> = U_[p,> = Fig Urso + 2\s,u,u,> + 2|utsu4» 


— |u-ujs,) — lsqu,u4» — lusu,» 
— |u us; — |spu;up> — lusu} . (14) 
We choose the normalization factor in such a way that <2*|2*)> = 1. 

Furthermore, 
|» = ÊZ} = 4+ {2|d,u,s,> + 2lu,d,s,> + 2lsyd,u,> + 2\sjuyd,> 

— |diu,s15 — |uydysy> — |spd,uy> — |spu, do) 

— |d u;s;) — |uyd,s,> — |s,d,;uy> — |spu,d > 

+ 2|d,s,uy> + 2|u, s, d4 5 — Id4s,u,» — lu,s;d,> 

— |d,s,u;> — |uys,d,>} (15) 
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since 
Ts» =T.|\d) =0, fu» =|d> 


^ N 
PI = T_|Z9> = sg Midisi + 2|d,d;s,> + 2\|s,d,d;> + 2|s,d 4d,» 


— |did si? — |dyd,s,> — |5:d,di5 — Isid d;> 
-— Id, d,s4» — Id dis» — Issd 4d,» — Is«d4 d,» 
+ 21d, s,d,» + 21d,5,d,) — ds 54d,» — Mdisid) 
— Id,5:d5 — ,51d15j 
1 

Ju oM + 2|5,d1d 45 t 2|d;s,d;)> 
— (did 515 — 15:d,di5 — |disid o5 — d, disi? 
— |s:did 45 —1d,5:d15] (16) 

with N = 1/,/2 and 

T_lu)=|d), T.|s)=T_|d=0 . 


27> = 


^ N 
IE > = U_|Z7> = ——- (2ls:dis,» + 21d45,5,» + 2l5,51d 1? 
1? P yg (bitis 18151 18161 

+ 2|s,d 451» — |lstd,S1) — Idi s,54? -— Is«5,d 4? 

— |s:d,s1? — l51di51? — ld 18151) — 15:5:d > 

— Issd 4s,» + 2|s;sid;> + 2|d4s,51? -— Is«s,d,» 

— |s:5:d, — dosis, — [5,5:1d45 — d, 54515] 

m 1 

— |s;5,d4» — ldi5,51? — ls,d i51? — l5,5:d 12 

— |disis,? — ls:dss,D]. > (17) 
setting N — —1 to produce formal similarity to the other wave functions. 


Similarly, 


- = 1 
[295 = TET) = Tig bem + 2|u,s;51) 


+ 2|s,ujs,> — |s15U0? — lus 5:2 — |S1u1S;> 
— |s,51u415 — |uss1s,» — lssuss;? (18) 
because 
Tuy = Êsis) S0, fid» = lu>) 
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Exercise 8.15 In order to construct |A9 >, we first construct the second state at the centre of 
the Y — T; diagram as explained in Sect. I: 
|» = Ô, P. |Zt5 = 0,89) 
= $(21dis uj? + 2|syd,u,> + 2lu,d, s,» + 2]u, 54d,» 
— Idis,u415 — issd u; >) — lud s1) — |u,s,d,> 
— Idy spur > — l5, dui — Juss, — luisid,» 
+ 2]diu, 515 + 2|s,ujd,> — |d quss,» — [s usd,» 
—|d,u,5)>—|s,;u,d,>} , (19) 


since 
U,|d> = Û,lu) =0, Uls) — |dy 


This wave function is similar to that of X°; nevertheless, the two functions are 
linearly independent. To get the physical A° wave function we have to ortho- 
gonalize the function (19) with respect to X? (15). 

According to the usual orthogonalization procedure of Schmidt the ortho- 
gonal wave function |A?) is given by 


|415 = N (415 — (29 ]A9> | 22>) 
Then 


Gat = v («rtidt» - aut aut )=0 | (20) 
=1 
explicitly [because of (7)] 
GA = $e {-2-24 1}-6 = —H = -} 
Thus we find 


N 
149» = & Mdisu + 2|s.d.u Y + 2|u,d;S+> + 2\u,s;d;> 


+ 2|diu,515 + 2ls,u,d45 + 3(—|d,5,u,> — |s,;d,u,> 

— luidi5)5 — luis d 45 — |dpuy sy) — |spu,d,> — dos us) 

— [sd ui) — |u;dys,> — Ju4s,d4? — |dyu,s;> — |s,u,d,> 

+ $Qld s u4») + 3(—|s;d u45) + (—1u44,5,5) + 5 lu, s, di») 
+ $(—1d u55,5) + $25 u4d4 X) — d, squi? — |syd,u,> 

— ludis,» — lusssdj5 — |dquss,? — |s;u,d,> + 3(—|d,s,u,>) 
+ $215, d qui) + 321u4d45,5) + 3(—1u45,4,») + 32|d,u, s, Y) 

+ 1(—151u4,5)) 
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N Exercise 8.15 
= go Misi» + |sıd1u, > + |u dis) + luu sd i5 + ddiu, si) 
+ |s,uyd;>) — 3(Id soup) + Issd us >) + dus ds; 
+ juss4d,» + |d u,s;? + |s;u,d,>)} 


and, after normalization, 


1 
149) = Ju Wem + [1d 1 u4,5 + lu,d;s1) + luu sid 45 + ddiu si» 


+ |s;u,d;> — Id S147? — |s,d,u,> —— lud 5,» 
— |us54d,5 — |diussi? — spud 5). . (21) 


[495 is the orthogonal wave function constructed from |A?>, normalized to 
unity. It is also totally symmetric with respect to the exchange of two arbitrary 
quarks. 


8.12 The Mass Formula in SU (6) 


It is easy to generalize the Gell-Mann-Okubo mass formula in the framework of 
SU(6). To this end we assume the symmetry-breaking part of the Hamiltonian 
to be a scalar in spin space, e.g. [H mss S2] = 0. Thus Ans leads to a mass splitting 
of particles having different spin within a SU(6)-multiplet. The simplest assump- 
tion is then Ê, oc $°, with which we obtain the mass formula 
Table 8.3. Comparison of masses 
M=a+bY+4+c(T(T+ 1I)-4Y7] + dS(S+ 1) . calculated by the Gürsey-Radicati 
mass formula with their experi- 


This relation is called the Gürsey-Radicati mass formula.?! It is valid for the mental values 


baryon octet and the decuplet (for all particles of the 56-plet) Fitting the 


constants for the masses of N, A, 2, Z* and Z* we obtain Name Calcul. Exper. 
mass mass 
a = 1066.6 MeV/c? , b= —196.1 MeV/c? , [MeV/c] [MeV/c?] 
c = 38.8 MeV/c? , d= 65.3 MeV/c’ z 1331 1318 
l A 1251.2 1232 
With these constants the calculated masses of the other particles compare well g- 1664.9 1672.4 


with the experimental masses (see Table 8.3). 


21 F, Gürsey, L.A. Radicati: Phys. Rev. Lett. 13, 173 (1964). 
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8.13 Magnetic Moments in the Quark Model 


Up to now we have assumed that the spatial wave function of the quarks’ has 
orbital angular momentum | = 0, i.e. they are bound in an s state. This means, 
however, that the magnetic moment of ground state hadrons should be sum of 
the magnetic moments of the constituent quarks. Therefore we assign to each 
quark a magnetic moment Hq (with q = u,d,s) with as yet undetermined value, 
and make an ansatz for the operator of the total magnetic moment: 


À-YméG) , (8.86) 


where Jó(i) is the spin operator of the ith quark within the hadron. The 
measured (static) magnetic moment of a hadron | ^? is the expectation value of 
the z component of y, ie. 


m= (h 


By definition | hy is always taken as the state of maximal spin projection. This 
relation can be directly evaluated by use of the hadron wave functions derived 
previously. Let us look at the magnetic moment of a proton described by the 
SU(6) wave function [see Exercise 8.13, Eq. (7)] 


Euli) 


i) (8.87) 


1 
Ip) > = Sig ndi — usu, d, — u usd, T permut.» 


urud, ) 


+ (uud nud, ) + (umad, 
= fe[A(s + Hu — pa) + (Hu — Hu + Ha) + (— ps + s + a] 


= 18 (Buu — 2u4) = 4(4uy — ua) 


The magnetic moment of the neutron follows in a similar manner (interchange 
u and d), with 


Inserting this we get 


3 
Hy = | nal Ha(i)6,(i) 


«ond ) | 


È n«)6.) Y us)o.) 


Hn = $(4u4 = Huy) 


From these results u, and Ha may be determined by comparison with the 
experimental values of Hp and un. We can derive an independent relation if we 
assume that the magnetic moments of quarks are proportional to their charge 
[see (8.14)] and if we neglect mass differences, i.e. 


_-13 o 
Ha = 2/3 Bu = 7 Bu 


8.13 Magnetic Moments in the Quark Model 
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We thus get the prediction that 


(=) _ Ma- Hu _2 
Hp theor. ` 4hu — Ma 3 


while (Hn/Hp)exp = —0.685. The agreement is obviously quite good in view of the 
simplicity of the assumption and is one of the main successes of the nonrelativis- 
tic additive quark model. 

Conversely, we can calculate the magnetic moments of quarks in units of the 
nuclear magneton from the experimental values; namely 


Hu = 3 (Hn + 4p) = 1.85240 , 
Ha = 3 (Up + Au.) = —0.972 u40 , 
Hs = ua = —0.613 uo , 
282 
Ho 7 2Mc 
where M is the proton mass. The last value was obtained by use of the wave 
function of the 4° baryon. With these values predictions can be made for the 


other baryons which have a sufficiently long lifetime. In Table 8.4 the results are 
compared to the available experimental data. 


(8.882) 


Table 8.4 Comparison of predicted and measured values of the magnetic moments of 
some baryons 


Baryon Hn Prediction [xo] Experimental [ po |* 
zt TEE TA 2.67 2.42 + 0.05 

° 3 (Hy + Ha) — us 0.76 - 
EC $ ua — 31s — 1.09 — 1.160 + 0.025 
=e $u — Any — 1.44 — 1.250 + 0.014 
=” $u, — $ ha — 0.49 — 0.6507 + 0.0025 


* From the Review of Particle Properties Phys. Rev. D45, Part 2 (1992) 


Obviously the agreement is satisfactory. The remaining deviations may 
probably be attributed to admixtures of a d wave contribution to the orbital 
angular momentum. Furthermore, if we assume that quarks are elementary 
fermions having a g-factor of 2, the relation 


_ Qeh 
Pa = 2M ac 


should hold for their magnetic moment. From this the “masses” of the quarks 
follow as 


M, = 338MeV , M,-322MeV , M,=510MeV . (8.89) 


(8.88b) 
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These masses are surprisingly small, especially since even in the largest 
accelerators no particles with masses below 100 GeV/c’ that could be inter- 
preted as quarks have been found. In fact, particles with fractional charges (1, 4) 
have never been found. It has therefore become a major theoretical problem to 
explain why quarks exist only inside hadrons, the so-called problem of quark 
confinement. However, it is quite possible that sooner or later free quarks may be 
found and their mass could well be much larger than 100 GeV/c?, a region not 
yet accessible to today's accelerators. Such a large mass for free quarks is not 
a contradiction of our statement that M, « 300 MeV/c?, since quarks inside 
hadrons are bound particles and therefore their mass is reduced by the binding 
energy. (More precisely, one should call the values M, energy eigenvalues E,, 
not masses.) The reader will note that the quark masses (8.89) roughly add up to 
the masses of hadrons according to their quark content. This fact, which 
represents a further success of the nonrelativistic quark model, can be utilized to 
derive mass formulae for hadrons which are not based on the flavour SU(3) 
symmetry group. E, is commonly called the “mass of the valence quark". 


8.14 Excited Meson and Baryon States 


We have seen that in the framework of SU(6) based on the quark triplet with 

spin, the 0" and 1^ mesons can be explained as members of a singlet and a [35] 

representation, because these representations can be decomposed into the SU(3) 

representations [1] (spin 0), [8] (spin 0), [1] (spin 1) and [8] (spin 1). Similarly 
for the baryons, the [56]-plet decomposes into an octet and a decuplet. 

In the following we want to concern ourselves with the excited mesonic and 
baryonic states. There are two ways to do this: 

(a) one imagines the excited states to consist of more than 2 or 3 quarks (for 
example qqqd for mesons or qqqqd for baryons), so-called “exotic” quark 
states, Or 

(b) one keeps the structure of qd and qqq and interpretes the excited states as 
states with an orbital angular momentum 1 z 0. 

To begin with, we want to examine the first possibility. 


8.14.1 Combinations of More Than Three Quarks 


The parity of a bound quark-antiquark pair is given by 

P\qq> = —(—1)lad) 
where | denotes the orbital angular momentum of the system. In the groundstate 
(l = 0) the parity of a quark-antiquark pair is always negative. 

An example for this are the pseudoscalar mesons (Example 8.6) JP = 0^, and 
the vector mesons J? = 1^ (Example 8.9). 


If we adhere to the concept that quarks are bound in s states {/ = 0), the 
combination qqqd allows for the construction of mesons with positive parity 


8.14 Excited Meson and Baryon States 


(0° @0° = 07;0 @1° 2 1*; 17 9 1 0*, 1*, 2*). If each qq is an SU(6) 
representation, we obtain the following possible combinations: 


re]e[él-rueps . tetnl-n . D1eDps- [35] , 
[35] 6 [35] = [1] @ [35] © [35] © [189] & [280] © [280] & [405] 


Again one can decompose these SU(6) multiplets with respect to their SU(3) 
content. We obtain multiplets of different spin (all of positive parity) which are 
shown in Table 8.5. 


Table 8.5 Decomposition of SU(6) multiplets 


SU(6) multiplets decompose into 


[1] [35] [189] [280] [405] 
[7] - - 0* 1* 2*,1*,0* 
SU(3) [0] - - 1* 1*,0* 1* 
multiplets [10] - - 1* 2*,0* 1* 
[8] -  051* 2515 1*,0* 2*,1*,1*5,0*  2*,1*,17,0* 
uJ] 0* 1* 2*,0* 1* 2*,0* 


Besides the 2* nonet (A>, f, f', K*, cf. Example 8.10), out of this multitude 
of states only a few states of the 0* nonet (e.g. the c-meson cf. Example 8.8) are 
known. There is no (or only very weak) experimental evidence for all the other 
states 

Now let us consider the baryon combination aqqqq. If we assume that pairs 
are always bound in s states (l = 0), all possible states have negative parity 
G @0- 21,1591 23,1;31 90 SES FOIE.) 
these case we couple a (qqq) [56]-plet to a (qq) [35]-plet: 

[35] & [56] = [56] ® [70] & [700] & [1134] 


These SU (6) multiplets have the SU(3) decompositions with negative parity and 
spin between 4 and 3 that are shown in Table 8.6. 


Table 8.6 Decomposition of SU(6) multiplets into SU(3) multiplets with negative parity 


[56] [70] [700] [1134] 


[35] - - MEN 2420 

[27] - - EN $2353 52 

[10 - - Y Pa 

[10] 3 i E e FPP. 

[8] i NES i.odí 3.3.3, 3.6.0.1 
[1] - i 1.1 
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This decomposition yields far too many states, most of which have not been 
experimentally verified. Since this is the case for the mesons too, we have to 
conclude that this model is not suitable for a description of the physical situation 
and we turn to the alternative, (b). 


8.15 Excited States with Orbital Angular Momentum 


We first have a look at the excited states of mesons: 

We have seen that in the framework of the multi-quark model, where we 
interpreted excited meson states as combinations of more than two valence 
quarks, we were only able to construct states with positive parity. 

If we remain in the qq model and interpret the excited states as states with 
orbital angular momentum, we are led, using P = —(—1)!, to the following table 
of excited meson multiplets, which again we classify by means of the quantum 
number J? and l: 

Meson multiplets with angular momentum 


For | = 0 we have here the pseudoscalar and vector mesons. Additionally, we get 
the scalar mesons, which we know from Example 8.8. We see that they are 
a result of the coupling of the total spin of the quarks s = 1 and the orbital 
angular momentum |= 1 to J — 0. The second possible coupling of s — 1 
together with | = 1 to J = 2 yields the tensor mesons of Example 8.10. The third 
possibility, namely the coupling of s = 1 and l= 1 toJ — 1 gives the pseudo 
vector mesons 1*. All these particles have been observed in nature. One denotes 
multiplets with orbital angular momentum as supermultiplets. The intrinsic 
orbital angular momentum gives the parity of the particles in the multiplet. 
For the baryons we stated that the qqqqd model produces too many states. 


Furthermore all of these states have negative parity, whereas states of positive 


parity are observed too. Hence we will try the qqq model with internal angular 
momentum. Therefore we assume an attractive central force acting between 
quark pairs, for which the ground state is completely symmetric (having l = 0). 
It belongs to the [56]* multiplet (positive parity) that has the SU (3) decomposi- 
tion [8]; & [10], (the index means 25 + 1). Of course the sequence of the excited 
states of a quark triplet depends on the particular quark-quark interaction, and 
to illustrate this we adopt a simple model: We place the quarks in a harmonic 
oscillator, solve the Schródinger equation and classify the states in terms of 
SU(6) multiplets. The obtained energy level scheme is shown in Fig. 8.13. 


8.15 Excited States with Orbital Angular Momentum 
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[56]*(2) [20]*. [70]* [70]*) [o]*.(56]*  _[56]* 
[70]*Q) por.bero CD Ce 
.pereo Uo] _ [oy O 
{20}, [56]7 {20]7, [56]7 
[56]*, [70]* Qo] [56]*, [70]* 


The ground state is the [56]* multiplet with I = 0, and so the first excited 
state is the | = 1 state with negative parity that belongs to the [70] representa- 
tion of SU(6). The SU(3) decomposition of the [70]-plet is 


[70] = [112 ® [8]; ® [10]; @ [8]. , 


and this means that we expect the following SU(3) multiplets with negative 
parity that are connected to the first excited qqq state: 


“Ps T (three octets) and 
^h. } (two singlets, two octets and two decuplets) 


Experiments show that there is at least one (in most cases several) verified state 
for each of these nine multiplets, and moreover they have found up to now 
exclusively supermultiplets of the kind [56] * (with even l) and [70]~ (with odd 
D. This fact can only be explained by the use of the quark’s internal quantum 
number “colour”. 

The generalized mass formula which has been derived in the framework of 
this (| = 1) supermultiplet model is very successful for the N*, A, A*, 2*, 2* and 
Q* resonances. The fine-structure can also be well explained in the framework of 
a spin-orbit interaction.?? These and other experimentally verified predictions 
have led to the present conviction that the SU(6) quark model [SU (3) with spin] 
is the correct scheme to classify consistently mesons and baryons as well as their 
resonances. 


22 B.T. Feld: Models for Elementary Particles (Blaisdell, London 1969) p. 333. 


Fig. 8.13. Energy levels of 
quarks in a harmonic oscil- 
lator potential classified in 
terms of SU(6) multiplets 


9. Representations of the Permutation Group 
and Young Tableaux 


9.1 The Permutation Group and Identical Particles 


Up to now we have studied the unitary groups SU(N), especially those with 
N = 2, 3, 4 and 6 dimensions. Now we want to discuss some properties of the 
permutation group Sy, which is also called the symmetric group. The group Sy 
is important if we have to deal with several identical particles. In this section we 
. will aquaint ourselves. with the concept of Young diagrams, which in turn is 
. useful for. the construction of the basis functions of the unitary irreducible 
representations of SU(N). 

The transpositions are those permutations which exchange two quantities 
(objects) with each other. For example, starting with N objects O, 
(n = 1,2,..., N) in the order O;, 02, O3,..., On a transposition of O, and O, will 
yield the objects in the order O4, 05, 0,, ..., Oy. They are of special importance, 
because an arbitrary permutation can always be represented as a product of 
transpositions. Let us imagine a number of boxes which contain certain objects, 
and which are labelled 1,2,..., N. Then the exchange operator Pi describes 
transpositions which exchange the objects in the boxes i and j. It is easily seen 
that 


P; = Pj P? = 1 . (9.1) 


À permutation is called even or odd depending on whether it can be produced by 
an even or an odd number of transpositions, respectively. For example, the 
above mentioned ordering of the objects 


(05,05,0,,0,, ..., Oy) = P,5(0,,05,04,0,, ..., On) (9.2) 
is odd while the permutation 

(0,,05,,0,,0,,0,, ..., Oy) = P,4P,5(0,,0,,05,0,, ..., On) (9.3) 
is even. 


In the following we define the permutations mathematically, especially in 
view of applications in quantum mechanics. For this purpose we imagine 
non-identical objects which are placed in the individual identical boxes; then we 
denote a permutation by 


( 1,2.3,..., N ) (9.4) 
bi, b2, bs, ..., by 
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meaning that the object which initially was in the first box has now been moved 
into box b,, the one in the second box is transferred to b2, etc. If we have 
N identical particles labelled by 1,2,...,N and each of them is in a certain 
distinct quantum mechanical state, the identical particles correspond to the 
identical boxes and the non-identical states correspond to the non-identical 
objects. At first, this seems somewhat puzzling since the objects are inside the 
boxes, whereas the particles (which correspond to the boxes) occupy specific 
states (which correspond to the objects). However, eventually we get used to this 
confusing game! 

There are several different ways to express the distribution of objects into 
boxes or that of particles into states. Let «, B, y, ô be four nonidentical objects or 
four nonidentical one-particle states (wavefunctions). Then 


a(1) B(2)y(3)6(4) (9.5) 


means that object « is situated. in box 1, object f in box 2, object y in box 3, and 
object ô in box 4. With our physical interpretation, expression (9.5) also means 
that particle 1 is in state (wavefunction) «, particle 2 is in state f, particle 3 is in 
state y, and particle 4 in state 6. In the following we will always use the latter 
— quantum mechanical — interpretation of (9.5). If we apply the permutation 
3341) to the four-particle wavefunction «(1)8(2)y(3)6(4), we get the four-par- 


ticle wavefunction «(2)8(3)y(4)6(1). We write this as 


1234 l 
(1331 «sevo = D (9.6) 
This notation can further be simplified if we agree to the procedure that the state 


of particle 1 is always noted first, followed by the state of particle 2 and finally by 
the state of particle 3. Using this notation (9.6) simply reads: 


1234 
G 34 i Jer = dapy . (9.7) 


We also remark that the permutation (3431) can the represented by a product of 
three transpositions, namely 


5 5 £5 1234\/1234\/1234 
P,4P,3P,,= 

M 13 12 (251) 214) 2134) 
_f1234\/2134\/1234 
~\4231/\2314/\2134 

_ 1234\/1234\ [1234 98 

4231/12314/] 12341J] `’ 8) 

Here we have to take care that we must always start with the right-most 

permutation. For example, the product (3212) (1232) appearing in the first step 


means that 1 is changed into 2, followed by 2 changing to 2; 2 is changed into 1, 
followed by 1 changing to 3; 3 changing to 3, followed by 3 changing to 1; and 
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4 changing to 4, followed by 4 changing to 4. Hence 
1234\/1234 1234 
= 9. 
(3213) 0134) (1514) > (99) 
which explains the last but one step in (9.8), etc. Sometimes the state is simply 
written as V (1,2, 3,4) instead of «(1)B(2)y(3)6(4). This is more general in so far as 


y (1,2, 3, 4) need not necessarily be a product of one-particle states (xy). In this 
notation the correspondence to y (2, 3, 4, 1) is: 


V,3,4,1) ««(2)83)y(4)9(1) or apy . (9.10) 


As an example let us consider for simplicity states of 2 and 3 identical particles. 
We start with the permutation group S; and choose a two-particle state v (1, 2). 
The numbers | and 2 comprise all coordinates (position, spin, isospin) of the 
particles 1 and 2 respectively, ie. 1 <> X1, Y1, Zi, S1» 1,;2 © X5, V2, Z2, 82, t2. In 
order to examine the symmetry under exchange of particles, we note that in 
general (1,2) does not have a peculiar symmetry of this kind. But we can 
always build a symmetric (V,) and an antisymmetric (Y) state out of (1,2), 
namely 


V,— V(,2 -v(,1) , a= Y(1,2) — W21) . (9.11) 
Here 
V2.1) = Prow(1, 2) (9.12) 


denotes that two-particle wave function which is obtained from w(1,2) by 
exchanging the coordinates 1 with the coordinates 2. Both, V, as well as Ya, are 
eigenstates of the permutation operator P2. This is evident and it means that v, 
as well as w,, each one individually, represent a non-degenerate multiplet, i.e. 
a singlet of the permutation group S,. We also say: Both y, and y, are separately 
basis functions of a one-dimensional representation (multiplet) of the permuta- 
tion group. 

Now, the two-particle states Y, and y, can be graphically represented in the 
following way: 


"un (9.13) 


Here each particle is associated with a box; two boxes in one row describe 
a symmetric state; two boxes in one column describe an antisymmetric state. 
These representations of the symmetry of states are called Young diagrams or 
Young tableaux!. Obviously there is only one box for one-particle states; so 
there is only one Young diagram for one-particle states. This is rather obvious. 
The situation is more interesting for the three particle states, since in this case 


1 In the literature one sometimes distinguishes between Young diagrams and Young 
tableaux: the nomenclature says that a tableau is a diagram containing a positive 
number in each box. 
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there are three Young diagrams: 


V,-—-[ | [ ] (fully symmetric state) 


V. = (fully antisymmetric state) , 


= — (mixed symmetric state) . (9.14) 


The first two schemes and their interpretations are clear. The last diagram 
represents all states which are symmetric against exchange of two particles but 
antisymmetric with respect to the exchange of one of these (symmetrized) 
particles and the third particle. We can state this more precisely if we introduce 
the identity operator J, the symmetrization operator (symmetrizer) S;; and the 
antisymmetrization operator (antisymmetrizer) A,;. Then 


S +P, > Ai = J — P; , and 


If we start with the state i/(1,2, 3), clearly the states of mixed symmetry Wm 
(m = 1,2, 3,4) read as 


V. Â138124 (1,2, 3, p= A53$12U (1, 2, 3) , 
Y = Az3813W(1, 2, 3) , 4 = Ai13$,3 (1,2, 3) . (9.16) 
As an example we denote y, explicitly, i.e. 
Wi = Ays[W(1, 2,3) + ¥(2,1,3)] 
= [W(1,2, 3) + W(2, 1,3)] — LY (3,2, 1) + w(2, 3, 1)] 
= w(1, 2,3) + w(2, 1,3) — y (3,2,1) — y (2,3,1) . (9.17) 


These four states (9.16) of mixed symmetry, together with the fully symmetric 
state and the fully antisymmetric state, form six linearly independent combina- 
tions of the six permutations of (1, 2, 3) including the identity. However, two 
additional states may be constructed by use of the symmetrizer $55. It is easy to 
check by explicit calculation, similar to that in (9.17), that these two additional 
states A128234 (1, 2, 3) and 4,35>3(1, 2, 3) are linearly dependent on the states 
(9.16). Hence we can forget them. One can also interpret the mixed symmetric 
Young diagram 


um (9.18) 


as a representation of the states 
Ya = SAa(l,2,3) , (9.19) 


which are constructed in such a way that the antisymmetrization is done first, 
followed by a symmetrization. The states obtained, however, are linearly de- 
pendent on the ones of (9.16). One should note that if a state is first symmetrized 
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in i and j and thereafter antisymmetrized in j and k, then in general the symmetry 
concerning the exchange of i and j is lost. One says: The symmetrizer (or 
antisymmetrizer) which is applied last controls the result. 

Let us summarize the six possible states which can be constructed by 
application of the permutation operators on y (1,2, 3). They are 


V, = S123 (1,2,3) 


=[ + Py, + P, + P; + P,,Pi3 + B,,P,.1¥(1,2,.3) = LLL 
(9.20a) 


We = Â1234 (1,2, 3) = Â12Â13Â234 (1,2,3) 


-[4-— P, — P, — P; + PP. + P,3P 12] W(1,2, 3) -H (9.20b) 


and 
dig = AS i23 HH - (9.200) 


The four states (9.20c) are denoted in (9.16). In the final step of (9.20a) and (9.20b) 
we made use of the identities 


b,, P, P23 = Pas , BP, 3Po3 = Pi2P is , b,,P,; = Pi2P 2s (9.21) 


and kept identical terms only once. These six states form the basis of irreducible 
representations of the permutation group S;. Here all those states with well- 
defined symmetry properties are called basis functions. As there is just one fully 
symmetric and one fully antisymmetric state, the remaining four basis functions 
(9.19) have to be mixed-symmetric. One could imagine that these four states 
yield a four-dimensional irreducible representation of the permutation group 
S3. This is incorrect, however; instead the four mixed-symmetric states are linear 
combinations of two two-dimensional irreducible representations. We will de- 
rive the dimension of the irreducible unitary representations of the permutation 
group Sy more clearly in the following section. 


9.2 The Standard Form of Young Diagrams 


One can easily convince oneself that in general both the totally symmetric state 
and the totally antisymmetric state form the basis function of a one-dimensional 
irreducible unitary representation of Sy. Namely, if one permutes the fully 
symmetric state (1,2, ..., N) by applying any permutation operator P,; to Ws, 
the state y, is transformed into itself. Application of group operators Pij 
does not lead out of y,. Thus y,isan invariant. subspace. A similar statement 
holds for the fully antisymmetric state y. (1,2, ..., n). All non-equivalent mixed- 
symmetric states, however, decompose into multi-dimensional irreducible rep- 


resentations of Sy. As we shall see, the dimensions of these representations can 
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be obtained by use of the Young diagrams. This is a very powerful technique. To 
understand it we have first to explain the so-called standard arrangement or 
standard form of the Young diagrams. 

Consider a Young tableau with various rows. Let q; denote the number of 
boxes in the jth row. We now agree to the convention that q; > q;+; should 
hold, which can always be achieved by rearranging the rows. In other words, the 
columns of a Young diagram should be arranged so that the number of boxes 
decreases with increasing row number. The total number of boxes gives the 
number of particles whose wave functions have a certain permutation symmetry 
expressed in the diagram. For example, a typical Young diagram is of the form 


(9.22) 


Here q, = 8, q2 = 5, q3 = 2, q4 = 2, ds = 0. The symmetry of the 17-particle 
wave function represented by this Young diagram corresponds to permutations 
where the rows are symmetrized first and the columns are antisymmetrized 
afterwards, or vice versa. In particular scheme (9.22) describes all possible states 
of 17 particles that possess the symmetry expressed by the diagram. 

It is often suitable to characterize the diagram not by the q;'s, but by the 
integer numbers pi, 


DPi—di-—diei > (9.23) 
given by the differences of succeeding q;'s. In (9.22) this is 
pi =3 , P2=3 , p3=0 ; D4—2 


We recognize that p, is the number of columns with one box, p2 the number of 
columns with 2 boxes, p, the number of columns with three boxes, and pa the 
number of columns with four boxes. Hence (9.22) can be described either by 


q = (41.42.43. d4) = (8,5, 2, 2) (9.24) 
or by 
p = (P1, P2, P3, P4) = (3,3,0,2) . (9.25) 


From now on we shall choose the p characterization of Young diagrams. 

The standard form of a Young diagram is defined in the way that the boxes 
are labelled by positive integers obeying the rules that the numbers in one row of 
the diagram (read from left to right) do not decrease and those in one column 
(read from top to bottom) increase steadily. Each number represents a possible 
state of a single particle (one-particle state). If n states are available to a single 
particle, these states are ordered in some way and labelled by numbers between 
1 and n. Thus the number j in a box has to be between 1 and n, i.e. 


l<j<n. (9.26) 
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We explain this by using the standard form of a three-particle Young diagram 
having four allowed one-particle states: the symmetric diagram is given by 
and the standard forms are 


31414] 141414! . (9.27) 


The antisymmetric diagram is given by H and posesses the following statidard 


forms: 


2| (2) (3) BI. (9.28) 
3) (4) 4 4 


Immediately one notices that a number (e.g. 2 or 3 or 4) can occur several times 
in one row, but not in a single column: all numbers in a column have to be 
different from each other. This means nothing more than that two particles can 
be symmetrized in the same state (there is a symmetrized two-particle state with 
the same one-particle function), but that two particles can never be antisymmet- 
rized in the same one-particle state (these two-particle states are identically 
Zero). ` 

As another example we list the symmetric and antisymmetric standard ar- 
rangements for a two-particle Young tableau with three allowed single-particle 
states: 


a) symmetric arrangements: 


. (9.29) 
b) antisymmetric arrangements: 
. (9.30) 


9.3 Standard Form and Dimension of Irreducible Representations 
of the Permutation Group Sy 


The dimensions of irreducible representations of the symmetric group Sy can be 
determined by use of the standard forms (arrangements). For this purpose ali 
Young diagrams with N boxes have to be considered; each distinct diagram 
represents another permutation symmetry and thus another representation of 
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the permutation group. The dimension of a representation is obtained by 
counting the standard arrangements for N available one-particle states. Here, 
each particle should be in a different state. 

We explain this in the following example for three identical particles in 
different single-particle states: The standard arrangements of the Young tab- 
leaux read 


HT 
1| nmj 
i ! (9:31) 


Obviously there is only one possibility for standard arrangement of the diagram 
[ [ |] with different one-particle states (1,2,3). The same holds for the 


diagram |__|. This means that there is only one symmetric and one antisymmet- 


ric combination of three particles, which is rather plausible. It is also obvious 
that this statement holds for any number of particles. The non-standard ar- 
rangements correspond to the same states as the standard arraagements do after 
a corresponding symmetrization. Therefore, they must not be counted. We 
illustrate this with the non-standard arrangement [1[3[2], which yields the 
same total state as the standard arrangement | 1 |2[3], because we symmetrize 
with respect to all three particles. 

As noted above there is only one symmetric and one antisymmetric standard 
arrangement. Each of these two arrangements represents a basis vector (the 
totally symmetric and the totally antisymmetric wavefunction, respectively) of 
a one-dimensional, irreducible unitary representation of S;. Each of these 
representations is a non-degenerate multiplet, namely a singlet. Indeed, the 
generators of the permutation group, i.e. the operators P, j of (9.1), reproduce the 
symmetric and antisymmetric state (many particle wavefunction) if applied to 
the symmetric or antisymmetric state, respectively. Since all members of a mul- 
tiplet can be reached if the operators of the group are applied to any one state of 
the multiplet [see Chap. 3, (3.25)], the multiplet contains only a single member 
in these cases, and one deals therefore with singlet representations. 

Consider now the mixed-symmetric Young diagram 


—— (9.32) 


for which there are two standard forms (arrangements), namely the tableaux 


1 
and (9.33) 


The two wavefunctions represented by these tableaux cannot be transformed 
into each other by permutations of the group S3. Hence they must constitute 
basis vectors of two different irreducible representations of S4 which are not 
singlets. Up to now we have considered four basis functions, namely those 
corresponding to the tableaux (9.31). However, we know that in total we obtain 
3! = 6 basis functions from w(1, 2, 3) by permutation. Where have the other two 
basis functions gone? The remaining two functions combine with the two 
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functions (9.33) to form two doublets of S4 which are represented by the same 
scheme (9.32). The associated basis functions are given by the nonstandard 
tableaux. 


and (9.34) 


They are different from the functions (9.33), e.g. is antisymmetric against 


exchange of 2 and 3, which none of the functions (9.33) are. Application of the 
group operators 


Pi = { Py, P13;P23} (9.35) 


transform the states (9.33) and (9.34) into each other, therefore they constitute 
two invariant subspaces, i.e. two multiplets (namely doublets). These two invari- 
ant subspaces are formed by the linear combinations 


42 + 036 
and 

, H 

A tH (9.37) 
respectively. 


Any permutations of the numbers 1, 2, 3 in the wave function represented by 
(9.36) again yields a linear combination of the basic vectors and the same is the 
case for (9.37). We will demonstrate this in a simple example: 


d + uH 20,2, + (0.1, — 90.2, — ¥2,3,)) 


+ w(t, 2,3) + VQ, 1,3) — W(t, 3,2) — WG, 1,2) 
(9.38) 
Acting with e.g. the permutation operator piii on this, one gets 


1 2 3 4) 
»( 3 N (AEP S 
= A231) + YB, 21) — (13,2) — VG, 1,2) 


+ u(j (2,3, 1) + v (3. 2. 1) — 4 (2, 1,3) — y(1,2,3) . (9.39) 


The expression on the right-hand side can be written as a linear combination of 
the two basis vectors, i.e. 


12 3 
»( 3 NOEP +6 


112 211 
a+ AY man 


— (à + Dyl, 2L3) +y 13- v6,2, D — y (2,3, 1)) 
+ A(W(,2, 3) + (1,3) — 9(,3,2 — VG 42) . (9.40) 
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Also, all other permutations of the numbers 1, 2, 3 with stay in this irreducible 
subspace. The same is valid for the subspace defined through (9.37). However, 
the basis vectors defined in such a way have the disadvantage that they are not 
orthonormalized, i.e., they form a non-orthogonal basis with reference to the 
scalar product of the wave functions. In Example 9.1, we will orthonormalize the 
basis vectors according to the orthonormalization procedure of Schmidt. In 
general it can be shown that if an irreducible representation of Sy is N dimen- 
sional, then there are exactly N such representations.? 

In general a Young diagram with N boxes represents the basis functions of 
an irreducible representation of Sy. The basis functions are also often called 
basis tensors (instead of basis vectors), because they depend on N indices. 


EXERCISE Ss 


9.1 Basis Functions of S4 


Problem. Determine the basis functions of the permutation group S, in terms of 
the single-particle wave functions a(i) B( j)y(k). 


Solution. According to the previous results the total symmetric wavefunction is 
given by 


V. = = S130 By . (1) 


The total symmetry operator is the following combination of transpositions 
Pi; [see (9.20a)]: 


$133 = 1 + Pi; + P147 Py3 + PiP + PL. . (2) 
Normalizing V, we get 


Ys = 1A 6 (nfly + Bay + ypa + xyB + yab + pya) . (3) 


Similarly for the antisymmetric wavefunction: 


` 
Wa =|2] = Arrzapy , (4) 
where 


Ajz3 = 1— Py, — P3 — P3, + Py3P,> + P,u P, (5) 


? See, e.g, W.K. Tung: Group Theory in Physics (World Scientific, Singapore 1985), 


Chap. 5. 
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is the total antisymmetrizer [see (9.20b) ]. Therefore we find the normalized y, 
to be 


Ya 1 / (ay — Bay — ypa — ayb + yap + Pra) - (6) 


However, the basis functions of the representations with mixed symmetry are 
not unambiguously determined, but it is possible to derive alternative basis 
functions with the help of unitary transformations. It is already known to us that 
the S4 contains two doublets with mixed symmetry. To obtain suitable basis 
functions, we start by constructing four wavefunctions with mixed symmetry 
with the help of the symmetrizers $;; and the antisymmetrizers Aij: 


V. = Ay3S12.4Py = «By + Boy — ypa — yap, (7a) 
y; = Â,38120ßy = «By + Bay — «yb — Bye, (Tb) 
ya = Â aSa py = «By + ypa — Boy — Pya ,» (7c) 

=B = 4,,81508) = aby + 12 B - vB. (d) 


These four wavefunctions represent both mixed doublets, yet they are not 
orthogonal. To get an orthogonalized basis we form a linear combination of V; 
and y; that is orthogonal to w,. Therefore we set 


V5 - Vaca , (8) 

with the condition 
0 = (dy lia» = (fy + Bay — ypa — yafl + o)(xBy + Bay) — «yp 

— Bya — a(yBa + yaB)? = 2(l-a)-2a-0 . (9) 

Here we used the orthonormality of the single particle states a, B and y, which 

has the effect that nonidentieal product wavefunctions are always orthogonal. 

With the help of (9) we find a — — 1/2, i.e. 

y^ = Wa — dia = d (fy + Bay + ypa + yap) — «yh — pya . (10) 

By applying the six permutations of S, to y, and yh explicitly, we can express 

the result as linear combinations of y, and y. Thus the two normalized vectors 
1 + 

ii NE pa (11) 


are an orthonormal basis of a two-dimensional irreducible representation of S5, 
ie. they form a doublet. 

We proceed to construct a basis function from y, Yı and V5, required to be 
orthogonal to y, and y. Repeating the Schmidt orthogonalization process we 
find 


Y3 = hy + $y: — d = aby — Bay + ifo + ay — ya — pya) . (12) 
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Exercise 9.1 Finally, the fourth orthogonal function is given by the linear combination 
Wa = Wa — ilhi + 292 + 25) = Zl Bra + ypa — ayh — yab) . (13) 


Here S, transforms the functions w and y; into linear combinations of these 
same functions again. Hence we obtain the functions 


1 
A 


as an orthonormalized basis of a second doublet. 


(14) 


EXERCISE 


9.2 Irreducible Representations of S, 
Problem. Discuss the irreducible representations of the permutation group S4. 


Solution. The irreducible representations of S4 are given by the Young diagrams 


ooo FF EA EP A (1) 


and the associated standard arrangements read: 


T2 
Taa mp] H 
mmm 
Ta pa BY 2 
GL — Ba b 

EIE! id 

2| 3 

b 9 d 


a) 


The diagrams 


LITI] and 


characterize the basis vectors to two one-dimensional representatives. Namely, 
each one of the group operators P; = {P,2, P13, Pia, P23, P34, P34} transforms 
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every one of these vectors into itself. On the other hand the Young diagrams 


FAO a c (3) 


each represent three three-dimensional representations. To clarify this we con- 
sider the left diagram and its standard arrangements that are found in the 
second column of (2). 

The wavefunction represented by the first tableau in (2b) is given by 


y = Â ,451230ßyô 
= [oe(1)B(2)y(3) + ADLE) + (28A) + «(2)8G)v(1) 
 a(38(00yQ) + )8Q7(1)19(4) — [4(4)8Q)7(3) + a(4)8(3)»(2) 
+ a(2)8(4)y 3) + (2) B3)y(4) + «3)8(4)y 2) + «(35802y(4)19(1) 
= aßyô + ay fó + Bayd + yapó + Byad + yBad — dBya — dyBa 
— dayB — SaBy — óyaB — pay . (4a) 


Similarly, the other two tableaux in (2b) yield 


p: = A13A1244By6 
= affyó + aóyp + Bayd + dayB + fóya + SBya — yBad — youB 
— yafó — yadB — ydBa — yBoa (4b) 


and 


Y3= Ay2A134%By6 
= affyó + afóy + yBad + Bay + yBda + SBya — Boyd — a Boy 
— Byad — Bday — Byda — Boya . (4c) 


These three wavefunctions serve as generating basis vectors for the three 
equivalent three-dimensional representations of the group S,, which are de- 
noted by the second Young diagram in (1). The complete representations are 
obtained by operating on y, Ya, and y; with all 24 operators of the group S4. 
Since the representations are three-dimensional, only three of each 24 wavefunc- 
tions obtained in this way are linearly independent. One can take, e.g., the 
permutations of two numbers in the top row. For the first representation one 
has the three possible choices 


Pw, Pw, and P. 


The last of these is identical to V1, because the symmetry in 2 and 3 is not 
destroyed by antisymmetrization between 1 and 4. Therefore only two choices 
remain; so that for the first representation one can take the wavefunctions 


Wis Pio, Pa - (Sa) 
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For the other two representations one may take similarly: 
V2, Pia, Py; , and (5b) 
Vs» Pis, Prapa (Sc) 


These wavefunctions can be represented by non-standard Young tableaux. By 
explicitly writing out the permutations one easily checks that 


Pw, = P14 AS 930Byd = A2481230fyd , (6) 


or in diagrammatic notation? 


É,, E 


Similarly, one finds: 


, - 
dcmEEEril 


The three three-dimensional Tepresentations (Sa—c) can therefore be denoted by 
the Young tableaux with "shifted lower box". 


HELI (7a) 
FIFIEI 

HBHI (76) 
(76) 


Of course, these wavefunctions are not yet orthogonal, but they can be ortho- 
gonalized as demonstrated in Problem 9.1 for the case of the group S4. 


1;2 2 7 6G s 
= 4544138348, 2upyó 


= [«(08Q) + B(1)«(2)]»(3)5(4) + Y(49(3)] 
— [xG80) + B(3)a(2)] Cy (1)5 (4) + y(4)0(1)] 
~ [e(08( + B(1)0(4)]£y(3)5(2) + r(2)6(3)] 
+ Lo(3)B(4) + BODI) + r2)o(1)] , (8) 


Note that this rule of exchanging numbers in the tableau does not hold for numbers in 
different rows and columns, e.g. 


5 |112 ~ a a E 
Pa H1] = P23(A13S,20By) x A128,3xfy = ! 
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whereas that of the second tableau is: 


1 2 2 2 2 
= Á344125245134ßyð 


= [a(1)y(3) + «(3)y(10)]L50)9(4) + B(4)6(2)] 

— [a(2)y(3) + «(3)» 2) 1E8(1)9(4) + B(4)d(1)] 

— [a(1)y(4) + «(4)(1)]E502)8(3) + B(3)6(2)] 

+ [a(2)y(4) + «(4)y2)]E5(1)9(3) + LGA] . (9) 
Again, the complete representations are obtained by applying all 24 group 
operators on the generating vectors (8) and (9). Since the representations are 
two-dimensional, only one other wavefunction obtained in this way is linearly 
independent. As before, this can be obtained by applying a permutation within 


a row of the Young tableau. In the first case, Eq. (8), one obtains the two possible 
wavefunctions 


P 112] _ [21] and Ê 112) _ 012] (10) 
471314) 34 l 


These are identical states due to the fact that the wavefunction remains un- 
changed if we interchange entire rows or columns of a tableau. For the second 
representation (9) one has the two wavefunctions 


P - and P — (11) 
13 24 E 
which again represent identical states. From the four states 
and 12) 
i > |412 


one can construct two doublets of orthogonal wavefunctions which transform 
only among themselves by application of P; ;. In Exercise 9.1 we have shown this 
explicitly for the simple basis functions of S}, but for now we omit this. 

We conclude: the standard diagrams of the permutation group S, lead to 
a total number of basis vectors of 


14+374+274+37+1=24 . (13) 


Indeed, S, has exactly 4! = 24 elements, and therefore, starting with one given 
vector W(1, 2, 3, 4), exactly 24 vectors can be formed by permutation. These are 
reducible and can be decomposed into the singlets, doublets and triplets given in 
(2) and (13). By decomposition of the reducible 24 basis vectors into the 
irreducible representations just mentioned [see (13)] the symmetry properties of 
$4 can be exposed even more clearly. 


Next we shall discuss the concept of the conjugate Young diagram. There are 
two possible ways to define it: one is for the symmetric group and the other is for 
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SU(N). Here we devote ourselves only to the conjugation of the symmetric 
group; the conjugation of SU(N) is discussed later (Chap. 12). Let us take 
a certain Young diagram with n boxes, which represents n identical particles 
(each one in a distinct state). Then for the symmetric group the conjugate 
diagram is given by changing every column to a row and every row to a column. We 
explain this for the following four-particle states: 


is conjugate to [| | LJ (9.41) 


F is conjugate to H and (9.42) 
-H is self-conjugate (9.43) 


Conjugate diagrams belong to different non-equivalent representations of the 
symmetric group with the same dimension. 

We stress the importance of the dimension of irreducible representations once 
again: all basis states of the same irreducible representation of a group (in our 
case of Sy) have equal energy if the Hamiltonian of the system is invariant with 
respect to this group (in our case it is invariant under permutations of identical 
particles). Thus the dimension of an irreducible representation tells us the degener- 
acy of an energy level, of course omitting accidental degeneracies. Therefore we 
also say: the dimension of an irreducible representation of a symmetry group is 
equal to the essential degeneracy. 

Now let us assume that the Hamiltonian of a system is invariant under two 
or more different groups. The transformations of all these groups together form 
a larger group that can be equal to the direct product of the original groups, or 
not, depending on whether all group transformations of each single group 
commute with all transformations of all the other groups, or not. In any case the 
degenerate multiplets are basis vectors of the irreducible representations of the 
larger group. If the larger group is a direct product, the multiplicities are simply 
the products of the multiplicities of the groups that form the direct product. 

All particles observed in nature are fermions or bosons. State vectors of 
N identical bosons belong to the fully symmetric representation of Sy; state 
vectors of fermions, however, belong to the fully antisymmetric representation of 
Sy. We may also express this important fact in the following way: All particles 
which have been found in nature up to now belong to the one-dimensional 
representation of the symmetric group; they are singlets with respect to the 
symmetric group. 

The reader may wonder why we study the higher multiplets of Sy at al? One 
reason is that particles could be discovered in the future that are neither 
fermions nor bosons. There is, however, a much more important reason: Despite 
the fact that states of several identical particles are singlets under any permuta- 
tion of all coordinates of the identical particles (more precisely, singlets with 
respect to the complete exchange of two particles), there are states of higher 
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multiplicities (thus belonging to higher multiplets of Sy) if only permutations of 
some (not all) coordinates of the particles are considered. This is best explained 
by an example: Let us consider three identical spin-1 particles. The quantum 
state of these particles is symmetric against exchange of any two particles as 
a whole, i.e. the simultaneous exchange of the spin and space coordinates of two 
particles. But if one considers the exchange of spin or space coordinates alone, 
the state can very well possess a mixed symmetry under such a permutation. 
Then this mixed symmetry is of such a type that the state is overall symmetric 
under exchange of all coordinates (that means space coordinates and spin). 


9.4 The Connection Between SU) and S; 


To begin with, we consider the connection between the irreducible representa- 
tions of the permutation groups Sy and the unitary groups SU(N), for SU(2). 
The fundamental representation of SU(2) is spanned by the basis vectors 


v - (t) > v. - (1) (9.44) 


These vectors may, for instance, represent the two states of a particle with spin 
$. In the following, these basis vectors are represented by the Young tableaux 
consisting of one box, i.e. 


"TEnBENZLIFE (9.45) 


If we erase the contents of the box, the Young diagram [C] symbolizes both 
members of the doublet. 

We know from (9.13) that both irreducible representations of the permuta- 
tion group 3; are represented by the Young diagrams 


CL] symmetric representation , H antisymmetric representation 
(9.46) 


By numbering the boxes we perceive that these diagrams also symbolize irredu- 
cible representations of the SU(2). We start with the symmetrical two-particle 
states. If both particles are in the state w,, we have the tableau ; if both are 


in state 2, we have . There is a possible third state 


Y = pD + VBD) > (9.47) 


symbolized by the tableau . Because of the symmetry, the tableau 
describes the same state. Therefore we can restrict ourselves to the enumeration 
of the standard Young tableaux. From this argument We learn that the Young 
diagram CL] represents three different standard configurations, i.e. the corres- 
ponding multiplets have three dimensions. 

If we proceed with the antisymmetric representation of S2, however, there is 
only one possible way to construct an antisymmetric two-particle state: 


y = p (42) — Y Dy) - (9.48) 
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This state is represented by the tableau 
. (9.49) 


Thus the related irreducible representation is a singlet. The other Young 
tableaux that in principle can be constructed, 


, >; , (9.50) 


do not form standard configurations, because the numbers in the boxes do not 
increase from top to bottom of a column. The first two states in (9.37) vanish. 
The last one is identical to (9.36). We conclude that we also obtain the cor- 
rect multiplicity by restriction to standard tableaux for the antisymmetric 
representation. 


EXERCISE —————————Tn—— 


9.3 Multiplets of a System of Three Spin-} Particles 
Problem. Determine the multiplets of a system of three spin-1-particles. 


Solution. Three diagrams with three boxes are possible. 


[II], and H . (1) 
b) c) 


a) 


In the case of SU(2), (1c) can be omitted, because no totally antisymmetrical 
state with three particles can be constructed if there are only two states (this is 
the Pauli principle). Diagram (la) allows four standard configurations, 


Ul , aA, GDBTZD. DINE. (2) 


Le. the symmetrical states form a quartet describing a multiplet of spin 
3. Diagram (1b) generates only two standard tableaux, 


and . (3) 


The states with mixed symmetry hence form a doublet, describing states of total 
ini 
spin 4. 


—————————— 


In order to clarify the connection between SU(2) and S5, we normalize the 
wavefunctions represented by the Young tableaux. The singlet representation 
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reads 
2} = 7; wawa - «ava 


and for the triplet representation we find 


2 yv) 
E rovo 


0M] = 2 (V (VQ) + vOv) 


These are exactly the possible states which result from the coupling of two 
spin-4-particles to spin 0 or spin 1,-respectively. The spin-0 singlet reads 


|JM> = 00» = att - 10. 


the spin-1 triplet is given by 


l1» -ff 
l1—1»-1i 


1 
10 - R0 *17 


We perceive that in general a column cannot have more than two boxes if 
only two different states are allowed [ie, in the case of SU(2)]; otherwise 
antisymmetrization would automatically yield zero. A column with two boxes 


necessarily has the numbering H. There is no other choice. Therefore we can 


omit all columns with two boxes if we determine the dimension of a SU(2) 
multiplet. Hence the Young diagrams 


[], H , —L- , etc. (9.51) 


all represent a doublet. From the group-theoretical point of view it is the same 
irreducible representation of the SU (2), for a one-, two-, three- or many-particle 
system, respectively. 

Consequently we obtain all irreducible representations of the SU(2) by 
constructing all possible Young diagrams with only one horizontal row; in each 
case the dimension is given by the number of possible distinct standard config- 
urations with box indices 1 and 2. In a particular sense the singlet presents an 


exception, since if we omit the column with two boxes from the diagram [-4 we 


get a diagram with no box at all. To keep track of the “no-box” diagram we 
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symbolize the singlet by @. Thus we obtain successively: 


D singlet 

L | doublet ; 

LI] triplet ; , 

LIT] quartet GUT) , CHRI . EREI . [21212] 


and so on. 

The diagram with p boxes can contain the number 2 not at all, once, twice, 
... Up to p times, i.e. its dimension is (p + 1). This corresponds to our earlier 
result: for every positive integer p there exists exactly one irreducible SU(2) 
representation. 


9.5 The Irreducible Representations of SU(m) 


We can treat the irreducible representation of the group SU(n) similarly by 
numbering the boxes of the Young diagrams by 1 to n. The generalization relies 
upon the following theorem, which we quote without proof*: 


Theorem. Every N-particle state that both belongs to an irreducible representa- 
tion of the permutation group Sy and is built up from single particle states of an 
n-dimensional SU (n) multiplet transforms under an irreducible representation 
of the group SU(n). 

From this theorem we conclude that each Young diagram with at most 
n rows represents an irreducible representation of the group SU(n). A diagram 
with more than n rows must necessarily include a column with at least (n + 1) 
boxes. Hence the state must be antisymmetrized with respect to these (n + 1) 
particles; but this cannot be done, since we have only n different single-particle 
basis states of the SU(n). To obtain the dimension of an irreducible representa- 
tion related to a certain Young diagram, we count all possible standard config- 
urations of this diagram built up by inserting the numbers 1 to n. Each box 
represents a particle and the number in the box marks one of the different states 
which the particle can occupy. Therefore we state the following rule: First, write 
one of the numbers 1 to n into each box by noting that in each column the values 
of the numbers increase downwards and do not decrease from left to right within 
a row. 


4 A proof of this theorem is found in B.G. Wyborne: Classical Groups for Physicists 
(Wiley, New York 1974), Chap. 22. 
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EXERCISE Se 


9.4 Multiplets of a Two-Particle System in the Group SU(3) 
Problem. Construct the possible SU(3) multiplets of a two-particle system. 


Solution. The possible Young diagrams are: 
CE] and H . (1) 


For these diagrams we find the following standard configurations: 


CCH), CET, 72], GI D aswea BH. B] - o 


Therefore we have a sextet and a triplet. In fact, we are dealing here with the 
antitriplet, because the two particle wave functions represented by are 


antisymmetric. The triplet is represented by the Young-diagram C]. 


Previously we represented the basic states of an SU(3) multiplet as points in 
the T,-Y-plane. The coordinates of a point were called the “weight” of the 
related state. Now we can identify the points with the corresponding Young 
tableaux. In the case of the fundamental representation we obtain the following 
diagram (Fig. 9.1). From this we derive Table 9.1. 

Since the weights behave as additive numbers, the weights of many-particle 
states are obtained by summing up the components. In this way we obtain the Fig. 9.1. Fundamental rep- 
basis states of the sextet (from Exercise 9.4) built up by two particles (see resentation of SU(3) 
Table 9.2). 


Table 92. Weight of the sym- 
metric states of the sextet 


State Weight 


Table 9.1. Weight of the tri- 
plet states 


=| 
| 


(1, 3) 


= 
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= 
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State Weight (T3, Y) 
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Fig. 9.2. The two particle 
states (sextet- and triplet- 
states) in SU(3). 
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Table 9.3. Weight of the anti- 
symmetric states of the two- 
particle triplet 


State Weight 
(0, 3) 

à -4) 

A 
( 72» 7 3) 
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The antisymmetric states of the two-particle triplet have the same weights, 
because the numbers within the boxes are only required during the construction 
of the multiplet, but their special configuration does not influence the result (see 
Table 9.3). 

If we draw these points into Fig. 9.2, the sextet and the anti-triplet repres- 
entation, which are already known to us are produced. 


EXERCISE Ss 


9.5 Multiplets of the SU(3) Constructed from Three Particles 
Problem. Construct the SU(3) multiplets built up from three particles. 


Solution. We get the following Young diagrams, consisting of three boxes: 


coo. pH. (1) 


Since the third diagram only has the one possible configuration Bi it represents 
3 


the singlet. The second one, which permits eight configurations, represents the 
octet (see following table): 


Weight of the three particle 
octet-states 


State Weight 


i 
d^ d» 


NA (HRD 

33 (00 

(1,0 

0.0 Q) 
d, -1) 

(-1,0) 
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Finally the first diagram, illustrating the totally symmetrical representation, 
contains ten states: 


3 3 
mmga) amm(-5.1) . gme- . 6) 
as well as 
, , , (4) 


whose weights are already contained within the octet states (2). By drawing the 
states in the 73- Y coordinate frame we obtain the well-known diagrams (see 
Figure below). It is interesting that the central state of the octet automatically 
acquires the correct multiplicity 2. 


T3 


octet 


decuplet 


Returning to the general SU(n), we already know that every column may 
consist of, at most, n boxes. Just one single way exists for n particles in n states to 
form an antisymmetric wavefunction. Hence we can omit all columns of the 
Young diagram with exactly n boxes if we want to determine the dimension of 
an irreducible representation of the SU(n). For example, we consider the 
diagram 


(9.52) 


In the case of n = 4, the same irreducible representation is illustrated more 


Exercise 9.5 


Octet and decuplet repres- 
entation 
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simply by 


c | 9.53 


Therefore (9.52) can be equated with (9.53): 


SU(4): = = c (9.54) 


Despite the fact that the first diagram represents a 14-particle state and the 
second one a 6-particle state, both irreducible representations are equivalent 
and have the same dimension. (But note that, for instance, in the framework of 
the SU(5) these Young diagrams represent different multiplets!) 

Thus in the case of SU(n) we have to consider only diagrams with at most 
(n — 1) rows. We have already shown [see (9.22)ff.] that such a diagram is 
unambiguously characterized by (n — 1) numbers: 


p = (Pis ---,Pn-1) ° (9.55) 


The number p, denotes the number of columns with exactly k boxes. For 
example, in the framework of SU(4) the diagram 


F (9.56) 


is characterized by the vector 
p= (1,1,1) . (9.57) 


We will find later that, in the case of SU (3), the numbers p, and p; correspond to 
the numbers p and q used previously to characterize the multiplets of SU(3). 

Finally, we want to consider whether there may occur a change of the 
weights of the members within a multiplet when we omit all columns with 
n boxes. If we number the boxes of a Young tableau in the standard configura- 
tion. the numbers have to increase downwards within every column, i.e. 


A column with n boxes has to contain all numbers from 1 to n. Since the weights 
of the single particle states are additive, the n boxes contribute to the weight of 
the tableau a number equal to the sum of the weights of all single-particle states, 


(X W,(li]), X W;(li]), X W;(lil), e, X Wy) (9.58) 
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The weights of the single particle states are given by the diagonal elements of the 
diagonal commuting generators of the SU(n). The sum (9.58) of all n weights 
vanishes, because, in the case of SU(n), these matrices are traceless. Therefore we 
concluded that columns with n boxes do not contribute to the weights of 
a Young tableau and hence can be omitted [this is not necessarily valid for other 
groups like the U(n)]. 

Thus in general the multiplets of SU (n) are specified by the (n — 1) integers 
Diss Pac 1. The simplest case, 


Pi =P2=- =Pr-1=9 , (9.59) 


represents the singlet state of SU (n). We symbolize it by Q in analogy to SU(2). 
The following basic Young diagrams are characterized by one number p; being 
equal to 1, whereas all other p; vanish: 


Dx = Six , k= 1,...,n — 1. (9.60) 


i can take every value from 1 to (n — 1) and these diagrams consist of a.single 
column with exactly i boxes. These representations are called fundamental 
representations; in the case of SU(n) we have (n — 1) diagrams of this kind so 
that the SU(2) has only one fundamental representation, namely the doublet 


[12() . (9.61) 
In the case of SU(3) there exists the triplet and the antitriplet 


[12(,0) H =(0,1) , (9.62) 


and for the SU(4) there are three fundamental representations: 


C] = (1,0,0) H = (0, 1,0) H -oon . (9.63) 


Here the first one is the quartet and the last one is the antiquartet, whereas the 
second representation is a sextet 

Now we introduce the concept of the conjugate Young diagram related to 
the SU (n). Consider a diagram which is characterized by the numbers 


(Di, ---sPa-1) - (9.64) 
If we invert the order of the numbers 
(Dn- 1; P1) , (9.65) 


we call the diagram constructed in this way “conjugate” to the former one. 
(Note: The conjugate diagram related to the permutation group S,, which we 
introduced in the chapter before, was defined differently!) The 6-particle Young 
diagram related to the group SU(6), 


SER (9.66) 
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is denoted by the numbers (1, 1, 1,0, 0). The conjugate diagram (0,0, 1, 1, 1) has 
the form 


(9.67) 


If the original diagram is identical to the conjugate diagram, which is always the 
case for the SU(2), we call this diagram self-conjugate. The octet representation 
of the SU(3) is an example of a self-conjugate diagram in a higher group: 


E: = (1,1) . (9.68) 


Another example is the second fundamental representation of SU (4), 


H =(0,1,0) . (9.69) 


In general, the dimension of the conjugate representation is identical to the 
dimension of the representation given by the original diagram. 


9.6 Determination of the Dimension 


In general, it can be very laborious to determine the dimension of an SU(n) 
multiplet by numbering the standard configurations of the related Young 
diagram. Hence it is very useful to have a universal formula at our disposal to 
calculate the dimension given the numbers Pi, ---, Pa-1. We begin with the 
group SU(2), in which every multiplet ( Young diagram, respectively) is charac- 
terized by a single number p. The diagram consists of one row with p boxes: 


LIII SI]. (9.70) 


The standard configurations contain the numbers 1 or 2 in these boxes. In the 
diagram all numbers 2 have to be on the rhs of all numbers 1. Thus each 
standard configuration is given by the number of times q the index 2 occurs; 
q can take all integer values from 0 to p, ie. 


_ ; uB] .... 
$$$ ——— MÀ 


4-0 q71 


(9.71) 
—————————— 


q-p 


9.6 Determination of the Dimension 


Each value of q is related to exactly one standard tableau. Therefore the total 
number of standard configurations, i.e. the dimension of the multiplet, is 


D2(p) = Y. -ptl. (9.72) 


If we calculate dimensions in higher groups SU (n), we have to use combinatorial 
methods, e.g. 


D.(pi, +++» Pn—-1) - (9.73) 


We can derive a recursion formula by similar considerations, relating the 
dimension of a diagram of SU (n + 1) to the dimension of the same diagram of 
SU (n). By passing from SU (n + 1) down to SU (n) we note that all columns with 
n boxes can be omitted, simplifying the Young diagram considerably. This 
corresponds to the omission of the last number p,, Le. 


U (n) 


S 
(Pis -+--> Pn-15 Pn) > (Pise Pai) e (9.74) 


The recursion formula mentioned above, for which a general proof will be given 
in Example 10.4, reads 


1 
Dy+i(P1> e p») = 31 (Pa + lp. + pa-ic 2) (P, tee + Py +n) 


X Dy(Pi, +++» Pn-1) - (9.75) 
For the group SU(3) we obtain the formula 
D3(P1, P2) = 4 (p2 + 1)(pi + p2 + 2)Dz(pi) 
=4$(pi + Y(p2+ D(pitpa2) . (9.76) 


If we identify the numbers (pi, p2) with the numbers (p, 4), this is exactly the 
expression we obtained in Chap. 8 by performing geometrical considerations. 
For the SU(4) we obtain similarly 


D4(P1, P2, P3) = di(pa + D(pa + ps + 2(p1 + pa + p3 + 3)Ds(pi, P2) 
= th (pi + D(pa + D(ps + D(pi + p2 + 2) 
X(p2 + p3 + 2)py + p2+p3t 3) . (9.77) 


Clearly the number of factors is increasing rapidly with the rank of the group. 
For large values of n it is therefore often useful to use methods which yield the 
appropriate dimension in a simpler way; thus the dimension of an SU(n) 
multiplet is represented by a fraction?, 


as(p) 
b(p) ' 


whose numerator and denominator are determined as follows. 


D,(P1,; sey Pn-1) = (9.78) 


5 HJ. Coleman: Symmetry Groups made easy, Adv. Quantum Chemistry 4, 83 (1968). 
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To determine the numerator a,, each box is marked by a number; in the case 
of SU(n) we start-with the number n in the upper left box of the tableau. Within 
the first row the numbers have to increase by 1 from left to the right. In the 
second row the boxes contain the number of the corresponding boxes above, less 
one. For example, let us consider the following Young diagram for SU(3), i.e. 
n = 3. 


TI a. 03 


We adopt the rule stated above by filling the boxes with the numbers 


BEER ; (9.80) 


and the numerator results from the product of these numbers: 
a43(3,1) 2 3x4x5x6x2 . (9.81) 


To obtain the denominator, again each box is numbered, but in a different way. 
For that purpose we draw a horizontal line from the centre of the box to the 
right and a descending vertical line. Then we count the number of boxes passed 
through by these lines, including the original box, and insert this number into 
the appropriate box. Multiplication of these numbers yields the value of b. 
Taking the first box from the left, in the first row of our example, we have 


Bim (9.82) 


and, altogether, 


HB (9.83) 


From this numbering we can calculate b, e.g. 

b(3,1) =5x3x2x1xl . (9.84) 
Hence the dimension of the representation (3,1) of SU(3) is 

DG) SELL ae (9.85) 
Formula (9.76) yields the same result: 

D3(3, 1) 2 13 +11 + 8G 14-2) =4x4x2x6=24 . (9.86) 


The advantage of this new method becomes obvious when we consider a similar 
Young diagram as a multiplet of the group SU(9). We just have to recalculate 
the numerator, obtaining 


pools) (9.87) 


We now find for the dimension 


9x10x11x12x13x8x9 
D,(3, 2, 0, sees 0) = ^ 6xS$x3àx2xlx2x1l1 = 30888 . (9.88) 


9.6 Determination of the Dimension 


Using the standard formula (9.75), in this example, we would have to multiply 
a product of 8! = 40320 factors. 


EXERCISE eee 


9.6 Dimension Formula for the SU (3) 


Problem. Derive the expression (9.76) for the dimension of SU(3) multiplets by 
using the result for the SU (2). 


Solution. In a standard configuration of the SU(3) involving the numbers 1, 
2 and 3, the second row may only include the numbers 2 and 3; also all the 
numbers 3 have to be on the rhs of the numbers 2. and only in those (single) 
boxes which do not have any box underneath. In the first row, boxes lying above 
a number 2 may only contain the value 1. In the first row the number 3 may only 
occur at the right end, in boxes with no box directly below them. Denoting by 
r the number of boxes in the first row which contain a 3, we must have 
O<r<p,. If q is the number of boxes in the second row containing a 3, the 
following relation holds: 0 S 4 S P2- Therefore we get a tableau of the form: 


pa q p-r r 


Up to now only the value of the q + (pı — r) boxes in the centre of the first row 
has not been determined. Applying the standard method we can arbitrarily fill 
these boxes with the numbers 1 and 2. But the number of configurations is just 
equal to the dimension of the Young diagram with q + (p, — r) boxes in SUQ): 

Díq*p-n-24tpn-rtl- (1) 


In the case of SU(3) we obtain the dimension of the complete diagram by 
summing over q and r in the allowed domains, giving 


P2 n 
D3(P1; P2) = Y Y Diqtp-— r) 
q=0r=0 
a 1 
= Y (q + pi + D(pi + 1) — zzii D) 
2 
q=9 


1 pz 
5 (Ps +1) ¥ Qq+p +2) 
q-0 


(p, + DEpa(2a + 1) + (Pı + 2)\(p2 + 1] 


1 
2 
1 
2 


(p, + 1)(p2 + D(pi + p»2 t2 > (2) 
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where we have used the relations 


Sl=m+1 Y i= 5mm + 1) (3) 
=0 i 


9.7 The SU (n — 1) Subgroups of SU (n) 


The weight diagram of an SU(3) multiplet contains a number of SU(2) mul- 
tiplets. Because of the symmetry of the diagrams there is no difference between 
submultiplets related to isospin or others related to U- or V-spin. The quark 
triplet includes an isospin singlet (the s-quark) and an isospin doublet (the u- 
and d-quarks), for instance. The octet of the baryons contains two isospin 
doublets (p, n and Z7, Z°), a triplet (Z^, Z°, Z* ) and a singlet (A). 

Now we need to perform the decomposition into subgroups with the help 
of Young diagrams. To illustrate the procedure we take the octet of SU(3) 
represented by 


mm =(1,1) . (9.89) 


The eight corresponding Young tableaux were previously considered in Exer- 
cise 9.5 and are 


990) 


In the case of SU(2), boxes containing the number 3 do not exist. Thus we divide 
the tableaux into groups according to the respective position of boxes contain- 
ing a 3. First we find two tableaux that don't contain the number 3, i.e. 


and (9.91) 


In SU(2) the column }54 can be omitted [because it represents a singlet under 
Le] 


SU(2)], so we obtain a doublet, 


Hj. (9.92) 


Now we look for a tableau with a single number 3 on the right. There is only one 
of this kind, 


(9.93) 


Since the number of 3 is meaningless in the case of SU(2), we can neglect this box 
and obtain an SU(2) singlet 


=Q . (9.94) 


9.7 The SU(n — 1) Subgroups of SU(n) 


There are three tableaux with the number 3 at the bottom, 


(9.95) 
i 


and, once again neglecting the boxes containing the number 3, we obtain an 
SU(2) triplet, 


cog, G12]. 22). (9.96) 


Finally we have two tableaux containing the number 3 twice, i.e. 


qm gm oo 


By erasing the three boxes containing a “3”, a doublet results, 


, , (9.98) 


Thus altogether we have recovered one singlet, two doublets and a triplet. 
We would have obtained the same result in a simpler way by filling boxes 
with a “3” for allowed configurations only: 


p-p vo 
ap = CO 
qa. (9.99) 


In the first step we remove all boxes containing the number 3 and in the second 
step we eliminate all columns with two boxes. 

We can easily generalize this method to the group SU(n). Consider all 
allowed positions of the boxes in the diagram containing the number n and 
remove these boxes. The SU (n — 1) submultiplets are then given by the remain- 
ing boxes. For example, we consider the Young diagram 


= on 


for which there are eight different ways of labelling the boxes with the number 
“n”, given by 


D EP BP 
"II o 
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The rule here is that “n” can occur only at the bottom of a column, because the 
numbers in the squares have to increase from top to bottom, and cannot 
decrease from right to left. We thus obtain the decomposition of the SU(n) 
multiplet into submultiplets of the group SU(n — 1), ie. 


We may then further decompose these multiplets into multiplets of SU(n — 2), 
and so on. 


9.8 Decomposition of the Tensor Product of Two Multiplets 


It is an important problem in group theory to decompose the states of a many- 
particle system belonging to a certain multiplet. We have already discussed the 
example for which there are two possible ways to couple two spin-+-particles to 
states with good total angular momentum (to j = 0 and j= 1, respectively). 
Stating this in the language of group theory, the tensor product of two SU(2) 
doublets decomposes into a singlet and triplet 


[2] 9 [2] = [310 [1] . (9.103). 


Expressing this result with the help of Young diagrams we have 


LHeD -rned. (9.104) 


Obviously both new multiplets are obtained by adjoining the boxes of both 
original diagrams in an appropriate way. We notice that the combination of the 
Young diagrams (9.104) has a much more general validity than relation (9.103). 
While (9.103) is only valid in the case of SU(2), equation (9.104) is valid for any 
group SU(n). For the example of SU(3) the diagram [_] represents a funda- 
mental triplet (quark). Now (9.104) states that two quarks can be coupled to 


a sextet [L] and to an antitriplet |—, i.e. 


[3] 9 [3] = [6] G6 [3] . (9.105) 
In the framework of SU(4), (9.104) represents the relation 
[4] S [4] = [10] S [6] , (9.106) 


and so on. 


9.8 Decomposition of the Tensor Product of Two Multiplets 


We now proceed, without proof, to state the general rules on how to couple 
two multiplets of the SU(n). We start by drawing the Young diagrams repres- 
enting the two multiplets and marking each box of the second diagram with the 
corresponding number of its row. We continue by adding all the boxes of the 
second diagram to the first one. The boxes may only be added to the right or the 
bottom of the first diagram observing the following rules: 


a) Each resulting diagram has to be an allowed configuration, i.e. no row must 
be longer than the row above. 

b) In the framework of SU(n) no column must contain more than n boxes. 

c) Within a row the numbers in the boxes originating from the second diagram 
must not decrease from left to right. 

d) The numbers must increase from top to bottom within one column. 

e) We draw a path though all boxes of the resulting Young diagram which 
crosses each row from right to left, beginning at the top. Along the path the 
number i must at no time have occurred more often than the number (i — 1), 
i.e. 


path forbidden scheme (9.107) 


Among other things, this rule states that a box of the i-th row of the second 
Young diagram must not be attached to the first (i — 1) rows of the first 
. Young diagram. 
As an example we consider the tensor product of the two fundamental repres- 
entations of the SU (n), n 2 3. 


3 PE 
CoH = E $[2|-(7-1061 . (9.108) 


The combinations 


| [112 2 
| EN etc. 


n-1 


are forbidden by rules (e) and (c), respectively. In the context of the group SU(3), 
the relation (9.108) means that 


[319[3]- [816 [1] . (9.110) 


(9.109) 


6 D.B. Lichtenberg: Unitary symmetry and elementary particles (Academic Press, New 
York, London 1970) Chap. 7.4. 
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EXERCISE 


9.7 Decomposition of a Tensor Product 
Problem. Find the decomposition of the tensor product 8 @ 8 for the SU(3). 


Solution. 


LL LI HI] CCT 
Heim- Ju eL 
LI T1] NE 
of Ee 
| BHA 
-Hemne H 
PoE +o | 


where in the last step we have omitted redundant columns containing three 
boxes. Thus, denoting the multiplets by their dimension, we obtain 


[8] @[8]= 27] e 10] e [8] O(8]@L10]e@ [1]. . (1) 


Here it is worth noting that the octet occurs twice in the decomposition. Due to 
a general rule this may happen if the original diagrams do not both have the 
form of a rectangle. 


A—————— — eee 


If we consider products of representations, an arrangement into classes is 
often useful. This is seen as follows. Combining two Young diagrams with b, 
and b; boxes, respectively, initially yields a diagram with (b, 4- b2) boxes. 
However, since for an SU(n) we can omit columns with n boxes, the remaining 
diagrams can have 


bı +b , bjb;—n , by +b,—2n , etc (9.111) 


boxes. To unify all these possibilities it is useful to classify the number of boxes 
according to the residue with respect to n. Thus we say that an irreducible 
representation is of class m (with 0 < m < n — 1) if the number of boxes of the 
according Young diagram can be written in the form 


b=int+m , (9.112) 


with some integer i. If we form the tensor product of two representations of the 
classes m; and m; according to what we have said above, it follows that every 
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resulting Young diagram must be a member of the class 
m=m,+m, (modn) . (9.113) 


So the representations of the SU(n) fall into classes which, when tensor products 
are formed, behave like an additive group. This group of the residue classes 
(mod n) is labelled Z, and is called the “centre of the group". Instead of the 
residue classes m, one can also use the unit roots exp(2imn/n) to describe the 
different classes of representations of SU(n), because 


e2imin/ng2imonjn = e2imn/n (9.114) 


holds with m = m, + m;(mod n). This classification has the advantage that the 
multiplicative character of the formation of tensor products becomes apparent. 


EXAMPLE E 


9.8 Representations of the SU (2) and Spin 


Within the representation of the SU(2) there are representations with an even 
number of boxes and others with an odd number. Those having an even number 
of boxes correspond to the representations of integer spin or isospin, those with 
an odd number represent multiplets with half-integer (iso-) spin. 


EXAMPLE mE 


9.9 Triality and Quark Confinement 


In the case of the SU(3) one distinguishes multiplets with triality; t = 0 (for 
k = 0), t = 1 (fork = 1) and t = — 1 (for k = 2). For the quarks t = 1, for the 
antiquarks t = — 1. The trialties of several particles are additive (modulo 3), 
and the baryons, containing three quarks, have triality t = 0, and the mesons, 
consisting of one quark and one antiquark, have t = 0, It is conjectured that in 
nature only particles with t = 0 occur as free particles (quark confinement). 


10. Mathematical Excursion. Group Characters 


10.1 Definition of Group Characters 


In this chapter a special group theoretical concept is introduced which has many 
applications. It describes the main properties of representations and is therefore 
called “group character”. It solves the problem of how to describe the invariant 
properties of a group representation in a simple way. If we denote an element of 
a group G by G, a representation DG.) i is not unambiguous, because every 
similarity transformation ÁD(G,)A^! Ae D(G) yields an equivalent form. One 
possibility for the description of the invariant properties would be to use the 
eigenvalues of the representation matrix, which do not change under a similarity 
transformation. This leads to the construction of the Casimir operators, the 
eigenvalues of which classify the representations. The construction of the 
Casimir operators and their eigenvalues is in general a very difficult nonlinear 
problem. Fortunately, in many cases it is sufficient to use a simpler invariant, 
namely the trace of the representation matrix 


P d ~ 
x(G,) = Y Di(G.) , (10.1) 
i=1 


where d is the dimension of the matrix representation. Equation (10.1) is in fact 
invariant under similarity transformations, because 


w'(G,) = Y. Dii(Ga) = Y Aj DalGa(Am Dei 
i ijk 


-YDa(A Ay = YDG, = x(Ge) . (10.2) 
jk j 


x(G,) is called the “group character" of the representation. 

For the present we restrict ourselves to finite groups. These consist only of 
a finite number of elements and are therefore easier to handle. Later we 
generalize the results to continuous compact groups, i.e. compact Lie groups, 
like, for instance, U(N) and SU(N). First, however, we introduce some funda- 
mental concepts which will be necessary later on. 
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10.2 Schur’s Lemmas 


10.2.1 Schur’s First Lemma 


Let D(G,) be an irreducible representation of a group G defined in the vector 
space & (e.g. the three-dimensional physical space), and let A be a fixed operator 
in 2. The first lemma of Schur states: 

If A commutates with D(G, ) for all G,, 


[A,D(G,)]-=0 , (10.3) 
then A is proportional to the unity operator (unit matrix), or 
=i. (10.4) 


This has already been seen in Chap. 4, (4.6) and (4.9), but in a somewhat different 
form. What is new and, for important, the following discussion is that D(G, )is 
not just a general operator of the. group, but a representation matrix. If the 
group is just the space 2, then this reduces to the: former case. 


10.2.2. Schur's Second Lemma 


Let D! (G, ) and D*(G, ) be two nonequivalent irreducible representations of the 
group G in two spaces 2, and Æ, with the dimensions d, and dz, respectively 
(the case Z, = #2 or d, = d; is not excluded); and let A be an operator which 
maps from &, into #,. Schur's second lemma states: 

If 


D'(G,)À = AD*(G,) (10.5) 
for all G, of G, then A is the zero operator, Á « 


Proof of Schur's Second Lemma. Since Schur's first lemma was explicitly treated 
in Chap. 4, it is sufficient to prove the second lemma. This can be achieved in the 
form of proof by contradiction: . 

(i) First we consider the case d; < d,. Then A applied to @, generates 
a subspace #, of 4, with the dimension d, < d; < d,. This subspace is 
composed of all vectors Ár, with r e @,. From the assumption (10.5), it follows 
at once that 2, is invariant with respect to an application of the representation 
of the group G: 


D'(G,)Ar = AD? (Gr = Ar, . (10.6) 


This belongs to @,, too, because r, = D*(G, yr belongs to #,. It was assumed, 
however, that D! is an irreducible representation, ie. 2, has no true invariant 
subspace. Otherwise D'(G, ) could be brought into block form. Since 2, is an 
invariant subspace, there is a contradiction unless æ, is either the null space 
(d4 = 0), Le. A= 0, or when Ra is the full space 40, i.e. (d, = d, = d2). The last 
possibility is excluded, because D!(G,) and D?(G,) have been assumed to be 


10.3 Orthogonality Relations of Representations and Discrete Groups 


different, i.e. non-equivalent, representations. If both have the same dimension, 
we could invert A, so that 


D'(G,) = AD*(G,)A^! , 

i.e. D!(G,) would be similar to D? (G,); therefore the single possibility A=0 
remains. 

d, > 1. Since A maps the full space #, onto &,, d, < d; follows necessarily 
because of d; > d;. This means that there are vectors r in 2, which are mapped 
onto 0 (Ar = 0). We denote this subspace of 4 which has the dimension 
d, = d, — d,, by R,. Ry is also an invariant subspace, because, if r, = D*(G,)r, 
then 


Ar, = AD?(G,)r = D'(G,)Ar =0 , (10.7) 


ie. r, belongs to &,, too. If d, < dz, this is a contradiction of the irreducibility of 
D?. Hence it follows that d, = d2, i.e d, = 0, and again A = 0 must hold. Thus 
Schur’s second lemma is proven. 


10.3 Orthogonality Relations of Representations 
and Discrete Groups 


First we will show that for two arbitrary, irreducible representations D* and D’, 
the matrix 


A =F D*(G,) X D'(G; !) (10.8) 
b 


has the properties which are demanded by Schur’s lemma. Here X is an 
arbitrary matrix of dimension d, x dg and the sum is over all elements G; of the 
group. Remember that we are still dealing with finite groups and therefore the 
sum is finite. 


Now we show by explicit calculation that (10.5) holds: 
D*(6,)À4 = Y D*(6,) DG) X D’ (G; !) 
b 
= Y D (6,6) X D’ (Gr D (Gr YD’ (Ga) X. (10.9) 
b 
Here we have used D*(G,)D*(G,) = D'(G,G,), as well as D^(G; !) D^(G,) 


= D*(E) = 1 (E being the neutral element of the group). The above expression 
can be written as 


Y 5*(6,6,) XD^(G,G,)- ) D(G,) = Y, D*(G.) XD" (Gz +) D’ (Ga) 
b c 
= AD*(G,) , (10.10) 


where G, = GaGy. This last step is justified, because the summation runs over all 
group elements G,, and GaG, just causes a permutation of elements; at the end 
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the sum again includes all elements and we regain the operator A. The last 
equation implies, however, that 


D(G,)A = AD*(G,) , (10.11) 


and therefore A has the property (10.5) demanded by Schur’s lemma. In the 
matrix representation A as the form 


A4. (10.12) 
In( 10.8) we can choose X arbitrarily because we made no assumptions concern- 
ing X in the derivation. If we choose x, = Ôkpômg, ie. if X is represented by 
a matrix which has only zeros except for the qth row and the pth column, then 
from (10.8) follows 

g ds 

Xd 


a=im=1tk= 


d, 


Di, (Gy) Xim DE (G; !) 
1 


g ^ ^ 
= Ay = APD giy = Y DYGD ĜT Y. (10.13) 
aci 


Here g is the order of the group, i.e. the number of elements in G, and d,, dg are 
the dimensions of the irreducible representations D*, D. Thus only 4 is left to be 
determined. 4 is of importance only for the cases i = jand a = p. If (10.13) is used 
and summation over all i is performed, one finds that 


da g ~ ^ da 
2. à, DAGDAG) = 1409 Y 1 = dim». (10.14) 
i=la i= 


1 i-1 


On the other hand, 


d 


A Di (6) D$, *) = D3 (E) 
holds, i.e. 
g ^ ^ 
Y, DiE) = gDE(É) = Ag | (10.15) 
a=1 


The representation matrix of the neutral element, however, is D$ (E) = ô,p, and 
thus from (10.15) it follows that 


10-9 = 9,5. (10.16) 


X 


Hence the final form of the orthogonality relation for representations of finite 
groups is found to be 


g a a 
Y, DI(G)DIG, = 5.951559 A (10.17) 


Later we will need this form for the derivation of the orthogonality relations for 
group characters. If the representation is unitary, which is the case to which we 
want to restrict ourselves from now on, then (10.17) can be simplified because of 


10.4 Equivalence Classes 
D$ (ĜT +) = D£(G,) and therefore assumes the form 


È D$ (G,) DI G* = ub. (10.18) 


10.4 Equivalence Classes 


Before we introduce the notion of equivalence classes, we need the definition of 
the “conjugate” group elements: G, is called conjugate to the element G, if there 
exists an element G, € G with the property 


Ĝ, = G,G 6G, . (10.19) 
If G, and G, are conjugate to G,, then (10.19) holds for G, and G,, as well, i.e. 

G,=G,G,G7! and 6,2 6,6,G,! 
This yields 

G, = 6; 16,6, = 6;16,6,6,1G, = (6;16,)G(G, 1G,) (10.20) 
This is exactly the property of an equivalence relation. All elements which are 


pair-wise conjugate form an equivalence class. The following examples serve to 
illustrate this concept. 


EXAMPLE 


10.1 The Group D, 


The symmetry group D; of an equilateral triangle (see figure) is composed of 
6 elements É, R, R5, R5, Ra, Rs. É is the unity transformation, the application 
of which does not change the triangle. Ry and R, rotate the triangle by the angle 
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2n/3 and 47/3 respectively, about the z-axis. The remaining operations R3, 
R4 and R; denote reflections at the axes. With the help of these definitions we 
can construct a multiplication table, shown below. 


Multiplication table of the sym- 
metry group D, of an equilateral 
triangle 


The notation is as follows: First one element of the upper row, e.g. the second 
one, R,, is applied to the triangle. This is followed by application of an element 
of the left column, e.g. the fifth one, R4. The result is given by the intersection of 
both elements, which, in this example, is in the fifth row and the second column. 

We now look at these operations in more detail, by numbering the corners of 
the triangle. 


^N A 
(1) 
MAS AD A A 


This leads to the result R,R 1 = Rs. In a similar manner, one can calculate all 
multiplications. The result is shown in the table. 

Now what are the equivalence classes of this group? One finds that there 
exist exactly three classes: 


$&-E $-(R.R) h= {Rs RRs} (2) 
the unity transformation, is always conjugate to itself, because 
‘ER; = R7'R,; = Ê. After simple calculation it follows, for example, that 
R,=R3R,R5! and R; = RS = RR , (3) 
which shows that R 2and R 1 are conjugate to each other, as are Rs, R, and Rs. 


To complete the assignment of all elements to classes, other combinations, e.g. 
RíR,R4!, must be constructed, and this is left as an exercise for the reader. 


Ri 
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10.2 The Rotation Group O(3) 


The O(3) consists of the elements 


R(d,, 02,03) = exp(iY. bly) , 


where the Li are the generators (angular momentum components) of the group 
SO(3). In order to be able to classify these elements, we must apply all possible 
similarity transformations on R(@,, $5, 3), i.e. 


KR(0, $2.3) BR’! = R(Q: 2 $3) (1) 


for arbitrary R’. The interpretation of (1) is simple: First, with the help of RO, 
we rotate into a new system of axes, in which we perform a rotation with the 
Euler angles (9, $2, $3), before rotating back into the old system. Therefore 
R(b1, 62, $3) denotes the same rotation defined in other coordinate system. 
From (1) we see which elements constitute a class. All rotations by the same 
angle belong to the same class. To elucidate this point we consider the rotation 
by the angle @ about the axis & (e.g. the z-axis): 


cos@ —sing 0 
R,(¢)=| sn@ cos Ol. (2) 
0 0 1 


Equation (1) transforms this into a rotation around an axis k’, which can have 
an arbitrary direction in space. 


EROR = RS). (3) 


R(Q) describes a rotation about the same angle @. All such rotations by this 
angle about some arbitrary axis in three-dimensional space belong to the same 
class. 

With this knowledge we can easily understand the result obtained for the 
group D3: $, = {E} describes a rotation by the angle 0, 9; = {R,, R2} describes 
a rotation by the angle 21/3 (@ = 47/3 is equivalent to @ = — 27/3), and the 
elements in $4 = (R4, R4, R5] each represent a rotation by x. Thus the group 
D, is a discrete subgroup of O(3), for which only distinct axes of rotation (each 
with fixed values of $) are allowed. Groups like D, play an important role in 
crystallography. 
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10.5 Orthogonality Relations of the Group Characters 
for Discrete Groups and Other Relations 


After these examples we return to the group characters which were defined in 
(10.1). First we prove the orthogonality relation for group characters by ap- 
plying (10.18), setting p = 1 and q = j, and summing over all values of i and j. 


g ^ ^ 
à, 2 DR.) Y Di(G.)* = gs . (10.21) 
a=1i j 

Above we have used ¥,1 = d,; and « and f denote the two irreducible repres- 
entations. If we use the definition of the group characters, (10.1), the ortho- 
gonality relation for group characters follows from (10.21) as 


g A ^ 
2. XO GaGa) = gh. (10.22) 


Since the characters are invariant under similarity transformations [cf. (10.2)], 
ie. since all elements of one class have the same character, (10.22) simplifies to 


Y. cox yt = góg , (10.23) 
p=1 


where c, denotes the number of elements in class P and n is the total number of 
equivalence classes. We obtain an interesting result for the case of two identical 
representations, « = f: 


g ^ 
2, x "(Gl = Y exp? ag . (10.24) 
a=1 p=1 
We can also interpret the characters in (10.23) as follows: The character y™ can 
be understood as a vector with the components ,/c,y in an n-dimensional 
space in which the irreducible characters form à set of orthogonal vectors. Thus 
it is obvious that there cannot exist more than n different irreducible representa- 
tions! 


10.6 Orthogonality. Relations of the Group Characters 
for the Example of the Group D; 


First we try to construct a matrix representation for the group D, previously 
introduced in Example 10.1. For this purpose we consider the transformations 
of the triangle as rotations in three-dimensional space combined with reflec- 
tions. We choose the axes e,, e,, and e,, as shown in the figure of Example 10.1, 
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which, for instance, yields 
D(Riex = — ie, + Je, , 
D(Rye, = — V Ae, - te, , 
D(R ye, =e, (10.25) 


for R, (rotation by 2x/3 around the z-axis). For the other group elements we 
obtain 


. -$ -Ji 0 i —Vz 0 
D(Ri) = i —3 0 D(R4) =| — i -i 0 
0 0 1 0 0 -i 
-$ vā 0 i Wi 
DR)-| / -4 o| DR)=|/2 -4 0|. (029 
0 0 1 0 0 -i 
-10 0 100 
D(R3)=| 0 1 0 D(E)=|0 1 0 
0 0 -=i 001 


It is easy to verify that these matrices satisfy the rules of multiplication given in 
the table previously. Further, (10.26) reveals that all matrices have block struc- 
ture, allowing the decomposition into a (2 x 2) and a (1 x 1) submatrix; therefore, 
the representation given in (10.26) is reducible. However, the submatrices form 
an irreducible representation because they cannot be further decomposed. The 
(2x2) submatrices form the irreducible representation D? and the (1x1) 
submatrices form the representation D. Finally there exists a trivial repres- 
entation, namely the identical one, that is characterized by DO(R;) = 1 for all 
R;. The results are summarized in Table 10.1. 


Table 10.1. The irreducible representations of the group element of D; 


Represen- 


tation É R, R, R; 
po 1 1 1 1 
po 1 1 1 —1 


"— g9G35C9G»C 
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That they satisfy the orthogonality relations for irreducible representations 
(10.18) is left to the reader as an exercise. 

After performing the trace of the matrices in Table 10.1, we obtain a charac- 
ter diagram, which is given in Table 10.2. 


Table 10.2. Character table of the group D, 


Representation $i(É) $;(R,, R2) $3(R5, Ra, Rs) 


The characters also satisfy the orthogonality relations (10.23). We consider, 
say, the orthogonality between the representation D?" and DO (number of 
classes n — 3) as an exercise: 


3 cx? * -1x2x1-2x1x(—-1) -3x(—1)»x020 (10.27) 
p-i 
Y ce2340* «1x1 42x12 43x(—-1P=6=g . (10.28) 
p-i 


Equation (10.28) just yields the number of group elements! 


10.7 Reduction of a Representation 


We now consider a general reducible representation D(G,). The group charac- 
ters can help us to decompose this representation. We know that the matrices of 
the matrix representation D(G,) can be cast into block form. Then the character 
is the sum over the diagonal elements of each block. If D(G,) belongs to the class 
p, then 


X» Lomax? , (10.29) 

p 
where m, is the number of equivalent irreducible representations, i.e. the number 
of times D*(G,) appears in D(G,). With the help of the orthogonality relation 


(10.23) we can determine m,. Therefore we multiply with (c,/g)y(/* and sum 
over all classes p, obtaining 


1 1 1 
- ey = -2 m,» cpp p = -2 m,gôap -mg . (10.30) 
g P g a p g a 
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As an example we again consider D, and the representation introduced above. 
We decompose this representation (10.26) into the irreducible components (see 
Table 10.1) 


D = m D” O m,DOqgm,D? . (10.31) 


* c3" denotes the direct sum, i.e. the formation of an extended matrix by joining 
the single matrices. With the help of (10.31) we get 


m -i3-0—3)250 , m=1(3+0+4+3)=1 , 
m=2(6+0+0)=1 , (10.32) 


ie. the representations D? and D? are both included in D, but D? is not. This 
is the trivial result which has previously been given. 


10.8 Criterion for Irreducibility 


From the knowledge of the character we can conclude at once whether a given 
representation is irreducible or not. We then know from (10.24) that 


Yeux? =g (10.33) 


holds. Equation (10.33) is a sufficient condition for irreducibility, which may be 
proved by considering (10.23) and (10.29); 


Leplxpl? = Y comme yp * = gym? . (10.34) 
P a, p, a 


Thus (10.33) holds if Y, m2 = 1. Since all m, are positive numbers or zero, 
however, this condition can only be fulfilled if all numbers m, except one, e.g. my, 
are equal to zero, and m, = 1. We consider the representation D? (R;) of the 
group D, as an example and show that this is irreducible since 


Yexl]-(üx4-2x14-3x0262g . (10.35) 
p 


p 


10.9 Direct Product of Representations 


In the following we determine the character of a direct product of two irredu- 
cible representations. Let {D%,(G,)} and (D£,(G,)) be the representation 
matrices of the irreducible representations « and f. Then the representation 
matrix of the direct product is given by the expression 


(Denn (G4)) = {Din(G.)D4,(Ga)} (10.36) 
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The trace is the sum over all diagonal elements 


xh = Y DG) = YD) E DHG) (10.37 


The character of the representation of the direct product is equal to the product 
of the characters of the original representations « and fj, which implies that 


ye uy. uo (10.38) 
The representation resulting from (10.36) is in general reducible, i.e. 
De*P(G.) = @m,D"(G,) (10.39) 
Y 


is the direct sum of irreducible representations. With the help of (10.30) and 
(10.38) we can determine m, to be 


1 
= JÈ cya (10.40) 


P 


Again we consider the group D, as an example: We can determine the character 
of the direct product Dog Do = = D8*? with the help of Table 10.2 and 
(10.38). For the three classes the character takes the values 


1*9 = (4,1,0) = y. y? , (10.41) 
with which, inserting this into (10.9.5), we obtain 


=Z(lxlx4+2x1x14+3x1IxQ=1 , 
m;—-i(ixix442x1x143x(—1)x0)21 , 
—i(1x2x4-2x(-1)x143x0x0)-1 . (10.42) 


Thus the representation D *? can be decomposed into 


DEd — pe & Do = DM aD? ap? . (10.43) 


10.10 Extension to Continuous, Compact Groups 


Up to now we have only considered discrete groups because they are easier to 
handle. Yet groups with a continuous range of parameters have achieved great 
importance in physics, for example the groups SU(2) or SU(3), which play an 
important role in the elementary particle physics (see Chaps. 5 and 8). The 
difficulty resides in the fact that we now have an infinite number of group 
elements, because the group parameters are continuous. The sums appearing in 
the formulae derived above change into integrals, and the number of group 
elements is replaced by an appropriate normalization factor. First however, we 
need several new concepts, which shall be introduced in the following sections. 
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10.11 Mathematical Excursion: Group Integration 


First we consider the expression 
g ^ 
Y SG.) (10.44) 
a=1 


for the case of a discrete finite-dimensional group. One important property of 
these groups was that in (10.44) G, can be replaced by G, = G,G, (with fixed but 
arbitrary G, ) without changing the value. If the values of G, cover the whole 
group, then the corresponding set G, also covers the whole group exactly once. 
Otherwise some G,’, would exist which yields the same element G;: 


Ĝ, = 6,G,— GG, , (10.45) 
Multiplication by G; ! from the left yields 
G;'G,=G,=G,y , (10.46) 


ie. the elements G, and G, must be identical! 

In the case of a continuous group, (10.44) turns into an integral f (a) f(a)da, 
where a denotes the parameters of the group; the measure function |(q)| is 
chosen in order to fulfil 


J f@u(a)da = | fulada , (10.47) 
ae aeG 
where c is defined by 

G()- G(aG . (10.48) 


Here an arbitrary, but fixed, group element G(b) means that the group property 
for finite groups is conserved. 

The integration only makes sense if the range of integration is compact (i.e. 
finite and closed) For the case of non-compact groups, the integral could 
possibly be divergent. In (10.47), a is the abbreviation for g = (a,, a2, ...,a,), and 
da = da,d; ...da,; r being the number of parameters of the group. Besides (10.47) 
there exists the trivial condition 

f f(au(ada— f f(Ou(gde . (10.49) 
aeG ceG 
If we change the integration variable on the rhs of (10.49) from c to a we get 


dc 
f onada = f fn da , (10.50) 
aeG aeG e 
0c/0a being the functional determinant (Jacobi determinant) 
oc, 0c, óc, 
da, da, 0a, 
Oc 
— =|: : ". : . 10.51 
72 E DE (10.51) 
óc, Oc, 0c, 


da, 0a; 0a, 
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If we compare (10.50) with the relation (10.44), which was required to hold, then 
the condition for yp is 


u(c)-- = pha) , (10.52) 


eg 


valid for all g. Assuming that such a measure p exists, we can calculate y(c) by 
assigning a value for an arbitrary element a, e.g. a = 0 (this accords with the 
unity element of the Lie group). With this, 


(c) = u(0) | (3) 27 (10.53) 


for which the constant factor (0) is unimportant, so that it is sufficient to set 
(0) = 1 and to calculate (0c/0a), =o. Later we will explicitly carry out this 
procedure for the case of unitary groups, e.g. SU(2) and SU(3). 

In the case of a finite, discrete group we have an expression of the general 
form 


14. 
ge 69 . (10.54) 


where g plays the role of the *volume" of the group and is therefore replaced by 


g>V(G)= f ulada . (10.55) 


aeG 
For a continuous group, the expression 


1 
VO, SS (a)u(a)da (10.56) 


may be considered as a generalization of (10.54). In the case of the trivial repres- 
entation f(a) = 1, then (10.56) has the value “one”. All formulae of this previous 
section can be transformed into compact groups by replacing the expression 
(10.54) by (10.56), though before we consider the practical calculation of the 
measure function j(a), we must study the unitary groups in greater detail. 


10.12 Unitary Groups 


The unitary group U(N) has N? generators C, (i, m = 1,..., N), which satisfy 
the commutation rules 


Cims iml- = SimCin — Sin Cm . (10.57) 
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For example, we can take Cin = b b, as generators if bf , b, are creation and 


t. 


annihilation operators with the commutation rules [bm, b} ] = dim, for which 
[b* 5, bf by] = Bit Om Dr 15, + b? bf (b, By] +i, b; Jinba + BF D. 5.15. 
= bf Smjbp — bf ôinbm = jmb by — nbj bm , 
is required. Another possible representation is 
(Cim) = (im) > (10.58) 


where (0;,) denotes the matrix which has a “1” at the intersection of the ith row 
and the mth column and “zeros” everywhere else. This matrix also satisfies the 
commutation rules (10.57). An arbitrary group element of U(N) is given by 


exp ( —i Y 0 2 " (10.59) 
kl 


where the “angles” 0,, parametrize the group transformation. 

The transition to SU(N) can be made by constructing traceless matrices 
from the Cim, which, for i # m, is automatically fulfilled. For i = m one only has 
to subtract N^! from each diagonal element, made possible because the unit 
matrix commutes with each matrix and therefore does not disturb the commuta- 
tion rules: 


a 1 2 ~ 


é = Ĉi- L1 , Ci; = Cy , i$j, (10.60) 
i.e. C, in (10.60) has the form 


1 


N , (1061) 


i 
Á€———-——— 
from which it is easy to calculate that Tr(C;) = 0. Equation (10.60) gives us 
a condition for the C;/s, because 


2, é,,=0 (10.62) 
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holds, i.e. just (N — 1) out of N creation operators are linearly independent. All 
in all we obtain exactly N? — 1 generators for the SU(N). 


10.13 The Transition from U(N) to SU(N) for the example SU(3) 


Up to now we have used other matrices as generators of SU(3). These are 
connected with the matrices (10.58) by the following relations: 


Ay = 1 0 0 = 6,4 6, " 
0.0 0 
0 -1 0 

A, = i 0 0 = i(C2, — 6,2) , 
0 0 0 
1 O O0 

43 = 0 —1 0 -6,-—6, > 
\0 0 0 
0 0 1 

ES 0 0 0 =C3,+Ci3 " 
1.00 
0 0 -i 

As = 00 0 = i(C3, — C13) , 
i0 0 
\ 
10 0 0 

ås =| 0 0 1 26,444 , 
\0 1 0 
p 0 0 

į = 0 0 -i = i(C32 — €) , 
0 1 0 
1 10 0 1 

s =— |0 1 0 |2—(C,46,-2€4) . (10.63) 
3 
lo o 2] V3 


We will repeatedly make use of (10.63) in the following. 


10.13 The Transition from U(N) to SU(N) for the example SU(3) 


The connection between the groups U(3) and SU(3) is as follows: An element 
of U(3) is given by 


3 a . 3 a , 3 a 
exp( -i Y a9 = exp( —1 Y Our Cra —1 Y du Cs , (10.64) 
k,l=1 k#l=1 k=1 
which can be further transformed by using (10.60) to obtain 
3 a . 3 P i 3 
ee —i Y 0. Cu —1 Y Um ĉa) exp ( CN 1 Ye à) . (10.65) 
k#l=1 k=1 k=1 


The term —iQi- 1 04) L in the exponent cancels the C,,, and the left hand part 
of (10.65) represents a group element which has just the form of an SU(3) 
element; the right hand part is simply a phase factor. Now the transition from 
U(3) to SU(3) takes place by requiring 


UG) > SU(3): y Q4 =0 (10.66) 
k=1 


in (10.65). In the general case of U(N), one proceeds in the same manner, with 
the difference that the index k runs from 1 to N. If, however, we want to use the 
generators in (10.63), we must apply the following method. First we confine 
ourselves to the diagonal matrices C11, C22, C33, returning to the remaining 
matrices later. Then group element generated only by C11, C22, and C,, has the 
expression 


01,61 T O22C 22 + 833C33 = $4; + (W//3)As + 1/3(611 + 922 + 033)N 
(10.67) 


in the exponent. We are interested in the relation. between (¢,W) and 
(911,922, 933) for the unit matrix NUN = (Ci; + C22 + C33) = 1]. If we make 
use of (10.63), 43, ås and N can be expressed by C11, C22 and C3, and vice versa. 
This yields the relations between the angles 


6::-92=9 , 0,, — 035 =W +30 , 022-933 =W —i6 .(10.68) 


In the case of SU(3) we have to satisfy the auxiliary condition 01, + 02; 
+ 055 = 0. 

Finally we consider the form of a finite transformation which consists of 
diagonal elements only. The infinitesimal transformation is given by 


1 — 104, 0 "t 0 


0 1-102. -- 0 


1 -iY 0464 — (10.69) 
k 
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from which the finite transformation follows as 


e ieu 0 eee 0 
a 0 eiz 0 
exp(~i Duca = . 
k : : ' : 
0 0 E e i9 
&£1 0 0 
0 £2 0 
= . , (10.70) 

Q 0 e EN 


[introducing £, = exp( —i0,,)]. Later on we need the most general form of 
a unitary transformation; therefore we. construct other generators as the 
Cij(i + j) so that, in analogy to SU(3) [see (10.63)1, 


dy=Cyt Ca , Ay =ilG,-6) , i<j. (10.71) 
By this we obtain for an infinitesimal transformation: 
1 -iY 6464 -1—iY04€4 —i Y, Gude — i Y Ody 
kl k k«l k«l 


1 — ibs, O12 — i>, t | 
= 615 + TM 1— i, tt | (10.72) 
with 
Bus + iO =Ou , Bus — id, =O, , k«l and Bux =O, . (10.73) 


10.14 Integration over Unitary Groups 


The unitary group U(N) depends on N? parameters so that an arbitrary 
transformation written in terms of operators is given by 


N 

exp( -i Y 9, 2) . (10.74) 
k,l-1 

In order to determine (8,4) we have to calculate the product Ü (c) 2 U (a) U (b), 

where U(b) is chosen to be diagonal matrix, ie. in (10.74) there occur only 

operators of the Cartan sub-algebra which commute with each other (see Chap. 

12). U (b) is of the form (10.72) implying that for U(c) we obtain 


(1—ia)e (arp — 1431)&2 
U(c) = (a1> + 1151)6, (1 — 1d33)£2 tee . (10.75) 


10.14 Integration over Unitary Groups 


This matrix can be diagonalized by the transformation 


U=V'WV , with (10.76) 
1 di? — ld2i 
&,/& — 1 
V(c) = 412 t M2 1 .. | and (10.77) 
€2/&, — 1 


(1 — tay sey 0 
W(c) = 0 (1—ia55) e] , (10.78) 


where we have neglected terms of second order (ay, « 1). The explicit calculation 
of VU = WV is the best way to prove the validity of (10.76), and so the 
transformation is separated into three parts; W is now a diagonal matrix and 
depends on N parameters only! If we write (1 — ia,,) =~ exp( —ia,,) and take 
into account that &, = exp( —i0,,), we can immediately specify the transforma- 
tion of N angles by 


(om = Okk = 0, + akk > (10.79) 


The transformation matrix V depends on the remaining N? — N parameters 
and contains the angles which describe the transformation into a system in 
which U is diagonal. We choose the transformation of the parameters (c.f. the 
element (12) of V with the corresponding one of U (c)]: 

Ci; = d13 Re(zi/2; — 1) ! + azı Im(e,/e2 — 1)! , 

C4, = a12 Im(cj/e; — 1)! — azı Re(ei/e; — 1)! , etc. (10.80) 
Thus we achieve the following structure of the Jacobi determinant that has, with 
regard to the first N parameters, a diagonal form: 

0€, ai; = Oni Oj . (10.81) 
The remaining part is a product of 3 N(N — 1) factors, i.e. 

045/041; AC 12/da2, 


- £y —62| ? , etc. 10.82 

0C2,/0a,; 0€,,/0a2, =le: A ) 
Finally for u(c) we obtain 
: N 

u(c) = (0c/02); 1, = I] ES — £l? . (10.83) 


i«j 


Note, that u(c = 0) depends only on N of the parameters! 
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a) U(2), SU(2). As an example let us have a look at the group U(2). The 
measure is given by (10.83); hence 


u(U(2)) = ler — e|? = lexp( —i6,,) — exp( —i65:)? 
= Jexp( — Zi(81, + 022) exp( — ji(01, — 422) 


— lexp(2i(0,, = 0;)!? = 4sin?(3(0,, —60;) . (10.84) 
The restriction to SU(2) yields 0,, + 07, = 0. With 0,, — 022 = $ then 
u(SUQ)) = 4sin?i$ . (10.85) 


According to (10.56) this result must be divided by 
4x 
V= f u(SU(2))db =82 , 
0 
with the consequence that 


1 4x . 
V '[n(6)f(0)dó = 7- f in^34)f(6)(40).. (10.86) 
0 
b) U(3), SU(3). In this case we proceed similarly by looking first at U(3). 
According to (10.83), 
u(U(3)) = lei — exl? 1e1 — esl?125 — £31? (10.87) 


is valid. Each factor is treated in the same way as in the example U(2) — SU(2) 
and 

e| - i(8,1 ; al ? sin? (5: c 
zi _ i(01, + “| ? sin? (5: > 9 


2 
exp| - ; =] ? sin? (s ; 9 


— 64 sin? (hrs sin? (= Pee) e) . (10.88) 


Finally for SU(3) we get, according to (10.66) and (10.68), 
u(SU(3)) = 64 sin^(54) sin’ [30 + V)] sin? [3(—30 - V)] . — (10.89) 
where $ is the parameter for isospin and y for hypercharge, respectively. 


According to (10.56) we have to divide by 


+z+2 


V= f f d(4¢)ddpu(SUG)) . (10.90) 


-r-n 


u(U(3)) = 4 


x4 


x4 


The limits above arise because in (10.88) the limits for the arguments of the sine 
are given by 


0x0, — 42, , 01, — 933 x 2n ; 0,,—0,, € 2n , (10.91) 
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ie. over a total period. For 4¢ = 4(81; — 922) this yields the limits 
_n<ig<stn. (10.92) 


Finally the limits of y have to be determined. If we replace y + 19 = 01, — 933 
by the corresponding maximal and minimal values for 0,, — 633 and 34, 
respectively, we obtain 


-nxipz-m. (10.93) 
The result of the integration (10.90) is 
V = 64x 3n7/8 = 24r? , (10.94) 


and thereby all integrations of interest are of the form 


1 
7_J u(SUG) (6, )4(SUG) 


SU(3) 


8 +H +R . . 
= | J 444) 4QU) sin? $6 sin? G6 V] 
xsin?[3( - $6 + WISAY) - (10.95) 


Here we assume that “f” only depends on $ and w. If f depended on other 
angles, too, we would have to integrate over them and multiply V by 
Vo = [d(0,)G #j). We do not get into trouble with the volume element 
u(SU(3)), because it does not depend on these angles! 


10.15 Group Characters of Unitary Groups 


If an element of a group is given, e.g. 
G, = exp( Ci 6s) ; (10.96) 
ij 
then the character is defined by 


x(G,) = Tr[G,].. (10.97) 


However, we know that the trace formation is invariant under similarity 
transformations, ie. AG,A~' has the same trace and the same character, and 
every unitary matrix can be transformed into diagonal form. But since all 
representation matrices in diagonal form can be constructed solely by the 
generators of the Cartan sub-algebra 


N ^^ 
ep( - Y o > (10.98) 
k=1 


it is sufficient to consider only group elements of this form. If we denote the 
eigenvalues (weights) of Cy (k = 1,..., N) by (ri,...,7), then (10.97) finally 
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assumes the form 


N 
y= Y exp -i Y hun) ; (10.99) 
FN k=1 


Fi... 


in which we sum over all possible weights. The term "(x)" denotes the representa- 
tion and (0,,, ..., vw) the class. 

There exists a general form of the group characters of the unitary group, 
which we will prove, having first presented the result and some examples. If 
£j = exp( —10,), then the group character is given by the following ratios of two 
determinants: 


— - - - -1 
ghin +N 1 gin t N 2... elm ey 1 e 2 1 
hint+N-1 2N+N—2 hyn —1 -2 
e D e 8 eg 1 
y"? = jq (10.100) 
ph*N-1 ghawtN-2 20 ghe gN-1 gN-2 | 


Here the values (^, y, ..., hyy) characterize the representation of the group U(N), 
being the maximal weights (r, = hiy, rı = hay, ...,ry = hy). In the case of 
SU(N) we set Y,0,, — 0, so that the. representation of the SU(N) is then 
characterized by the numbers 


(hy — hən , Bua. hay... , Baw-as— hyn, O) . (10.101) 
a) U(1). This is trivial, because U(1) consists only of a single element 
x? = exp( —ih,,0,,).. (10.102) 


b) U(2). This representation is characterized by h,>, h22, and the group charac- 
ter is 


hi2+1 h22 


-1 hil hia*i 
(n 1*1 & | |n l| ete cn (10.103) 
EMEN TES! h22 mni ° 
£2 £5 & 1 £1 — E 


With e; = exp(— i0jj) we obtain 
yo - exp[ —i((Aiz + 1)611 + h22022)] — exp[ —i(h2501, + (12 + 1)022)] 
exp( —10,,) — exp( —i822) 
= exp (i (61, + Oz2)(hi2 + 1 + a) 
2 
x (se —ii[0 10, + $h22822 — 50,15; — 5922(hi2 +D} 
exp( —10,,) — exp( —1622) 

_ exp{ ~—i[3h22011 + 30; + 1)022 — $611 (a2 + 1) — fetal!) 

exp( —10,,) — exp(—i622) 
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( (O11 + 022) (32. h22 + 2) 


x (= —i[i(h;; + 1 — h22)] (611 — 922)} 
exp( —i0,1) — exp(—i822) 


| exp{i[ż(hı2 +1 — h22)](811 — 2 
exp( — i011) — exp(—i822) 


( , (64, + 052) (hi2 + a) 
= exp 7i ——— — 5 —— 


x fsin [Set (0,1, — Baa) |}/ (sin rd . (10.104) 


In the last step we made use of 


exp( —10,,) — exp( —i822) 
= exp( — (01i + 0;;)[exp(— 3i(01, — 0;,0— exp(4i (01, — 022))] 
(10.105) 


When we make the transition to SU(2), the representation is characterized by 
(hi; — h22,0) = 27,0) , (10.106) 


according to (10.102). Furthermore, we set 0,, + 922 = 0 [according to (10.66) ] 
and thus obtain 


X(SUQ)) = sin((2j + 1)/2)/sin 6/2 (10.107) 


for the character of SU(2), with @ = 0,, — 92. 


c) U(3). The representation is characterized by three numbers 
(hy1,422,h33), with group character 


h 2 -1 
git? eti ea E s 1 
+ 
y9(U(3) =| At d gl. el (10.108) 
gha*t2 ghaatt ghe dg e 1l 


The denominator can be simplified further, i.e. 
(£1 — &2Y(&1 — &3)(E2 — £3) 
= —exp[ —3i(01, + 0;;)]exp[ —4i(O11 + 033) Jexp[ —2i(022 + 933)] 
x 8sin C311 — 06;3)]sin[ 5 (01. — 933)]sin [3(622 — 033)] , (10.109) 


but the numerator cannot be transformed to a simpler form. Nevertheless we 
shall derive an expression which we will later need for the general proof of 
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(10.100): 

hi2 + h^ 
eu 1 ep 
his h23 cha +1 ch 


UB)= X X 


h42=h23 h22 — h33 


; x gta t hast has chia Roa . (10.110) 
£1 


£5 1 


We still have to prove that this expression is equivalent to (10.108)! 
To that end we multiply the first column in (10.110) by c5 "*^* and the 
second one by e4??, which yields for each term 


hi3 t+ha3+h33+1 &3 E3 . 
E3 gp, Vitis fg, Ma 
£3 £3 
Using this result, with the help of the addition theorem of determinants, 
equation (10.110) becomes 


(10.111) 


hist hast h33 1 
£3 


hi3+1 his h23 t1 hag h23—1 h33 
€ € € E E € 
£3 £3 £3 £3 £3 £3 | 
hi3 i hi5 ha33 1 h23 h23—1 h33 
E € € € € € 
x £3 £3 £3 £3 £3 "Ne3 
| 


(10.112) 


We multiply the first row by (e,/e; — 1), the second by (e;/e4 — 1) and do the 
same in the denominator. For the denominator we now have 


o E — Je — r) = 83 ^(£1 — £2)(€1 — &3)(€2 — £3) 
e? g 1 
=ex2{e2 2 1l, (10.113) 
es sz, 1 


ie. the denominator is already in the correct form. The numerator is given by 
£ hi3 +2 £i h23+1 & h23 0 1 2 e 
E3 E3 E3 E3 &3 
hi3*2 h23* 1 h23+ i h33 h33 
BD -O DU GIG e 
£3 £3 £3 £3 £3 


0 0 1 
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where in the last step we added the column 


and inserted zeros into the third row. The value of the determinant does not 
change by this operation! Now we add the second and the third columns to the 
first one and add the third column to the second one. This yields 


£, hig +2 £| ha3 * 1 &i h33 
&3 &3 &3 
E hi3+2 £2 h23 ti E2 h33 
E3 £3 £3 


1 1 1 
gita+2 gtst 1 E 
— gy (iis Dg rs Der has chis *? cti eel. (10.115) 
ch +2 cst 1 g$ 


Here we have removed the factors 


gz 0*2 , gz LtD ~ (h33) 


and 6&3 


from the first, second and third columns, respectively. Finally, by application of 
(10.113) and (10.112) we obtain the result (10.110), the interpretation of which is 
easy. If ae only consider the subgroup U(2), all angles 055, 05, 0j 
(i,j 9 1,. — 1) must be fixed with zero value. Thus, only (N — 1)? = 27 = 4 
angles remain in the case of N = 3. The character of the representation can be 
written as the sum of the characters of the representation of the subgroup, which 
are included in the representation of the fuil group. With regard to U(3) this 
means that we set 6,; = 0, and (10.110) follows as the sum of the characters of 
the representations of the subgroup U(2) [see section on U(3)]: 


his 


x" (UG)ls,-o- X Y jt») . (10.116) 


hi2=h23 ho2=h33 

Equation (10.116) states that a representation (h13, h23, h33) of the group U(3) 
contains only those representations (h12,h22) of U(2) which comply with the 
inequality 

hi3 zh; 2 h23 2 h22 Z h33 . (10.117) 
Here every representation of U(2) is contained exactly once! 

Finally, to get the character of SU (3) we can use (10.110) as well as the results 
of the former example 
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his h23 


yeu o Lo explz(O11 + 0:205: haa) 


hi2=ho3 h22=h33 


xexp[ — $633(h13 + h23 + h33 — hi2 — h23)] 
' , — -1 
x sin [Str ag, — | (sin d 


(10.118) 
Consider the first two factors here, which can be rewritten in the form 
exp[ — 3(0,; + O22 4-053) (1.5 + h23 + h33)] 
xexp[ — 1(01, + 022 — 2033) (hi2 + h57)] 


i 
X exp ET + 922 — 2033) (hi5 + h23 + =) 
i 
= exp| - 301 + 05; + 2033)(hy3 + h23 + hs) | 
i 
x exp| ~ 3106 — 433) + (605; — 633) (hia + ZI 


i 
X exp EC — 053) + (822 — 033) | (hi3 + h23 + ha) | . (10.119) 


Thus, for (10.110) or (10.118) we have 


(413,423,433) 
U(3 


XUB) 


i 
= exp] — 301 + 02; + 853)(hi5 + h23 + z 


1 
x exp E [(61; — 053) + (02; — 833) ](Ay3 + h23 + hs) | 


hi3 h23 


x $ 3 exp| - 3006 — 053) + (822 — 053)] (Ii + ka) | 


hi2 =h23 h22 =h33 


Pay +1 -hk —0,V! 
xsin (“2 5 E (sin tm (10.120) 


In the case of SU(3) we have 0,, + 0,2 + 633 = 0, which with (10.68) leads to 


(413 — h23, h23 — h33, 0) 
SU 


Xsu(3) 


his h23 


2i 
= OE + ho + sa Y Y exp[ —iv (hi2 + h22)] 


hi2 =h23 h22 =h33 


| fay. +1 —h' -i 
x sin| (Ert ny J (sin 3 . (10.121) 


Here the representation of SU(3) is given by 
(p,4,0) = (hi3 — h23, h23 — h33,0) . (10.122) 
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A special case is the scalar representation. Here we have hy; = h23 = h33 =0 
and therefore h,, = h22 = 0, too; the character function is identically equal to 1, 
which is also obvious from (10.108). 

In the last example, we outlined how in general to calculate the character of 
a unitary representation. The general proof is done by induction from a basis 
given by U(1), which is trivial. Now we assume that the assumption is valid for 
U(N) and verify it for U(N + 1). The procedure is identical to the one in the last 
performed example, except that now more than two sums and more indices have 
to be considered. 

Finally, some formulae which are useful for further reference in connection 
with unitary groups are presented once again. 

From (10.22), (10.23) and (10.56), respectively, we obtain 


y! f xyey*,(U(N)4d0 —-À4 , (10.123) 


U(N) 


where d0 is an abbreviation of d0,,d0; ...dÜyy, and V is given by 
V= f u(U(N))d0 . (10.124) 


U(N) 

Since the characters only depend on 811, ..., Onn, integration over these angles is 
sufficient. y® is given by (10.100) and u(U(N)) by (10.83). Furthermore, as in 
(10.29) we can express the character x of a reducible representation in the form 


L=} ma^ , (10.125) 


where y are characters of irreducible. representations only. 
For a product representation we have [see (10.38) ] 


ye gym. (10.126) 


By using these formulae we are able to calculate the irreducible representations 
which are contained in an arbitrary representation. If we restrict our consider- 
ations to a single subalgebra, we can further calculate the representations into 
which the original representation can be decomposed. An example of this is 
given by the reduction U(3) ^ U(2) in (10.116). 


EXAMPLE Se 


10.3 Application of Group Characters: Partition Function 
for the Colour Singlet Quark-Gluon Plasma with Exact SU (3) Symmetry 


In the past few years the so-called quark-gluon plasma! has been studied 
intensely by theoretical physicists. The name "quark-gluon plasma" describes 
a new state of nuclear matter in which quarks and gluons move freely. Sup- 
posedly this state existed during the first 20 microseconds after the "big-bang" of 


! See e.g: B. Müller: The Physics of the Quark-Gluon Plasma, Lecture Notes in Physics 
225 (Springer, Berlin, Heidelberg 1985). 
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our universe. Today one hopes to create this plasma in heavy-ion reactions at 
very high energies. In order to be able to recognize a quark-gluon plasma when 
it is formed, one must study its properties theoretically and obtain predictions 
for characteristic signatures, e.g. increased abundance of strange particles. Since 
the excitations of the plasma can have high energy and the surrounding nuclear 
matter can act as a “heat bath”, then we are dealing with a thermodynamical 
problem. However, due to colour confinement, the total colour of the plasma 
State must always be neutral, which means that only states with an exact SU(3) 
singlet symmetry are realized. 

In the following we shall state some definitions of thermodynamics and then 
show that, using the group characters, one can be restricted to states which 
belong to a certain representation of an SU(3) group. As an example we discuss 
the conservation of isospin, since in nuclear reactions, in which the electromag- 
netic interaction can be neglected, isospin is conserved, so that only states of 
a given isospin can be reached. As a last example we return to the quark-gluon 
plasma. 


(1) Some Thermodynamical Expressions. The partition function is of central 
importance in the thermodynamical description of statistical systems. It is 
defined as 


Z-Tr[exp( -B8H)] , (1) 


with f = 1/kT, where k is Boltzmann's constant, T is the temperature and H is 
the Hamiltonian. The trace operation means a sum over all diagonal matrix 
elements in Hilbert space. If a noninteracting system of particles has discrete 
states with energies z;, then the expectation value of H is given by 


x" Q) 


where n; are the occupation numbers, specifying how many particles are in 
a given state &. If there is a continuous energy spectrum, the sum in (2) is 
replaced by an integral. Once the partition function is known, physical quantit- 
ies such as pressure P and intrinsic energy U can be easily calculated by use of 
the formulae: 


P=TClogZ/éV , (3a) 
U = —ólogZ/óf , (3b) 


The partition function is given by different expressions for boson and fermion 
systems, and to show this we first abbreviate the exponentials in the partition 
function: 


Z; &exp(— fle) . (4) 

Thus (1) takes the form 

Z=} (4 nt => Il (Z) , (5) 
(ni) i (ni) i-1 


where (n;) denotes all possible sets of occupation numbers. 
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For bosons (e.g. gluons) this yields 


Each state can be occupied by an arbitrary number of bosons. Since every sum 
in (6) is a geometrical series, one gets 


2 | 1 


£s = L l — Zi = H 1 —exp(—Be;) ` 0) 


Considering fermions (e.g. quarks, nucleons), every state can be occupied by 
either one or no particle, i.e. 
YZi21-Z-1-cexp(—-fa&) . (8) 


The first term corresponds to the case that no particle is in the state i, whereas 
the second term corresponds to one particle in that state. Hence the fermion 
partition function is given by 


Zr= IT [1 - exp( -fe)] . (9) 
i21 


For the calculation the products are raised into the exponential 


Zg = exp( In]; E z) = exp| - » In(1 — en) ; (10a) 


i=1 
Zp = exp [n TTG + za = E y In(1 + em) (10b) 
i i-1 


For Be; > 1 the logarithm can be expanded, an approximation that is justified in 
many cases, and the partition functions in (10a) and (10b) obey the respective 
statistics. But what happens if we are concerned with an exact global symmetry? 
Zg and Zp do not take into account an exactly conserved symmetry, i.e. they also 
include states which are not allowed. In the case of the quark-gluon plasma one 
has a product of Zg and Zr which takes into account coloured states, too. 

In the following we shall first consider a general, exact SU(n) symmetry. We 
shall show how to project out states which belong to a certain representation of 
SU(n). First we add a sum over the weight operators C,, to the exponential. 
Thus 


Z = Te exp( -pà ENS] , (11) 
k 


where the tilde over Z denotes that Z differs from the old partition function Z. 
The trace is defined as the sum of the diagonal matrix elements over all possible 


states: 


Z-YY <(phim) exp -BÅ — 15 ha Cum) . (12) 


(p) (m) 
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Here (m) is an abbreviation for all quantum numbers labelling the states in the 
irreducible representation (p). In the case of SU(3) we have (m) = (y, T;). Insert- 
ing a complete set of states yields: 


Z = Y Y «ptimlexp( —8H)(p)m))» 


(p) (m) 
(p^) Qn’) 
x «pontes —i y Ba Ĉu nm» (13) 
k=1 


We now note that the matrix elements of Hare independent of, and diagonal in, 
(m), because H exactly conserves the colour symmetry. Realizing that C,, 
changes neither the representation (p) nor the quantum numbers (m), we get 


Z =X pie» Y <(phinblexp( —i E 04.6 Ce) 4) 
The latter sum is equal to the definition of a character of the representation (p): 

Buy = «pyeexp( 13:046 Jim» ! (15) 
The first factor in (14) can be rewritten as 

(le) = FE «GNI PIG) moz . — 09 


Since the matrix element in the sum is independent of (m), we obtain dim(p) 
times the same value [dim(p) is the dimension of the representation (p)]. The 
sum in (16) is thus equal to 


Zi = Tro [exp( -&H)] , (17) 


Le. the trace, which is performed only on the states in the (p) representation. 
Equation (17) is the partition function which we finally want to obtain. Sum- 
marizing we get for Z: 


~ 


Z 
Z= - (D p 0 . 18 
2. dim(p)" (0,4) (18) 


Z is calculated in the same way as in (10a) and (10b), with the addition of the 


weight operators C,,. To obtain Z(p) we apply the orthogonality relation 
(10.123) for group characters: 


Zim = dim(p)fdu(6,4,)x'?(0,4,) Z(B, B, 0a) , 
with 


du(Oa) = $ n(SUG)) (SUY). (19) 


Equation (19) is the relation used for the computation of Z(p). 
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Example (a): Conservation of isospin in nuclear reactions. Earlier in the chapter, 
the character of SU(2) was defined in (10.107) as 


x — sin (3(p + 14) 
with p = 2j, $ = $11 — $2; and $1: + $22 = 0. The measure was shown in 
(10.86) to be given by 


du(d) = x sin? (5) dọ , wih O<o<4n . (21) 


; (20) 


2 


Thus we get an expression for the partition function which takes into account 
only states with certain isospin I [dim(p) = 21 + 1]: 


Zo =F pag. sime ZU Hd). (22) 
LU 


Due to (11), Z has the following form: 
~ ^ i a - 
Z(9) = Tr exp| -så -59(€1i — ê |} . (23) 
In moving from U (n) to SU (n), we have used [see (10.66) the case U(3) > SU(3)] 
X 604,20. (24) 
k=1 
Equation (23) defines a very strongly oscillating function, with values between 
0 and some powers of ten. Analytical solutions for (22) are not available; 
however methods of approximation or numerical approaches exist. 
Example (b): Conservation of the SU (3) colour charge. If a quark-gluon plasma 
is formed in heavy-ion reactions, the total colour must remain zero at all times. 
The character of an SU (3) representation has the form given by (10.118), and we 


consider a scalar (colourless) representation [singlet(p) = (pı, p2) = (0,0)]. The 
singlet character is y^ = 1. The measure is given by (10.95): 


dulo, y) = 5 sin? sin? E ($ + v)| 


Seog : 


$20,—05, -TSON 


with 


V — (01i +822 — 2053). , -ns* x and (26) 


0, + 02. + 033 =0 


357 


Example 10.3 


358 


10. Mathematical Excursion. Group Characters 


——————————————————— M MÀ ——— M M MMÓÀ— a UUU 


Example 10.3 


Effective reduction in the 
number of degrees of free- 
dom in SU(3) gauge theory 


Thus we get for the partition function, which allows only colourless states, the 
integral 


8 5 cU 9I (Y 20 . lo 
DO j ja($)a (5) sin? > sin TE + v) 


«sin? ($+ v) Zur o , (27) 


Z(0, 0) = 


Again Z is a strongly oscillating function with values between zero and a large 
power of ten; thus, numerical integration is necessary. A useful way to plot the 
result is to take the ratio of the energy Eo, o, calculated by Z(o,o) and the energy 
E' obtained without any symmetry restriction. The quantity D, = Eo, o)/ E? 
describes the deviation from the Stefan-Boltzmann ideal-gas behaviour and can 
be understood as an effective number of degrees of freedom. The result is shown 
in the figure below, where D, is shown as a function of the dimensionless 
quantity TV!" /(hc). We see that there is a transition region where the effective 
number of degrees of freedom decreases rapidly. This behaviour is reminiscent of 
a phase transition, but an inspection of the specific heat shows that there is no 
discontinuity involved. 
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10.4 Proof of the Recursion Formula for the Dimensions 
of the SU (n) Representations 


Earlier in this chapter the general formula (10.100) for a character of a repres- 
entation [h,, h2, ..., h,] in the group U (n) was given. The numbers [h,, hp, ..., hu] 
denote the number of boxes in a Young diagram, i.e. h, boxes in the first row, 
h; boxes in the second row and so on. A young diagram in SU (n) is obtained by 
cancelling the last row (h, = 0). The numbers p;, P2, ---, Pn- 1, Which characterize 
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the representation in SU (n) are related to the numbers h; (i = 1,2,...,n) by 


Pi = h;i — hizi . (1) 
For p,.., this leads to 
Dae-ic—h, —h,—h,, if h, =O. (2) 


To calculate the dimension of the representation (p1,D2,..-,Pn—-1) in SU(n), 
it is advantageous to calculate the dimension of the representation 
[hy,h2,...,h,-1,0] in U(n). For further calculations one needs the inversion of 
(1), which reads: 


hy-1 = Pa-1 , 
hn-2 = Pa-1 + Pn-2 > 
hy-3 = Pn-1 + Pr-2 + Pn-3 > 


hz = Da-1 + Pn-2 + Pn-3 te + P2 , 
hy = Davi + Pn-2 + Pn-3 + -+ P2 +P - (3) 


The dimension of the representation is given by the value of the character of the 
identity (all angles 6,, = 0). In this case we have a diagonal matrix with value 
one everywhere, and the character of this transformation is the sum over all 
“1”’s ie. the dimension. This becomes obvious through (10.99), where the 
exponent becomes equal to zero, and the summation is performed over all states. 
Before we show the general approach, we illustrate it by several examples. 


(a) SU(2). According to (10.100) the character is given by 


gii 1 
ET 
(moi _ [82 l (4) 
Ue £1 1 
£5 1 


£,, €; are exponentials [e, = exp(— i10,,)], but they can be considered as vari- 
ables. For the case (6,, = 0) we have 

& ——»1 . (5) 

Ox ^O 

Since both numerator and denominator approach zero, we have to apply the 
rule of 1’Hospital; i.e. we have to differentiate both numerator and denominator 
with respect to one of the variables. If the ratio of the latter quantities exists, then 
the limit of 5!^!?! also exists and both values are equal. We choose 0/0e,: 


eii 4 (hy + De 0 (hi +1) 0 
0/081] hati 1 giatt 1 1o 1 
a/de & 1 1 0 1 0 

‘le, 1 &j 1 1 1 


Since in the case of SU(2) h, = p;, this result agrees with (9.59). 
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(b) SU(3). According to (10.100) the character is given by 


-1 
gt? ghati | e ea, 1 
hyh20 hott 
Xo) E E2 EZ 1|-*|e$ e 1 : (7) 
ec? htl 1f Jea} z 1 


We shall now differentiate three times, once with respect to £) and twice with 
respect to £,. (The converse would not suffice because numerator and denomin- 
ator would yield zero.) The result is 


—1 
gut? ghi | A e & 1 
O O | m+2 m+ 9' 9 | 
2 £5 Ez 1 M 3 £5 £2 1 
ĝe dé de 0&4 
1792| n-2 hii 1 
&3 £3 1 3 &3 1 


(h,-2)(-10)4 (h,4-1)5,47!0|[I2 0 of 


=| (Q2! (hg + le —0|-|25 1 0 . (8a) 
gi +2 cati 1 £2 g4 1 


In the limit 0,, — 0, we obtain 


(h; 2), +1) (hh + Dh, 0 
2.1-1 (hy + 2) (ho +1) Of=41 +22 -D(h — 224+ 1) , 
1 1 1 (8b) 


and then, using (3), which relates h,, ^; and p;, p2, we get the dimension formula 
for SU(3): 


20, — hz 1h; + I(hy + 2) = 301 + Y@2+ Di p; ^2 . — (89 


These two examples indicate-the general procedure. 

It is interesting to express the character of U(3) through that of U(2), since 
this yields another hint how to obtain the recursion formula (9.6.2). For that 
purpose we consider numerator and denominator in (8a) and (8b) separately. 


Numerator: 
(hy --2)(h, + Det (ho + Dh?! 0 
(hy + 2)7 *! (hg + De? 0 
ei t2 cti 1 


05-20, + Def (hy + De! 
(hy + 2)2 *! (hz + De? 
(hy + Let uy 


hi h 
et 1 e 


= (hy + 2)(h; + 1) (9) 
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Now we invert the rule of l'Hospital and write instead of (9): 


"IS: 
(hy + 2)(h; + Da m (10a) 
Denominator. Proceeding analogously we end up with 
? 2 0 1 0 ð |e 1 
2; 1 Ol= = =2—|" (10b) 
2 262 1 &2 1 Q£, E2 1 
£3 £3 
If we put (10a) and (10b) together, we obtain 
alert gm dle, 1l|^! 
Hha + 1)(h, + 2)| — — . 1 
z(h2 + 1)(h + 2) Qe, | ett} e e| e, 1 (10c) 


Now, if we drop the derivatives, we get the character of the representation 
[hh,h,] of U(2) and (pi) = (h, — h;) of SU(2), respectively. Since (10c) exists as 
a limit for 6,, — 0, the limit of (10c) exists without derivatives, as well. This 
means that 


dim [h,h20]Jucsy = Hh + 1)(h, + 2) dim[hh;]uo, > (11a) 


or, due to (3), 


dim (p1P2)su) = A(p; + D(pi + p2 -2)dim(p)suo) . (11b) 


This is just the recursion formula (9.62) for the case (n + 1) = 3. 

It should now be clear how to proceed in general. For the case of the group 
U(n), the character is given by (10.100). We shall consider this for the denomin- 
ator and numerator separately. 


Denominator: 
ert gm? & 1 
n-1 n—-2 
Qn! eg? ð E2 2 £2 l 
de" ! 0g ? Og, 
' ? ! g-i anI? ae ep | 
erTi gn 2 uao g 1 
(n — D)(n — 2)---1 0 wee 0 


(n — 1)(n — 2)---2e. (n—2)(n—3)-1 0 
= : ee (12) 
(n — 1)22-1 (n — 2)22-71 e 1 0 
Ch En? Ut En 


361 


Example 10.4 


362 10. Mathematical Excursion. Group Characters 


Example 10.4 Again we drop the nth row and column, respectively, and separate the factor 
(n — 1)(n — 2)---1 =(n — Dt 
(n — 2)--.1 0 e. 0 
(n — 2)---22; (n — 3)---1 e. 0 
eI? e23 0 
g^ et 3 E1 1 
gr-2 Qn? h e£? e373 eee £2 
= (n — 1)! ——- —___ _—_ 13 
07 D iP | : a3) 
eI? g-i o &g&, 1l 


Thus we have obtained the denominator of the character of the representation of 
U(n — 1). 
Numerator: Application of (0" ^ 1/0217 ')---(0/de,— ,) yields 
(hy +n—1)---(hy + e] — (h5ón—2e-hctp! o 0 
(hy -n—1)-(h, + Dett (h;-n—2) (0 + De? + 0 


: : (14) 
(hy +n — Den? (h; +n—2)e2"-3 e. 0 
ghitn-i ghatn—2 cee 1 
Omitting the last row and column, and extracting the factor 
(hy +n— 1)(h; + n — 2)---(h,- + 1) 5 
we get from (14) that the numerator becomes 
(hy—1  1)(h-2 2) (h; +n — 2)(h; + n — 1) 
(hy -n—2)--(h, - Vey (hp -n— 3.-haep | o Qul)peuzu-neTF3Xeptr? 
x : . 
epi tn 2 ghiro? 2. gin 
or 
(h,-, + UW (m-2 2) (052 +n — 2(h, +n— 1) 
hit (n—1)—1 hot(n—1)-2 hn -1i 
ppc a J ao " 
TE! 5-2 PEE! a3 55 . : : : . (15) 
e E2 En-2 ghi D-1 qo D-2 eoi 


Putting together (13) and (15) and omitting the derivatives, we obtain the 
recursion formula in which the character of U(n — 1) appears. In the case of 
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6.,— 0 we have 


dim [h,...h,- 10] ug 
= (h,-. 10-5 2) 0 +n — D) dim[h,...h-i]os- 0 (16a) 
or with (13): 
dim(p, oe Pn- i)suin) 
1 
E (n — yr Pe + 1)(Pa-1 + pic 2) 
X(Pa + + Py Hn 1) dim(p; ...p,-2)suq-1) . (16b) 


This is just the recursion formula (9.62) if we replace (n) by (n -- 1) and dim (...) 
by N(...): 


N,ei(pi ++ Dy) 
1 
= 3i Pa + Ip, + Pn-1 + 2)--(p, Tp-idT.ectpnc n) 


x N,(P1, «++, Pu- 1) . (17) 


Solution of the recursion formula. The dimension formula for the lowest groups 
reads: 


1 
SUQ: (iD, 
1 
SUG): 5 (p. + pa + DP + pi +2) . 


1 
SU (4): 2131 P: + 1)(p2 + 1)(p3 + D(pi + p2  2Xpz + p3 + 2) 
X(pi + P2+p3+3) . (18) 


This systematically leads us to the assumption that the general solution is 
given by 


(19) 


Nu+1(P1---Pn) = 


The proof is done by induction. In the cases of n = 1, 2, 3 we already have the 
basis for the proof. We now suppose the formula to be valid for some SU(n). 
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With the help of the recursion formula (17) we obtain: 


1 
Nn+1(P1---Pn) = zy (Pn + 1)(Pa + Pr-1 + 2) (Pat Pa-i +° HP +n) 


(20) 


The denominator can at once be written as []}-, k!, and the factors can be put 
into the terms in the product in the numerator, i.e. 


(Pa+1) for k=n,l=1 , (p, p,-1-*2) for kon 1-2 , (21) 


and so on. The last factor (p, + p,-, + --- + Py +”) is put into the term k = n, 
| = n. Thus we get the ansatz (19). 


11. Charm and SU(4) 


Up to now we have discussed quark models with three constituent quark 
flavours (quark triplet). In November 1974 a new vector meson was discovered 
by two groups in Brookhaven and Stanford (USA),! which was denoted by J or 
V. respectively, and is now generally called the J/' meson. The discovery of 
other particles followed. Later these findings were experimentally confirmed at 
the Deutsches Elektronen-Synchroton (DESY) in the colliding storage ring 
DORIS at Hamburg and more particles have been discovered. Figure 11.1 gives 
an impression of the complicated construction of the accelerator in Hamburg, 
where such experiments have been performed. 


Cs 


synchrotron 


«$e electrons 
<== positrons 


w interaction point 
linear 


* 


storage ring DORIS 
linear IE 
accelerator 2 
600 MeV 


The experiment involved electron (e )-positron (e*) collisions, in which 
muons (e* e^ — u* u^ ) as well as hadrons (e* e^ — hadrons) are produced. The 
J/V meson has an unusually high mass of M —3097 MeV and an extremely 
small resonance width of r —0.063 MeV (see Table 11.1). In 1976? S.C.C. Ting 
and B. Richter were awarded the Nobel prize in physics for the discovery of the J/V. 


! J.J. Aubert et al. (15 authors): Phys. Rev. Lett. 33, 1404 (1974); 
J.-E. Augustin et al. (35 authors): Phys. Rev. Lett. 33, 1406 (1974). 
? Samuel C.C. Ting: Rev. Mod. Phys. 49, 235 (1977); 
Burton Richter: Rev. Mod. Phys. 49, 251 (1977). 


Fig. 11.1. Plan of the 
accelerator construction at 
DESY, Hamburg 
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Fig. 11.2. The ratio of the 
cross-sections in the reac- 
tion e*e^ — hadrons to 
that in the reaction e*e^ 
—A'u 


Table 11.1. The properties of the newly discovered vector mesons 


Particle Spin Iso- Mass Width Decays [90] 
parity spin [MeV] [MeV] 
V (3100), J 1^ 0 3096.9 + 0.1 — 0.063 + 0.009 ere” 7.5 
wr 7.5 
hadrons 85 
W(3700),W’ 17 0 3686.0+0.1 0.215 + 0.040 e*e^ 0.9 
uu 0.9 
hadrons 98.1 
(4030), y” 17 ? 4030 + 5 51+ 10 ete” 0.0014 
hadrons rest 
W(4415) y" 17 ? 4415+6 43 + 20 ete” 0.0010 


hadrons rest 


The ratio of the cross-sections of the two reactions is calculated by 
_a(e*e” — hadrons) 
« a(ete” > uty) 
If R is plotted against the centre-of-mass energy E of the ete” system, then the 


J/¥ and V' will clearly occur as extremely narrow resonances at 3.1 GeV and 
3.7 GeV, respectively (Fig. 11.2). 


2 3 4 $ 6 7 8 910 20 30 40 
Ec m. (GeV) 


In addition, around E — 4.1 GeV and E — 44 GeV several resonances can 
be observed which, however, have a significantly larger width than ¥ at 
3.1 GeV; we therefore first take a closer look at this state. 

Since this vector meson is strongly interacting, which is well confirmed, its 
lifetime t should be of the order of magnitude of the decay times of other 
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high-lying hadronic resonances; thus t~ 5 x 10724 s, which is equivalent to 
a width of r ~ 100 MeV. However the measured value is ’..) ~ 0.063 MeV. 
This is a hint for a new quantum number which is conserved, strongly sup- 
pressing the decay of ¥ induced by strong interactions. The simplest method of 
adopting this new quantum number into the framework of the quark model is to 
introduce a fourth quark c for (for “charm”) which differs from u, d and s by the 
charm quantum number C; u, d and s have C —0, while the fourth quark has C — 1. 
Charm is an additive (charge-like) quantum number like T; and Y, ie. the 
T, — Y diagram is extended to a third axis. There also exists the antiquark C with 

— — 1. Thus, instead of the fundamental triplet (3) we have a quartet (4) as the 
smallest representation of the symmetry group. This leads to the group SU(4). 


11.1 Particles with Charm and the SU(4) 


From now on we assume the existence of a fourth quark c, which has an 
additional quantum number denoted by "charm C^, i.e. the c quark has C=L. 
The other quantum numbers of the c quark are T=T;=Oand Y=4. Therefore 
c is a singlet with respect to the usual flavour SU(3), and we now have the 
quartet q =u, d, s, c instead of the triplet of SU(3) as the fundamental representa- 
tion of the symmetry group. Furthermore, in addition to the additive quantum 
numbers T; and Y of the SU(3) (group of rank 2) we have to consider the charm 
quantum number C, i.e. the states of a multiplet of the new symmetry group are 
given by |73 YC). Since we have three additive quantum numbers now, the 
symmetry group has to be of rank 3 and must also have the quartet (antiquartet) 
as fundamental representation. The group which naturally fulfills these require- 
ments is the SU(4). Therefore we will base our examination of particles with 
charm on the group theoretical consideration of SU(4). 


11.2 The Group Properties of SU(4) 


Since the SU(3) multiplets have to be included in the SU(4) model, we want to 
preserve as much as possible of the structure of SU(3) in SU (4) [analogous to the 
imbedding of isospin SU(2) in SU(3)]. Again we use the matrix representation of 
the Lie algebra and its generators, i.e. its generators are 4 x 4 matrices. Analog- 
ously to the SU(3) matrices À;, which were derived with the help of the 7; (Pauli 
matrices) of SU(2), we will derive the SU(4) matrices from the 4; of SU(3). 
Since the number of generators of the group SU (n) is in general given by 
n? — 1, we get fifteen 4 x 4 matrices for the SU(4). The first eight are created by 
the eight generators of SU(3). (We also denote the generators of the SU(4) by hi 
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to stress the formal similarity.) 


0 1 0 0 0 -i 0 0 1 000 

` 100 0 4 i 000 4 0 -1 0 0 

"n , Àj , 43> , 
0000 0 000 0 0 0 0 
0000 0 000 0 000 
001 0 00 -i 0 0000 

4 0000 4 0 0 0 0 00 10 

da= ,As= , ES , 
1000 0 0 0 01 00 
000 0 0 0 0000 
0 0 0 0 1 0 0 0 

i= 00 -i 0 n= 110 1 0 0 ALD 
0i 00|' AB|00 -2 0 
0 0 0 0 0 0 0 0 

The following six 4; are constructed by displacing the non-vanishing elements 1, 
— 1 and —i, i respectively (such as 24 to A; from 4, and 4,): 

000 1 000 -1i 

4 0000 4 00 0 0 

^"loogoo]|' ^^7looo of? 
1000 i 0 0 0 
0000 0 0 0 0 

a 000 1 4 000 -i 

^uo 9 0 of’ looo ol: 
0100 0 1 0 0 
0000 000 0 

m 0000 [da 0.0 0 0 (112) 
0 00 1 000 -i 
00 10 000 0 


4,5 is chosen in such a way that all 4; are linearly independent. Usually one 
chooses 4; analogously to Ag, i.e. 


O Oo —- Qo 


ore oc 


(11.3) 


11.2 The Group Properties of SU(4) 

The matrices 4; of the SU(4) fulfill similar commutation and trace relations as 
the SU(3) matrices: 

[i.2)]--2ifgk A. » Dis A] mg did (11.42) 

TrA)=0 , Tr(A)e2ég . (11.4b) 


The first and the third equations are evident, while the second and fourth 
equations are proven in the following exercise for general SU (n). The structure 
constants fj, and dix of SU(4) are given by the relations already shown (see 
Exercises 7.3 and 7.4 and also the following exercises 11.1 — 11.3) 


1 4 a 4 1 2145 
fi o Gq TTA, 4;]- 4) , di =] Tr(Ls, Aj] 4a) . (11.5) 


EXERCISE Se 


11.1 Anticommutators of the Generators of SU(N) 


Problem. Show that the matrix representation of an SU(N) with (N? —1) trace- 
less 4;-matrices satisfies 


^ ^ 4 ^ 
Lhi, 4j] TN Ôij ly. dirk ; (1) 
with 
1 a a 
dijk =z T1. "ELS . (2) 


Solution. Together with the unit matrix «ly, y, the À; form a basis of the N x N 
matrices. This allows the representation as 


£n nn = Ay. nOij + Bi , (3) 


with coefficients «,; and f;;, which have to be determined. The trace of (3) follows 
as 
Tr([4, Aj]4} = 2Tr{AAj} = Na; 0 , 
4 
Cj = N Oj > (4) 


where Tr (4,) = 0 and Tr (Aj, àj} = 26;; have been used. The last relation will be 
proven later (see also exercise 11.2), but now we multiply by 4; and calculate the 
trace again. 


MEN 4 aa 
Tr {A [hi 4j]-] = y Tsu + Pi Triad, 


4d: jr = 2B ijn On = 2Big > Pij = 2dig . (5) 


369 


370 


Exercise 11.1 


11. Charm and SU(4) 


Therefore 
^ ^ 4 a 
[45 4j]. = w9u t 2dikA, 


holds; q.e.d. 


We still have to establish the equation Tr {À} = 20,;, which is simply 
a normalization condition. This is done by assuming that 


Tr (42) = 2 (normalization) (6) 


and showing that Tr(AiÀ) —0forizj 
The product Aij, i # j, has diagonal elements only in two cases, namely: 
1) A; and 4; are non-diagonal matrices and belong to the same SU(2) 
subalgebra with the translation operators 


Â, =Â ti. (7) 
Then 


The diagonal elements of A + and 42 are zero. Therefore, 


^ 


Tr(A3) = Tr(4,4,] 20 , (9) 
Tr(4? — 4? + 2i4,4,} =0 , (10) 
or, combined with (1), 
Tr(lA)-0 , ižj. (11) 
2) A, and 4 j are diagonal matrices, therefore 
5je13,8,15,..., n? ~ 1 
Now the 4-matrices are constructed in such a way that 


hilm~ Ar , for lem ; (12) 


which leads, with (12) (i = j), to 


Tr (4;À;) ~ Tr A nina, 5] =0 i zj . (13) 
From (6), (11) and (13) we obtain 
Tr(4;À;) = 20; > q.e.d. (14) 


Compare this result with the following Exercise 11.2! 
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EXERCISE Se 


11.2 Trace of a Generator Product in the SU(N) 


Problem. Show that for the À; matrix representation of any group SU(N), 
Tr (4;À;) = 20i; 
is valid. 


Solution. To solve this problem, one has to devise a general scheme to construct 
the A; of an arbitrary SU(N). 
1) To every i,j = 1,2,...,N, i < j, we define the two N x N matrices 


[40 G, Dw = Ô ju Oiv + Ô jy Dig , 
[A i, )],, = = i(0j,0;, T 0;,05,) > (1) 
which form N(N — 1)/2 + N(N — 1)/2 = N(N — 1) linearly independent 


matrices. 
2) We construct a further N — 1 matrices according to 


PIU 
1 0 
Ági-i7 n? —n — (n — 1) 0 > 
0 0 
n=2,3,...,N . (2) 


This gives N — 1 additional linear independent matrices in such a way that we 
get a total number N(N — 1) + N — 1 = N? — 1 matrices. The À matrices de- 
fined this way from a basis of the vector space of the traceless N x N matrices 
and thus a representation of the SU(N) generators. 

Now we can prove the required relation by simple calculation. 


Tr{4?}=2 forall i=1,....N?-1 , (3) 


which is achieved by an appropriate choice of normalization. For 
Tr{A,2-14m2-1}, With n < m, equation (2) yields 


laesa | dai for n<m , (4) 
m*—m 
hence 
4 a 2 4 
Tr{A,2-1dm2—1} = [—— Tr(la-i) = 0 (5) 
Furthermore 


Tr(À,, AMEN} = Fa SAME j) o, 
= X07 [0,,0;,0,, Ttó5404,0,,1]) =O , (6) 
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since i « j, and in the same way we get 

Tr{Aq2— APG, J} 20 , (7) 
Now we caiculate 


Trå Vi Àk, N} for (üj) (kl) , ieiszk or f¥l , 
Tr (4 (i, j) A (k, )j = Y (05,8, + Ò jv Sin (Oxy O1, + Sin Oty) 
H.y 
= On dix + 5 951 + Ô ik Ôi + prm 
= 26 Ói =0 , (8) 


since i < j and k < I (assuming i = | and j = k yields i < j=l < k, and hence 
a contradiction to k < I). Analogously one finds that 


Trek )) 20 . (9) 
The final quantity required is: 
TAPE NAUK D) = Y, — iL ju div + 01,9, ] Ore Sey — 91,90] 
B. V 
= — i[6j0% + gi — 0,04 — ójóg]70 . (10) 
Thus we have shown that 
Tr{AjA;} = 26, . (11) 


EXERCISE M 


11.3 The Completeness Relation for Ê, 
Problem: Prove the completeness relation for the SU(N) generators F, = 4,/2. 
A i 1 
> (Fadia (Fa) je = $ Six Ôj -3y Ou Oi . (1) 


Derive the following useful identities 


^. A N? —1 1 a 15 
a) E Ja Pedy = — ndn- Y ua, 2) 


and 

N? — 
2N 
b) fe’ f^ =N 62 . (4) 


1 


Y (Fadi Fadi = Sin; (3) 
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Solution: The F, and the unity matrix are one possible basis of the hermitian 
N x N matrices. Hence, any hermitian N x N matrix can be represented by 
N2-1 


(A)ij = Co 0ij + Y c£ . (5) 
a-1 


In the following we use Einstein's summation convention over identical indices. 
The coefficients cg and c, (a = 1, ... , N? — 1) are determined from the normaliz- 
ation conditions 


Tr(F, £F) = $ ôa (6) 
and 
Tr{1} = Oi =N . (7) 


The multiplication of (5) by 6,; leads to 
Aij Oi = Co Oi Or + Ca(Fa)ij Oi 


Aii = Co bi + Calfa) = CoN + c, Tr(F,) =CoN . (8) 
Hence, the property Tr{F,} = 0 leads to 
A; 
Co = 7 . (9) 
The multiplication of (5) by (£;)j; leads-to 
Ai(F sii = AF A (Fy) ji = ¢,4 Ôa = 2C (10) 


and therefore 
A ^ ^ 
Aij = r7 bij 4-2 Aw(Fy)m (Fi) . (11) 


We bring all terms to the left-hand side and take the factor A, outside the 
brackets 


1 - ^ 
Aim (i05. — — 5ij 9m — 2(F yma (F))) = 9 
N 


This equation is valid for arbitrary matrices Am- Therefore, the expression 
within the brackets has to vanish and one obtains 


- a 1 1 
(F'5)mi (Fs )ij = 2 On Omj -— 2N Ójj Õim . (12) 


After renaming the indices this is just the desired relation (1). 


a) This relation is a simple corollary of the completeness relation. Adding the 
expression 


- ^ 1 1 
(Fa)ix (Fa) = 2 Oi Ox; — ÓuÓj . (13) 
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Ll nw. os 1 1 
y Fadi (Fadis = — zyz Ôkj + ALL Oj. (14) 
leads immediately to the desired relation 
^ n 1 1 a a 
(Pada (Fala = 73 (N? — D dude — (EP) - (15) 
Multiplying by ô; yields 
^ ^ N? —1 
(Fadi (Fu = WO . (16) 
With this expression we constructed one of the Casimir operators, because 
a a N?—1 
F -Ê = — i. 17 
wheal (17) 


commutes with all generators. 
b) Now we show that 
fad fred — Nöt . (18) 
First, we express the f% by F^, F? and Ê 
f** = — 2i Tr{[F*, Fe] F} 
= — 2i Tr(F*[F*, F]} 


(see Exercise 7.4). 
Therefore, this gives for (18) 


fe fa = — 4 Trò FLR, P1) Te Pope, Fey} 
= — 4 [(Tr( F* fF P^ — Tr( F° Fé F}) 
x (Tr( F^ Ê FA) — Tr {Fe P! Fey yy 
— 8 (Tr( FOF Fa} Tr Fè Pe fay 
—Tr{ FF PH Tri Fe fa P) (19) 


Now we have to calculate the terms 
Tr(F^ F PA Tr( Fo Fe Fe} (20) 
and 
Tr( £F Fr P^) TPP PO (21) 
This can be done with the help of the completeness relation (1) 
Tr(£* Ê P!) Tr{ P? Fe Fe} = (Fo Fe, PL E, Fe Pa.) 


= f, fe (Ês Fs, (FRED) . (22) 


ij^ af 
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Now we insert (1) 


^b . 1 1 1 
= Fe, PIE zij Óig -— jy 9^ in) 55d — ao 


la 1 1 1 
=z Êi Ps (5850 - bap — x Sis Öja - Find — gabe 
la a 
=7 FF (— 7545s) = so Tr{F FP} 
_ dye (23) 
= — aN . 


Here, we used again Tr{F*} = 0. 

The second term (21) is calculated analogously 

Tr{F4 Fe P!) Te(F* P! P = Fe Fo (Fe FFLPL) . (24) 
After the insertion of (1) this gives 

Tr (F^ Fc P^ Tr(f* Fé Fe} = =o" (x — x) (25) 
This expression together with (23) inserted into (19) finally leads to 


papa ca] asit EN oe + el = NOM 


EXERCISE See 


11.4 Eigenvalue of the Casimir Operator €, 
of a Fundamental Representation of the SU(N) 


Problem. Show that the eigenvalue of the Casimir operator of a fundamental 
representation of SU(N) has the value (N? — 1)/2N. 


Solution. First of all we show that 2; dja, = O for all k. C, is a Casimir operator, 
and hence we have [F,, C 1]- = 0. By using the matrix representation of the 
A; this gives 


[34,, 142] - =i PIE E (Futon + dads) | 
N2-1 
= ia AY duh , (1) 


k 


N?—1 


i=1 


where we have used the result of Exercise 11.1, 


a A 4 - 
[445 Aj]+ = E Ivxn t+ 2d. - (2) 
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Now the following are valid: 
1) For given c and l there exists only one k in such a way that f,,; + 0. 
2) The års are linearly independent. 


It then follows that the expression in (1) is zero only if 
N2-1 
Y du=0 forall! . (3) 
i-1 
The À; are just the matrix representation of the F, of the fundamental representa- 
tion. Therefore the value of C, is directly calculable in the case of the funda- 
mental representation: 


2 a N? —1 
(F Bulan + dada) = nxn - (4) 


N 2N 


11.3 Tables of the Structure Constants fik 
and the Coefficients dij. for SU(4) 


The non-zero structure constants of the SU(4) are given in Tables 11.2 and 11.3: 
We recognize the fj; to be completely antisymmetric, while the d;;, are again 
symmetric with respect to all of their indices. This follows from the relations 


Table 11.2. The non-vanishing structure constants Um 


————————————  ———— MÀ 


i j k fi i j k p" 
1 2 3 1 4 10 13 —1/2 

I 4 77 1/2 5 9 13 1/2 

1 5 5 —1/2 5 10 14 1/2 

l 9 12 1/2 6 7 8 J3n 

1 10 11 —1/2 6 11 14 1/2 

2 4 6 1/2 6 12 13 —1/2 

2 5 7 1/2 7 11 13 1/2 

2 9 11 1/2 7 12 14 1/2 

2 10 12 1/2 8 9 10 1/(2,/3) 
3 4 5 1/2 8 11 12 1/(2,/3) 
3 6 7 —1/2 8 13 14 ~1/(,/3) 
3 9 10 1/2 9 10 15 2/3 

3 u 12 —1/2 1i 12 15 28 

4 5 8 J3/2 13 14 15 2/3 

4 9 14 1/2 
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Table 11.3. The non-vanishing structure coefficients dij, 


i j k dig, i j k dij, 
1 1 8 1//3 5 5 T ONE) 
1 1 15 1/./6 5 5 15 1/,/6 
1 4 6 1/2 5 9 14 —1/2 
1 5 7 1/2 5 10 13 1/2 
1 9 11 1/2 6 6 8 ~1/(2./3) 
1 10 12 1/2 6 6 15 1/./6 
2 2 8 

Uy /3 6 1 13 1/2 
2 2 15 1/6 6 12 14 1/2 
2 4 7 1/2 7 7 8 —1/(2,/3) 
2 5 6 1/2 7 7 15 1/./6 
2 9- 12 =1/2 7 11 14 —1/2 
2 10 11 1/2 7 12 13 1/2 
3 3 8 1/./3 8 8 8 ~1/./3 
3 3 15 1/./6 8 8 15 TA 
3 4 4 1/2 8 9 9 1/(2,/3) 
E ; 1/2 8 10 10 
3 6 6 —1/2 1/(2,/3) 
3 7 7 ~1/2 8 il 11 1/(2,/3) 
3 9 9 1/2 8 12 12 1/(2,/3) 
3 10 10 1/2 8 13 13 -1./3 
3 il 11 -12 8 14 14 —1/./3 
3 12 12 ~1/2 9 9 15 En 
4 4 8 2/3) 0 0 15 
4 4 15 1//6 -1v6 
4 9 13 1/2 » " » -1/6 
4 10 14 1/2 12 12 15 —1//6 

13 13 15 —1/./6 


(11.4) and (11.5) in complete analogy to our conclusions in the earlier Exercises 


7.3 und 7.4. 
The usual generators of the SU(4) are 
F,=44, (21..,15) , (11.6) 


which correspond to the F ; of SU(3). Furthermore we may introduce the isospin 
operators T} = F, iF}, Ty = F3; the V-spin operators V4 = F4 iFs5; and 
the U-spin operators Ui = Fs + iF;, analogously to the SU(3). We do not use 
the usual SU(3) definition for the hypercharge Y= VAN E F; because it leads to 
zero hypercharge Y = 0 for the charm quark. This definition would lead to 
non-integer values for the hypercharge of hadrons with open charm. Therefore, 
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mc UUO 


Fig. 11.3. The lowest non- 


trivial 
SU(2). 


representations 


of 


we extend the definition with the help of the third diagonal matrix F 15 


25 2 5 1 1 

Y V + (i M67) 

This definition leads to the hypercharge Y = 4 for the charm quark. We could 
now construct further quasi-spin operators with the help of the remaining 
operators (for example a W-spin, etc); However, this does not seem to be 
sensible. While the isospin was very useful for the classification of states within 
an SU(3) multiplet (mass differences AM « 10 MeV), already for the U-spin this 
holds only in a very restricted sense; the U -spin multiplets show mass splittings 
of some 100 MeV (10% of the mass). 

Trying to use W-spin for classification of SU(4) multiplets would be com- 
pletely inappropriate; the mass differences (e.g. a value of 2 GeV between o? and 
V, approximately 100% of the mass) are much higher, i.e. the SU(4) symmetry is 
broken much more severely than the SU(3) symmetry. Therefore the classifica- 
tion according to SU(2) subgroups is not practical. However, in the following we 
will see that the classification of the SU(4) multiplet according to SU(3) sub- 
multiplets of the quark triplets uds (i.e. a SU(3) group that acts on a triplet of 
three of the four quark states) still makes sense. 


11.4 Multiplet Structure of SU(4) 


We have already realized that [4] and [4] are the fundamental representations 
of the SU(4); their quantum numbers are listed in Table 11.4. Analogously to 
SU(3) we have to form direct products of these fundamental representations in 
order to classify hadrons, ie. [4] & [4] for mesons (qq), [4] & [4] & [4] for 
baryons (qqq). 

Since there are three additive quantum numbers (75, Y, C) for each multiplet 
(for the quartet see Table 11.4), we get a three-dimensional T, — Y — C-repres- 
entation of [4] and [4], illustrated in Fig. 11.5. This compares to the one- 
dimensional representation of SU(2) shown in Fig. 11.3 and the two-dimensions 
of SU(3) (Fig. 11.4). 


Table 11.4. Quantum numbers of the quark quar- 
tet; 5 — "strangeness", B — baryon number 


de^ GA ode Qj 
| 
ue ao o Odes 
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quarks 


Fig. 11.5 


Fig. 11.4 


Remark: In elementary particle physics the strangeness S is often used instead 
of the hypercharge Y, where Y = B + S (see Fig. 11.6). The baryon number 
is B= +1 for all baryons and B — —1 for all antibaryons, and for mesons 
Y = S. The Gell-Mann-Nishijima relation then reads Q = T + 1/2(B + S). 
It will be necessary to generalize this relation to Q = T,+4(Y+ C) 
= T, +4(B +S + C), as we shall show later in Eq. (11.19). With that generaliz- 
ation the charge of the c-quark is calculated to the Q. = 4 (see Table 11.4). 


antiquarks 


antiquarks 


quarks 


While the graphical reduction of the Kronecker products is relatively simple 
in the case of SU(2) and SU(3), it is not so easily done in the case of SU(4) 
(especially for higher representations) because of the higher dimensionality. 
Therefore it is more appropriate to rely on group theoretical methods, e.g. the 
method of Young diagrams. We present the results (also for the representations 
[6], [10], [10] etc.) in Table 11.5, some of which are derived in the solutions of 
Exercises 11.4—11.7. 

As an example we select the Kronecker products [4] & [4]. According to the 
rules for Young diagrams (see Chap. 9) the two fundamental representations are 


Fig. 11.4. The lowest non- 
trivial representations of 
SU(3). 


Fig. 11.5. The lowest non- 
trivial representations of 
SU(4). 


Fig. 11.6. Quarks and anti- 
quarks in the representa- 
tions of SU(3) as functions 
of the isospin component 
T; and the hypercharge Y or 
strangeness S. 
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Table 11.5. Table of the complete decomposition of the products [X ] Q&Q [ Y ] 


10--70 |15--20" 

+45 

1-15 |15+45 115445 |6+10 36 -- 84' 136+84'| 4--20' 4 
+20” +10+64 +36+60 
20" -35| 1+15 |6+10 56+60 | 44.36 |20 +36 
+45 {+84 |+64+70 [+84 | ico 


4-60 +84 
1+15+15 |20+20' 
+20" +45 | +120 
4454-84 | +140” 


0 
0 
6 


4+20’ 
+ 36 4- 140" 


4 4-20' 
-204-20 
4- 36 4- 60 4- 140" 


4-- 20 4-20 
+20' 4-36 
4- 60 4- 140" 


characterized by the diagrams 


[4] =[] , aH (11.7) 


The product yields 


ec -CeE- Ca EF -meP ; (11.8) 


and the dimension of this second irreducible representation is computed by 
adopting the rules given in Chap. 9: 


| 
sin | REL BID emer as i 
C] z x1x2x 


For the meson combination [4] @ [4] we thus get 


[4] 8 [4] = [11 GO [15], (11.10) 
i.e-an SU(4) singlet and a [15]-plet. We may decompose the [15]-plet into SU(3) 
multiplets: 

[15] > [1] © 13] © [31 © s] 


This follows from the SU(3) decomposition of [4] = [3] + [1]. In order to 
elucidate this circumstance we recall that SU(4) multiplets are constructed from 
SU(3) multiplets. The latter are levels (layers) with constant charms parallel to 
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the 7; — Y plane. This is similar to the construction of SU(3) multiplets from 
SU(2) multiplets. In this case, the SU(2) multiplets (e.g. T-multiplets) are parallel 
to the T axis and belong to a different (but within every multiplet fixed) 
hypercharge Y. Hence, e.g. the SU(3) triplet [3]=[2]'/* @ [1] 7°. The upper 
indices to the right give the hypercharge. The SU(3) antitriplet is decomposed as 
(3]= QT !? e [1]. Now one can easily calculate the SU(2) substructure of 
the SU(3) meson nonet: 


[3] 8 [3] = (237? 9 [1] 7) e (RI "^ et^) 
= ([2] 8 [2))° ®[2]"* @ RI @ [1]° 
= [8B] @ [17° @ [2] e [2] efi)” 


This is exactly the structure of the meson nonet which was introduced in 
Chap. 8. 

In SU(3) multiplets the upper indices denote the charm quantum number, 
e.g. [1]! means an SU(3)-singlet with C = 1 or [3]? indicates an SU(3)-triplet 
with C = 0. Therefore according to (8.62) we have: 


[4] @ [4] = [3]? e (111 e (137° e [11] 
-prepprepPernr'eprPernrermrermr' 
= (8]° @ [1]° @ [3]! @ [3]! @[1]° (11.11) 


This is illustrated in Figs. 11.7 and 11.8, which show the SU(3) multiplets (within 
every plane lying parallel to the Y — 7; plane) and. the two polyhedra of. the 
SU(4). Altogether we get the well-known meson nonet [1]° + [8]° (both lie 


Fig. 11.7. SU(3)-multiples 
of pseudoscalar mesons (07) 
and vector mesons (1^). The 
quark content of the analog- 
ous states is identical in the 
left and right multiplet, 
merely the coupling of the 
spin part of the wave func- 
tion is different. 


Fig. 11.8. SU(4)-multiplet of 
pseudoscalar mesons (07) 
and vector mesons (1^). The 
quark content of the analog- 
ous states is the same in the 
left and in the right mul- 
tiplets; merely the spin part 
of the wave function is 
coupled in a different way 
(to 07 and 1” respectively). 
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Fig. 11.9. The detailed de- 
composition of the pseudos- 
calar SU(4) multiplet 
[15] @ [1] into SU(3) mul- 
tiplets 


BI@MISBIS31e( 
en eae! 


[15] 


Clarifies the quantitative 
contents of the previous fig- 
ure. The different C-levels 
are depicted separately. 
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exactly in the Y — T; plane of the polyhedron), but additionally a triplet [3] ^! 
and an antitriplet [3]!. This SU(3) classification distinguishes between SU(3) 
multiplets with different charm: The triplet has C = —1, the nonet C = 0 and 
the antitriplet C = +1 (see the SU(4) polyhedron in Fig. 11.8. The SU(3) 
decomposition of the [4] & [4] product leads to an association of charm with 
the SU(3) triplet. Then the triplet results from coupling [3]? & [1]: +, where 
[1]^! is the singlet from the decomposition of [4] with C = —1. [3] results 
from [3]? & [1]!, where now the singlet [1]! stems from the decomposition of 
[4] with charm C = +1. Thus we construct spatial polygons from the basic 
tetrahedrons [4] and [4], in analogy to the procedure. of the construction of 
different SU(3) representations by using the basic triplets. 

Clearly we obtain the following (C — 1) states (containing one c quark), 
which we call the (C = 1) SU(3) multiplet: 


pseudoscalar mesons vector mesons 


|D°>=|ci> ,  |D*?»-]|cd) , 
|F*>=|c5>) .  |F**'5-i|c , 
[D*>=|ced> ,  |D**5- cd) (11.12) 


The (C = 0) multiplet is the former SU(3) meson nonet (it contains no c quarks). 
Additionally, in Fig. 11.8 the SU(4) singlet cc is shown. 
The (C = — 1) multiplet contains a c antiquark ¢ within each wave function: 


pseudoscalar mesons vector mesons 


|D°>=|ué> ,  |D*?»-]|uo) , 
|F»-2/|s6? ,  |F* > =|st> , 
|ID'»2|de» , |D*~> = |dé> (11.13) 


Apart from these mesons with open charm there also exist mesons with hidden 
charm (see Table 11.6), i.e. the charm quantum numbers of the two constituents 
adding to total C = 0: These are the cé combinations with T, = Y = 0 and 
C = 0, ie. the origin of the T; — Y — C-diagram (or T3-S — C) is four times 
degenerate. In the case of pseudoscalar mesons with T; = Y = 0, Le. 


In?» = 1//2(uà > + 1dd») , Im» 1 /2(uà» —|dd») , 


vss. (11.14) 
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Table 11.6. Quantum numbers of the pseudoscalar mesons and the vector mesons 


Pseudosc. Vector Quark Q [e] T T, S B Y C 
mesons mesons content 

x^ Q^ dü -1 i -1 0 0 0 0 
T(n, n) 0°(w°,°,W)  uüdd,ss,dccd 0 1 0 0 0 0 0 
nt ot ud 1 1 0 0 0 0 
K? K*? ds 0 à -4 1 0 1 0 
K* K** us 1 i 4 1 0 1 0 
K^ K*^ sü -1 j =} -—1 0 -1 0 
K? K*° sd 0 Poi -1 0 -i 0 
D? p*? cü 0 i -à 0 0 0 1 
D* D** cd 1 à 4 0 0 0 1 
F* F** cs 1 0 0 1 0 1 1 
D- D** dé —1 4 -} 0 0 0 —1 
p? D*9 uc 0 4 i 0 0 0 —1 
F- F*- sé -1 0 0 -1 0 -1 -t 


we may now add 


lnc» = 1c» 
Obviously the strangeness S gives the number of strange quarks of the 


particle, and we note that the strangeness is S = + 1 if an $ (anti-strange quark) 
and S = —1 if an s (strange quark) is contained within the configuration, i.e. an 
“anti-intuitive” mapping. 

In the case of vector mesons the states in the centre of the multiplet with the 
quantum numbers 7; = 0, Y = 0, C = 0 read as 


lg?» = 1//2(uà» +|dd>) , |o?» = 1//2(uà» —|dd>) , 


I$? —|s$5 , (11.15) 
and now also as 
|F > = |cc» 


We identify | V » with |cC» since this state has exactly the quantum number 
which V (3, 1 GeV) shows in experiment. This concept will be explained in more 
detail in the following section. In analogy to the bound state e*e~, which is 
called positronium, we call c6 charmonium. Later on we will see that each of the 
recently discovered vector mesons may be understood in the framework of the 


charmonium model. 
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The relative stability of the cé may be explained by the so-called Okubo- 
Zweig-lizuka- Rule (OZI-rule). This rule, which was deduced from empirical 
considerations, states: The quarks contained in the incoming particles are 
distributed over the particles in the final state of the reaction. Otherwise the 
corresponding reaction is strongly suppressed. We want to make the OZI rule 
clearer by using the example of the @ meson (|ġ > = |s$»). Therefore it is useful 
to represent each quark line by an arrow (——-) and each antiquark line by an 
arrow into the opposite direction (—~—), ie. a meson has the graphical 
representation 


U 
x 
cnm. mad 


d 


and a baryon has the graphical representation 


The creation and annihilation of a qq pair is denoted by 


up 
q à 


respectively. This completes the list of elements for the construction of our quark 
flow diagrams. It is now easy to see that the decay $ > K*K ^ is Zweig-allowed. 


ca 


ie 


The quark components of the initial (ss) are divided to the two particles 
(K^K ^) in the final state. Also the decay ¢ > K°K° is possible since 


_s GF 
el ci 
T$ We 
On the contrary the decay à — n* n^ x? is Zweig forbidden: 


Here we have no possibility of dividing the s and § between any final state 
particles since pions contain no s quarks. In fact experiment shows the following 
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distribution of the decay channels: 

$—K'K'^ 47% 

$$ — K?K? 35% 

$—n'r x? 16% 
This is most remarkable since the energy release in the last reaction (605 MeV) is 
much higher than that in the first two decays (35 and 25 MeV, respectively). 
Consequently the Okubo-Zweig-lizuka rule is remarkably well fulfilled. Field 


theoretical considerations indicate that the validity of the OZI rule should be 
even better for heavy mesons (see Sect. 11.5). 


11.5 Advanced Considerations 


11.5.1 Decay of Mesons with Hidden Charm 


Nowadays the OZI rule is relatively well understood on the basis of quantum 
chromodynamics (QCD)*. Then the Zweig-forbidden decay of a spin-1 meson 
($, V etc.) takes place by pair annihilation of the quark-antiquark pair into three 
virtual gluons, which each create a quark-antiquark pair. This is illustrated in 


Fig. 11.10. 
$ 
$ 
3 


Every virtual gluon contributes a factor a, (the coupling constant of QCD) to 
the Feynman diagram, which is consequently proportional to xè. For energies in 
the region of 1 GeV (approximately the mass of $) a, ~ 0.5, ie. the Zweig- 
forbidden diagram is suppressed by a factor of 0.1. For energies in the region of 
3.5 GeV, a, ~ 0.2 as result of the “asymptotic freedom" of QCD gauge theory. 
Thus the suppression factor for the Zweig-forbidden decay is now — 0.01. With 
further increasing energy, a, continues to decrease. This energy dependence of 
the coupling constant is called “running” of the coupling constant. 

In Fig. 11.11 we show the Zweig diagrams for the decay of the y meson. 

The decays ¥ + D?D?, D*D', F*F' are allowed according to the OZI 
rule, but V + nnn? is forbidden. However the calculations which we will 


ej e Ala. al & 
e teeny 
3 a3 
+ © 
3 
| 


> See also W. Greiner, A. Schafer: Quantum Chromodynamics (Harri Deutsch, Thun, 
Frankfurt am Main 1989); F.E. Close: An Introduction to Quarks and Partons (Aca- 
demic Press, New York 1979). 
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Fig. 11.10. The Zweig-for- 


bidden decay of the 
meson. 


$ 
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Fig. 11.11. The decays of 
the y meson OZI-forbidden 
and -allowed. The last graph 
describes the OZI-forbidden 


process. 


Fig. 11.12. Diagrammatic re- 
presentation of the decay of 
the D? meson into K? and 
z9. The c quark has charge 
Q. = + 2/3 and decays into 
an s quark with charge 
Q,. =—13 by emission of 
a W*. The W* decays into 
a d(Q3 = 1/3) and a u quark 
(Q, = 2/3). Compare this 
with Table 11.6. 


perform later in the framework of a potential model show that the mass of the 
is less than two times the mass of the D- or F-mesons, and so these decays are 
energetically not possible. They should occur though for highly excited cc states, 
and indeed they have actually been observed. 

Thus only the Zweig-forbidden hadronic decays of the ¥ particle, such as 
Y—+n*n n°, remain. As a consequence the decay of ¥ is strongly suppressed. 
This explains the small width of the ¥. Furthermore, we have seen that the 
widths of the other vector mesons (at higher energies) are often larger: In the 
case of ¥(4030), T ~ 50 MeV; and for (4415), T ~ 40 MeV. These larger 
widths express the fact that decay into two D- or F-mesons, given in Fig. 11.11 
is possible. Thus the masses of the ¥-mesons at higher energies [e.g. V (4030) 
and ¥(4415)] have to be at least as big as the sum of the masses of the particles 
occurring in the decay, ie. at least twice the mass of the single D- and 
F-mesons respectively. From this observation we get an estimate for these 
masses of 


$M(¥’ = ¥(3700)) < M(D or F) < àM(V(4030)) , (11.16) 


i.e. 1800 MeV < M(D, F) < 2000 MeV. 


11.5.2 Decay of Mesons with Open Charm 


The D-mesons decay into &^K^ or x K* mainly by the weak interaction (see 
Fig. 11.12). The latter decay is mediated by the exchange of W- and Z-bosons. 
There exist two W bosons: a positively charged one (W *) and a negatively 
charged one (W~)*. In Stanford and Hamburg? the yield of such reaction 
products (t * K^ and x K * respectively) was measured as a function of their 
total energy and the experimental data are shown in Fig. 11.13. 

One finds a distinct maximum at M = (1865 + 1) MeV which has all the 
properties that are expected for the D°- and D?-mesons. By this method the 
existence of a particle with open charm was established for the first time. Later 
D*- and D~-mesons with a mass of 1869 MeV were also detected. This is 
a brilliant success of the quark model. However, before we consider the mesons 
in more detail (cf. Sect. 11.6. "The Potential Model of Charmonium"), we will 
first look at the baryon combinations of SU(4). 


* These phenomena are discussed in Vol. 5 of this series, Gauge Theory of Electro- Weak 
Interactions (Springer, Berlin, Heidelberg) to be published. 

5 See G. Goldhaber et al. (41 authors): Phys. Rev. Lett. 37, 255 (1976); I. Peruzzi et al. (40 
authors): Phys. Rev. Lett. 37, 569 (1976); I.E. Wiss et al. (40 authors): Phys. Rev. Lett. 37 
1531 (1976). 
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wp E 


^D Kn -decays 


Number of events 


assumed curve 
without D°-peak i 


16 1,8 2.0 2.2 
Total energy [Gev] 


11.5.3 Baryon Multiplets 


Baryons are built as qqq combinations, i.e. out of the SU(4) representation. 
[4] & [4] & [4] = ([6] & [10 & [4] 
-[4]epo]epo]e[o] . (11.17) 


(See Table 11.5 and Exercises 11.5 and 11.6.) The SU(3) reduction of the SU(4) 
multiplets yields 


po1-p1erp1lerelets . 
[200]-[116[3]e[6]G[10] , (11.18) 


where [20] and [20'] differ by the composition of SU(3)-multiplets. Both 
contain 20 states, but different SU(3)-multiplets, which are responsible for the 
SU(3) classification (see Figs. 11.14, 11.15 and 11.16): Clearly the [20] representation 


Y 


1 Pisa) (add) Ee Att 


(sdd) £7 BUM bg (suu) 
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Fig. 11.13. The decay of 
D mesons into Kx 


Fig. 11.14. The SU(3) bar- 
yon multiplets 
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Fig. 11.15. The SU(4) bar- 
yon multiplets 


Fig. 11.16. The detailed de- 
composition of the SU(4)- 
multiplet [20] (Fig. 11.15) 
into SU(3) multiplets 
[8] $ [6] & [3] @ [3] clari- 
fies the substructure of the 
three-dimensional figure. 
The [20'] multiplet can be 
decomposed similarly. See 
also Exercise 11.7. 
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(cdd) [ | Y 

DO SX EC TES EU Ts 
(sdd), 27 Q- : 40 (ssu) (uu) 

(ssd) (558)(Sud) 


Ci(dde) YA, Ci (ude) 


Ci (uuc) Xá(dcc) Xi'(ucc) 


of SU(4) is suitable for the classification of the baryons because it contains an 
SU(3) octet, while [20'] represents the baryon resonances because it contains 
a decouple SU(3)-[10] (all states have C = 0). The baryon sextet and the baryon 
antitriplet both have C — 1. The states of the antitriplet have the same quark 
content as some states of the sextet, i.e. three points of the sextet are occupied 
twice (indicated by rings around the points). Furthermore there also occurs a [3] 
(triplet) with C = 2. The reason why the baryon states with C = 1 correspond to 
two different SU(3) representations, but those of the baryon resonances corres- 
pond only to a single SU(3) representation, lies in the fact that they contain two 
light quarks u, d, and s. We know that the product of two SU(3) triplets 
decomposes into a sextet and an antitriplet. The sextet is symmetric, whereas the 
antitriplet is antisymmetric: Therefore, both representations can be contained 
within the baryon multiplet which has mixed symmetry, but only the sextet can 
be contained in the multiplet of baryon resonances which corresponds to 
a totally symmetric representation. 

Since the baryons contain no antiquarks, only particles with C 2 0 are 
possible. Therefore the SU(3) octet and the SU(3) decuplet always form the basis 
of the three-dimensional SU(4) diagram. The next higher SU(3) multiplet with 
C = 1 contains states with one c quark, etc. In the case of the representation 
[20] no SU(3) singlet with C —3 exists, i.e. the figure is flat at the top (see 
Fig. 11.4). 

By contrast the [20'] representation contains an SU(3) singlet with C # 0, 
namely the ccc state with the quantum numbers 7; = 0, Y = B + S = 1 (since 
S = 0) and C = 3. Its charge is given by the generalized Gell-Mann-Nishijima 
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I 
relation, namely 
Q=T7T,+4(B+S+C)=T3 +3(¥+C) , (11.19) 


ie. the charge of the ccc state is Q = 2. The charge of the c quark, Q. = 2/3, also 
follows from (11.19). This can be verified by the experimentally measured 
charges of the D- and F-mesons. The quantum numbers of the baryons are listed 
in Table 11.7. 


Table 11.7. Quantum numbers of the baryons 


i i i ——— 


Particles Quark Q [e] T T; S B Y C 
content 
n udd 0 , —} 0 1 1 0 
P uud 1 $ $ 0 1 1 0 
a dds —i 1 —i —1 1 0 0 
E9(A) uds 0 1(0 0 —1 1 0 0 
x* uus 1 1 1 -1 1 0 0 
E dss —1 $ —i —2 1 —1 0 
=° uss 0 4 i —2 1 -—1 0 
T° ssc 0 0 0 -2 i -—1 1 
A9, S? dsc 0 4 —4 —1 1 1 
A*,S* usc i 4 $ —1 1 0 1 
Ci ddc 0 i -=l 0 1 1 1 
Ac(C; ) udc 1 o1) 0 0 1 1 1 
Ci* uuc 2 1 1 0 1 1 1 
X4 dec 1 i —4 0 1 1 2 
Xi ucc 2 j i 0 1 1 2 
X; scc i 0 0 -1 1 0 2 


Thus baryons which contain a c quark have open charm (C # 0). Since the 
decays of charmed baryons into particles without charm are Zweig- or Cabi- 
bbo-suppressed, the experimental observation of baryons with C > 0 is very 
difficult. Until now only one of the charmed baryons is firmly established; the 
antibaryon A, (quark combination üdc) decays through weak interactions into 


A> An^m m. , 


and this excitation is shown in Fig. 11.17. 
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Fig. 11.17. The decay of A,: 
A € quark with charge 
Qz = — 2/3 changes into an 
S quark (Q, = 1/3) by emit- 
ting a W^ boson. The W^ 
decays into an üd pair which 
“pionizes” 


Fig. 11.18. Experimental 
excitation of the A, decay at 
Batavia (Fermi Lab.). The 
excitation of A, (ie. the res- 
onance which is interpreted 
that way) occurs in colli- 
sions with high-energy 
photons 


>l 
—— 
ci 


At Fermilab (USA) a resonance at M — (2282 + 3) MeV was seen in the 
mass distributions of (Ax*^x^ 17) systems$, but not in the distribution of 
(An * 1 * n^) systems by bombarding a target with high energy photons in the 
400 GeV accelerator (see Fig. 11.18). If the maximum is caused by the decay of 
A, particles, this can be easily understood, because A, has quantum numbers 
T = T, = 0. Therefore it is an isospin singlet and appears in only one charge 
state. 


50 K rtr 
> 40 

30 

10 

0 


events /25 Me 
BO 
e 


*0 Arnt 
30 
20 
10 um 
0 fay 
15 2.0 2.5 3.0 3.5 mass (GeV] 


The quantum numbers T = 1 and T, = — 1 (A has T, = 0; for x^, T; = —1; 
for 1^, T; = + 1) follow from the quark configuration of the final state. If we try 
to explain the maximum by the strong decay of an SU(3) resonance, it would 
have to be an isospin triplet, ie. there would have to be three charge states. 
Therefore one should also see a maximum in the (An*n*n~) channel. The 
missing of such a maximum indicates the (weak) decay of a charmed baryon. 

Finally, note that the terms “flavour isospin”, “flavour hypercharge" etc. in 
the sense associated with the framework of strong-interaction theory should be 
differentiated from the terms “weak isospin”, “weak hypercharge” etc. in the 


* B. Knapp et al. (19 authors): Phys. Rev. Lett. 37, 882 (1976). 
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theory of weak interactions’, which should be distinguished from those dis- 
cussed here. 


EXERCISE Se 


11.5 SU(3) Content of the SU(4) Meson Multiplet 


Problem. Calculate the direct product [4]su4; & [4]su in SU(4) (a meson 
multiplet). Decompose the result into the representations of the SU(3) subgroup 
and determine the charm content of each SU(3) representation. 


Solution. (a) Calculation of the direct product. First of all we represent [4] and 
[4] by their associated Young diagrams. Then we multiply both representations 
with the help of our multiplication rules. The graphical representation is 


[4] sucay e [4]su« = IS H = fF = [1] sucay e [15] suca . (1) 


(b) Reduction of the SU(4) representation to SU(3) representations. If we reduce 
an SU(4) representation to the group SU(3), we perform this by subtracting one 
box after another from the Young diagram. Here one uses the following rule®: If 
h, is the number of boxes in the kth row of an SU(4) representation and h, the 
corresponding number of the SU(3) representation, then we have 


h, > h, > hı > h Z hz. (2) 
Therefore it follows that 


SU(3) 


[1]su = D — Q= [1]sut) , 


[15)su) -H sue, F ofFe JeF 


= [3]sua) 9 [8]suca) ® [1]1su; € [3 Jsucs) . (3) 


(c) Determination of the charm content. The SU(3) multiplets lie parallel to the 
Y — T3-plane within the SU(4) multiplet. As a first step to determine the charm 
content of an SU(3) representation we decompose [4]su(4, and [4] sua) into their 


7 See Vol. 5 of this series, Gauge Theory of Electro-Weak Interactions (Springer, Berlin, 
Heidelberg) to be published. 

8 M. Hamermesh: Group Theory and its Application to Physical Problems (Addison- 
Wesley, Reading, MA 1962); J.P. Elliott, P.G. Dawber: Symmetry in Physics (Oxford 
University Press, Oxford 1979). 
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11. Charm and SU(4) 


SU(3) components: 
[sva = [3]sua) $ [uo » [Msuva = (3 ]8ua) ® (suis) - (4) 


The superscript 0 or 1 denotes the charm content of the SU(3) multiplet. 
Antiquarks are represented by [4]. Now negative charm values may occur as 
a result of the presence of a charmed antiquark (in contrast to the baryon 
multiplet). 


With (4) the product [4] & [4] (in the following we drop the indices SU(3) 
and SU(4)) becomes 


[4] @ [4] = (GT e (11) € (GT? e [1] ) 
= (B? & (31) e (37? e (117) e (C e 19 
e(t er! 
= ([8]° @ (17°) @ (BI > @ (31) @ (17). (5) 
By comparison of (3) and (5) we get 
[suw = Uuo , 
[15]su«, = [11Soc ® [81$0(5 € [3]sui 9 Blio - (6) 


This means that the SU(3) octet and the SU(3) singlet lie in the Y — T; plane, 
whereas the SU(3) triplet is shifted one unit downwards on the C axis and the 
antitriplet is shifted one unit upwards on the C axis. So we obtain Fig. 11.8. 


EXERCISE Se 


11.6 Decomposition of the Product [4] & [4] & [4] 


Problem. Verify the decomposition (11.17) of the product [4] & [4] & [4] using 
the method of Young diagrams. 


Solution. First we calculate the product [4] & [4]. 


tera -LIeC]-IHerTri-reuo . (1) 


since we have 


[1 BLB]I 43. 
sim-]- B] = 22-6 


dim [T ]- (313): GTI]- 71 210. Q) 
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If we multiply that product by [4] once again, we obtain on one hand 


[6] & [4] -HeLn- JeF- [4] @[20] , where (3) 
ays] (ST) _ 453. 
sim. = BE PR iTi” i 


and on the other hand 


tneojerg-LrJeC]-H-etLIl-Geetr . © 
where 
4-5-6 , 
dim[ | |] = 41516. : = 3.204 =20 . (6) 
The two 20-dimensional representations H and[ [ [| lare different irredu- 


cible representations, which differ in their symmetry properties. LLLI = [20] 
contains all 20 possible totally symmetric combinations of three SU(4)-quarks. 


= [20] contains the combinations of mixed symmetry. 


EXERCISE SS 


11.7 SU(3) Content of the SU(4) Baryon Multiplet 


Problem. Calculate the direct product of three fundamental representations [4] 
of SU(4) (i.e. the baryon multiplet). Decompose the result into representations of 
the SU(3) subgroup and determine the charm contents of every SU(3) multiplet. 


Solution. a) Calculation of the direct product. First we represent the funda- 
mental representation [4] by the Young diagram [ ]and take the product of 
two of these. That product is then multiplied with the third representation. The 
graphic representation of the result is 


((4] 8 [4 @ (4] -(eMeX-(Te})eO 


= (Eecrye Fed 


= [20] e [20]' & [20] e [4] . (1) 


In the last line we have written down the dimensions of the representations. 
Note that there are several multiplets of the same dimension. 
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Exercise 11.7 


b) Reduction of the SU(4) representations to SU(3) subrepresentations. This 
reduction can be performed by subtracting boxes from the Young diagram: first 
no box, then one box, then two boxes, three boxes, and so on. If the Young 
diagram to be reduced has h, boxes in row k, only those Young diagrams of 
SU(3) are allowed that have h, boxes in row k with 


hi zh, >h > = Fhyy>h> -- (2) 


Thus we obtain 


Blw -HHH em en 


= [8] suis) ® Bisu ® [61suc ® [3]sus) 
Dok«-LLLI—LLLIetL] ef eo 


—[10]s G6] ® [3]suc 9 [1]suc) 


[4]su«; = H AM H + H = [1]svo) ® 3 Isucay (3) 


c) Determination of the charm content. The SU(3) multiplets lie parallel to the 
Y — T, plane in the SU(4) multiplets, but their exact position, i.e. the charm 
content is not yet clear. In order to determine it we first decompose the 
fundamental representation [4];uu4, into the SU(3) subrepresentations which 
are contained within it: 


[4]su« = [31$uc e Uuo, . (4) 


The superscript on the upper right describes the charm content, i.e. the number 
of charmed quarks contained in the particles forming the submultiplet. The 
indices remind us which group we are actually concerned with, but in the 
following calculations they will be omitted since it is clear from the context 
which group is meant. 

We repeat the direct product in order to compare it with the previous results 
(1) and (3). 


[4] @ [4] @ [4] = (GI 6 [1] @ (31? @ [1]1) @ (137° @ 1) 

= ([3]° & [3]° & [3]°) e (GT? & [37° e 11!) 
e ([3]° et! 8 [3]°) @ ([1]' @ [3]? @ F3]°) 
S(T @ [1] @ [3]°) @(L1]' © B]° @ [1]') 
S ([3]° 9 OF e])er(qu er] er)]) 

= (L1? 6 [8]? @ [8]? @ [10]°) @ ((3]! e [6]!) 
®([3]' ete1)e(3]' etel) ep? 
epreprernpr. (5) 


11.5 Advanced Considerations 


Except for the singlets the relation between the representations is unique. 
Taking into account that the representation [4] is decomposed into [1]? and 
[3]!, we obtain the final result 


[20] = [87 e [6]! e [3]' e BT 

[20]' = [10]° & [6]! € BF e CIT 

(4]=1° eB] , 
and, as we know from (1), the representation [20] appears twice. Note that 
[1]? & [3] is indeed a [4], but with the singlet [1]? at C = 0 and the antitriplet 
[3]! at C = 1, i.e. shifted by one unit along the positive C-axis. This tells us that 
the SU(4) multiplets are not all symmetric with respect to the origin in the 


T;-Y-C-coordinate system. This is in contrast to SU(3) where all multiplets 
contain the T4 — Y origin in a symmetric way. 


EXAMPLE MEME NI 


11.8 Decomposition and Dimension of Higher SU(4) Multiplets 


We now calculate the direct product of several representations [x] with [4] in 
SU(4) and decompose them into SU(4) representations before determining the 
dimensions of some of these representations in SU(4). We use the rules for the 
decomposition of the direct product of two multiplets, which we studied in 
Chap. 9, in the following examples. 


(derd-Jeo -CItlen|- uolet . (i) 
" 


f CTE 
Me 4j=Cle@d=Ll e 
o m 


= [15] e[t] . (2) 
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T 
mec -Heo -HeH 


= [20] @[4] , 


uer =[Llee -meh 
=[207 @[20] 


mem-Heo -He 
O RH 


-[36] @[4] , 


oneta-Eeo -AeH 


= [36] 
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> 


er erg 
Do'en-LCLrIleo -21 Nann 
-D3  @ [45] 


- ym HAH 
NEN 

- [70] ®[10] , 

T 

poeig-2-—edo -- Wel F 
1--Hə0 -E gunum 

[45] epore[s , 


- cpu pn E 
men-o --Li ere 
Hd nmn 


-[€4] er ers, 


"su. -Om H 
[20] e14 -HHeo 7[ T ec 


-[60] opo]. 


(3) 


(4) 


(5) 


(6) 


(7) 


(8) 


(9) 


(10) 


(11) 


11.5 Advanced Considerations 


Now we try a more complicated example 


= [140]” epo] @ [60] @ [20] ® [20] $ [36] @[4] (02 


According to the rules given in Chap 9 the following tableaux are not allowed: 


-Rii rule 3 (numbers descending in a row} ; 
--2dga rule 5 (*3" appears on the path before “2”) ; 

rule 5 (“3” appears on the path before “2”) ; 
rni u | 

rules 3 and 4 (numbers descending in a row and in a column) 


Finally, we determine the dimensions of some of the representations for our 
example: 


(445-6. 70-4-2 — l 
am SSB? o; (13) 


4-5-6 
dim =dim[{ [ [ |= 37571 = 20; (14) 


2(45-9-4.5-2. 
din [T= 5 98-4-5-2 eo ; (15) 


dim = dim FH = 5-9 20 ; (16) 
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_ 4+5-6)(3-4)(2-3) ,.- 

ám] = 598-029 , 3 (17) 
, Ld; — OB) _ 

dim = dim | |- DOD ^ 4 . (18) 


11.6 The Potential Model of Charmonium 


We have explained the ¥ particles as bound states of c and € which have the 
overall charm quantum number C = 0, ie. “hidden” charm. Furthermore we 
have seen that for energetic reasons the J/ and the ¥’ can only decay in 
a Zweig-forbidden way, such as ¥ > z*z?n-, but not into the Zweig-allowed 
channels Y + D?D9, Y + D*D-, Y + F*F-. On the other hand, those decays 
are possible for the higher charmonium states V" and P”, because these states 
are sufficiently heavy to decay into D mesons and F mesons respectively. This 
explains their much larger with F with respect to ¥ and Y”. If we now consider 
all ' resonances as states of the bound system cc, we see that the higher excited 
states are able to decay into D and F, but not the ground state and first excited 
state of spin 1. Since the cé system is formally similar to the bound states of an 
electron and a positron, which are called "positronium", we call the cc system 
“charmonium”? 

We now try to describe the cc states by a suitable potential model, in which 
we assume the system to be spherically symmetric and to be described by the 
nonrelativistic Schródinger equation. After a transformation of the coordinates 
to the centre of mass of the cé System, we get 


2 
E — 15 + (C T J +(V(r)— E) |R) =0 , (h-1) , (11.20) 
m, r dr r 

where m, is the mass of the charmed quark. From the fact that free quarks have 
not been observed, we conclude that the potential must cause quark confine- 
ment at large distances (more precisely, for distances r much larger than the 
diameter of a hadron). The simplest choice is to assume that the potential of the 


? A. de Rujula, S.L. Glashow: Phys. Rev. Lett. 34, 46 (1975); T. Appelquist, A. de Rujula, 
H.D. Politzer, S.L. Glashow: Phys. Rev. Lett. 34, 365 (1975); E. Eichten, K. Gottfried, 
T. Kinoshita, J. Kogut, K.D. Lane, T.-M. Yan: Phys. Rev. Lett. 34, 369 (1975). 
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quarks increases proportionally to the distance, i.e. V(r) = kr, and the constants 
k and m, must be fitted to the experimental data. 
For | = 0 we can solve the Schródinger equation 
1 d?(rR) 
m, dr? 


+ (kr — E)rR 50 (11.21) 


exactly. We now introduce the notation L? = 1/m,-k and 4= L^m,E, and 
transform to a new variable x, defined by 


x=>—i , rR) = u(x) , 


obtaining 

d*u(x) 

dx? 

Since the wave function should be regular at r= 0, ie. R(0) < oo, we get 
lim, .o rR(r) = 0, which requires 

u(—A)=0 . (11.23) 
Furthermore, we have to demand u(oo) = 0, because the bound states must be 
normalizable. The solutions of the differential equation (11.22) can be expressed 
in terms of modified Bessel functions of order 1/3, and that solution satisfying 


the boundary condition u(oo) = 0 is called the Airy function (see the Mathemat- 
ical Supplement 11.8). Hence 


u(x) = CxAi(x) , where (11.24) 


Ai(x) = - so) forx»0 


The asymptotic behaviour is derived from the formula 


K,(z) ^ | e- forz-o , 
2z 


—xu=0 . (11.22) 


so that 

«9 € cte ( - 9) for x> oo . (11.25) 
In the range x « 0 the Airy function is expressed as 

Ai(— x) = d u/ x U us (597) + J- a(x?) , (11.26) 
so that 


C 
u(x) = z lxi ii (31x92) + Jis (31x 7)) forx «0. 


Because of the second boundary condition we require Ai(— 4) = 0. Note that 
À is just the energy eigenvalue (in units of L*m,), which means that the energy 
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eigenvalues are determined by the roots of the Airy function 


k? 1/3 
5 -() An (11.27) 
m 


c 


These energies have to be added to the rest mass of the cc pair, so that the mass 
of the nth excited state of charmonium is given by 


k? 1/3 
Mo = 2m, (E) An (11.28) 


c 


where 4, is the nth root of the Airy function: Ai(— 4) = 0. Since we have 
the two input parameters m, and k, we need two masses for the fit. We 
choose M? = 3.097 GeV and M = 3.686 GeV and obtain from this 
k = (0.458 GeV)? and for the mass of the c quark m, = 1.155 GeV. We see that 
the effective mass of the c quark is much larger than that of u, d, or s quarks 
which are about 330 MeV, which explains why particles containing c quarks 
have very large masses. With the knowledge of the parameters we are now able 
to calculate the masses of the higher excited states, and these are listed in 
Table 11.8. 


Table 11.8. Masses of radially excited states (ns states) of charmonium in the linear 
potential model 


n An M” [GeV] 4M, MS Map 
1 2.338 3.097 (fit) — 3.097 3.097 
2 4.088 3.686 (fit) — 3.686 3.686 
3 5.521 447 —0.15 4.02 4.040 
4 6.787 4.59 —0.23 4.36 4415 


In this table we have taken into account that states with n > 2 can no longer 
be described by a nonrelativistic equation, and the relativistic mass correction 
AM,.i, is a consequence of this relativistic generalization of our model. Compari- 
son with experiment shows that the excited spin-1 states of charmonium are well 
described by our simple model. 

Next we have to solve the Schródinger equation for arbitrary orbital angular 
momentum /. Furthermore, we have to consider the quark spin, for which there 
are two possibilities: 


a) Spin antiparallel, “paracharmonium” (s = 0), 
b) Spin parallel, "orthocharmonium" (s = 1). 


Since the state with antiparallel spin has lower energy than that with parallel 
spin, it appears natural to identify the pseudoscalar mesons y, and y, (masses 
2.98 GeV and 3.59 GeV) with paracharmonium and the vector mesons V, W’, 
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etc. with orthocharmonium. Further consideration of the spin-orbit coupling 
(L-S) and the hyperfine structure (HFS) leads to the level scheme shown in 
Fig. 11.19. 


(0 wmmp") 
3s -mi 2+ 
(0 € 40 —7 
2p NE - 
Go CRIDHE. 
4d N27 
(2,002 17 
(0.117. 
2s wp 2* 
ooo) es 
M" M LS 
1,01 
(0,994) 
l=0 let 1022 


The paracharmonium síates are characterized by dashed lines and those of 
the orthocharmonium by solid lines. The states are characterized by their total 
angular momentum J and the parity II, written J " (e.g. 37 means J = 3 and 
negative parity). The numbers in parentheses denote the orbital angular mo- 
mentum and spin, (I, s). In analogy to its use in atomic physics, the spectroscopic 
notation nMl, is employed, where n is the principal quantum number, M is the 
multiplicity (e.g. ^3" is a triplet), | is the orbital and J the total angular 
momentum. In this notation, 7, is the 2 1S, state, etc. The presently (1985) 
accepted assignments are listed in Table 11.9. (A question mark indicates that 


Table 11.9. Masses of experimentally observed states of charmonium 


Name State Mass Name State Mass 
[MeV] [MeV] 

J/¥ 13S, 3097 Ne 1'So 2980 

p 2*8, 3686 5,0  2'So 0) 3590 
Xo 2! Po 3415 
xa PP 3510 
xi 15 P, 3556 

y 338, 4040 13D, 3770 

? 4160 
y 4*8, 4415 
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Fig. 11.19. Level scheme of 
charmonium. The parachar- 
monium states are charac- 
terized (-—- f |) and the 
orthocharmonium states 
(——T 1). The numbers in 
parantheses denote orbital | 
angular momentum and 
spin (l, s) 
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Table 11.10. Classification of 
mesons with hidden charm 
ee 
Names State Mass [MeV] 
Dp? iSo 1864.7 +0.6 
D* iSo 1869.4+0.6 
D?* 381 2007 +2 
D** 3$, 2010.1 +0.7 
F* 1$6 1971 +6 


F**() 38, 2140 +60 
$$ 


Fig. 11.20. Experimental 
level scheme of charmonium 
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the assignment is not unique.) The mesons with open charm can be classified 
analogously, as shown in Table 11.10. 

Finally, Fig. 11.20 shows the experimental level scheme of the charmonium 
system. Here the decay modes are denoted along with their respective branching 
ratios. The states (particles) above the energy 2 Mp=3.73 MeV (dashed line) 
decay into DD, D*D*, FF. 


Mass » 
hl [GeV] Q (4.41) 


* FF*DD,DD"etc. 


4.2 y (415) 
LO gon DD,DD"D"D*etc. 
DD,DD* D"D* 


7 T X213.55] 


IX4(3.51) 
ZAN UIT 


3.0 98) é J50(3091.— one ok greet 


EE 


'$y "s, Ras ?D, 


EXAMPLE $ 


11.9 Mathematical Supplement. Airy Functions 


The Airy functions are solutions of the differential equation 


d2 

A —xu(x)20 , (1) 
which has two linear independent solutions. The solution which decreases to 
Zero as x — oo is Called Ai(x), and the one that diverges at infinity is called Bi(x). 
These functions can be represented by normal and modified Bessel functions, as 
we will see in the following. First we consider the range x > 0 and introduce the 
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coordinate transformation 


z= px’ . (2) 
We try the ansatz 
u(x) = z*f(z) (3) 


in order to solve (1), where the constants x, f and y still have to be determined. 
We obtain 
d7u 
dx? 


where a prime indicates a derivative with respect to z. Inserting (4) into (1) we 
obtain the equation 


= yx? {alyx —1 f(z) + Quy + y —Vaf'(2) + »z?f"(2)) , (4) 


2ay =r 


O=f"(Z) + f(z )— O + (ay Don fe (5) 


We can eliminate the x dependence in the third term of the rhs by a suitable 
choice of y, so that the coefficient of f(z) becomes constant. We set 


yp (6) 
and get, according to (2), the condition 
y=t , PHF . (7) 
Thus, (5) is cast into the form 
" 6x = a 
O=f"(z)+ f'@)- (1 — (x -93)\fa , (8) 


and, with the choice of « = 1/3, we obtain the standard form of Bessel's 
differential equation 


1 1 
0=f"(2)+=f'@) - ( + aa fe , (9) 
the solutions of which are the modified Bessel functions of order 1/3, 


f(z = {IiI -1/3 Ki} 


It is common to represent the Airy functions by 


Ai(x) = - A K;s(5 x3?) , Bi(x) — — E {Ii (3x x31) 


+I- a(x?) , forx 20 (10) 


where we have reintroduced the original variable x. 
Next, to derive the solutions for negative values of x, we make the trans- 


formation 


y=-x , u(x)-wy) , (11) 
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Airy functions 


whereupon (1) takes the form 
d^w(y) 
dy? 


Now we perform the same calculations as before, except with the variable 
y instead of x, using 


z=By , wy)-zf() . (13) 


We then get the already familiar form 


+ yw(y)-0 . (12) 


, 22y +7—1 3 
SO + ATO + aO -SO 


In analogy to (7) we choose 
r=} , pad, (14) 
and obtain 


6x + 


1 
O=f"(z) + 3; re (i-re ; 


which immediately reduces to a differential equation of the Bessel type if we set 
a= 1/3. 


1 
0-/"()- -f'G)* ( -dy 2 )/o (15) 


The solutions are Bessel functions of order 1/3 or —1/3, ie. the functions 
J x 1/3(Z). Returning to the original variable x, we write the Airy-functions in the 
form 


Ai(x) = 3/1 x1 Jis (81x12) + Jars Gx}, 


Bi(x) = J/3Ixl (Jis Glix) — Sn 4 (8 1x]22)] 
forx«0 . (16) 
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The definitions (10) and (16) determine the Airy functions uniquely in the full 
range of x [cf. (11.22)], and, using some well-known relations concerning Bessel 
functions, we try to investigate their behaviour for x ^ 0. The following relations 
are taken from standard mathematical literature.!? 

For small values of |z| we find 


1 z? 
J.(z) ~ ——— (4z | 1 — —— 
1 z? 
La x =~ zx 1 +). 
O= T 00) ( Mr 5) (18) 
The behaviour of K,(z) can be calculated by means of the general formula 
ml- ,—I 
= — M M 19 
KG) 2 sin(vz) (19) 


and in particular we get 
Kys(z) =r (43042371? x 1 — dz??ryT(5) X. (20) 


Thus, for small positive values of x we obtain 


Ai(x) = ev^( ) - ay^xrayra) 


r() 


L Ja + dyexrayrá) , 
(3) 


Bi(x) = ays 7 


and for negative values near zero, 


aico = dy^( L Jae avetardyret ; 
I'($) 

| 1 
Bi(x) = ev^( F p) — (4)?9 |x|r (/T(3] 


Thus we immediately see that the Airy functions are continuous at x = 0 and 
also have continuous derivatives at this point. 


Ai(0) = ($)? ; Ai’) =- GV? ; 
Bi(0) = (3??/r(3) ; Bi'(0) = — (D'^/T() . (21) 


For application to physical problems it is necessary to know the asymptotic 
behaviour. This is easily derived from the well-known behaviour of the regular- 


10 e g. M. Abramowitz, J.A. Stegun: Handbook of Mathematical Functions (Dover, New 
York 1965). 
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and modified-Bessel functions. For |z|— co we see that 


J,(z) 2. cos ( -$e*b) ; (22) 
MZ 2 
LO le (23) 
M72 ^C 
LT 
K,(z)> [558 . (24) 


Thus we obtain for x > œ 


Ai(x)> it x~ *[exp(— x?/2)]?  , (25) 
4n 
Bi(x)2 [x [exp(x?2)]?? . (26) 


For negative values both functions are oscillating and exhibit asymptotic 
behaviour. 


Aid ep teo (31x2 — 7) ; (27) 
Bits) — fiti (31x2 - 7) (28) 
T 4 


11.7 The SU(4) [SU(8)] Mass Formula 


If we want to extend the mass formula of SU(6) to hadrons containing charmed 
quarks, we obtain SU(4) multiplets with spin, i.e. SU(8) multiplets. The mass 
formula of SU(6) was (cf. Chap. 8) 


M = Mo +aY +b[T(T +1) -3Y?] -cJ(J +1) , (11.29) 


where J is the spin of the particle. Again, we assume the Hamiltonian of the 
strong interaction to be composed of two parts, i.e. Hstrong = Hss + Hms- The 
Hamiltonian of the basic strong interaction H,, is invariant under the group 
SU(4), which means that all particles of an SU(4) multiplet have the same mass, 
Mo = <H. X. Furthermore, we assume the symmetry breaking part H ms to cause 
mass splitting only between different isospin multiplets, and not within such 
a multiplet, i.e. [É ms, T3|= 0. Thus, we simply take the mass formula of SU(6) 


11.7 The SU(4) [SU(8)] Mass Formula 


and consider how to describe the mass splitting between multiplets with differ- 
ent charm content. 

Besides Ag = 2F 3 = WE Y, only the generator Áis commutes with T3 = 443. 
We now construct the operator from 215 


100 0 

2- fis ui 010 © (11.30) 
8 001 0 
000 -3 


which obviously satisfies (Ts, Z ] = 0. The operator Z acts on the quark states in 
the following way: 


Z|u»-2i|w , Zid>=41d> , 


Z\s)=4\s> , Žic) = ~łlc> . (11.31) 
It is now easy to construct the charm operator from Z. We try the ansatz 
C=3B-Z , (11.32) 


where B denotes the baryon-number operator. The relation 
Biq) =4lq:> for i=1,2,3,4 


is valid for all quark states, because each quark has by definition the baryon 
number B = 1/3. This ensures that baryons, consisting of 3 quarks, have baryon 
number B = 1. Hence 


~ ~ 


G=h1-Z , (11.33) 


which can be checked explicitly, i.e. 
Chu» -0|u» , Eld>=0ld> , Cls>=Ols> , Cle>= llc) 


We see that C is indeed the charm operator with the eigenvalues C; — 0,0, 0, 1 for 
the quark quartet. Since Z and 1 commute with 75, the commutator of C and 


T, vanishes as well [C, T3] = 0, ie. C is the desired operator. The mass formula 
for baryons must therefore have the form 


M2Me,-raY-b(T(T- ) -1Y?] 4+ NU - D) € 4C. , (11.34) 


where the parameters Mo, a, b, c and d have to be fitted to the experimental 
masses. As up to now no charmed baryon with J = 3/2 has been found, it is 
sufficient to consider the flavour SU(4) mass formula, 


M=Mo+aY+B(T(T+H)-4Y7*] 4+9C , 


instead of the full SU(8) formula. To determine the parameters we use the data 
from Table 11.11. 

With the values My) — 1116 MeV, «=—196MeV, f = 38 MeV and 
y = 1349.5 MeV (compare with Sect. 8.12) the remaining masses can be cal- 
culated and the theoretical values are compared with the experimental data in 
Table 11.12. 
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Table 11.11. Quantum numbers 
of some baryons with J=1/2 


Particle Mass TYC 
[MeV] 

Nucleon 939 i10 

E 1192 100 

A 1116 000 

Ae 2282 0 1 1 
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Table 11.13. Masses and 
quantum numbers of three 


vector mesons 


Particle Mass 


D°* 


[MeV] 


773 


T Y C 
1 0 0 
0 0 0 
4 0 1 
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Table 11.12. Comparison of theoretical and experimental values for the masses of 
the baryons with J = 1/2 


Particle Calculated Observed T Y C 
C Mass [MeV] Mass [MeV] 

= 1331 1317 i -i 0 
c» 2494 2465? 4 0 1 
X. 2336 2450? 1 1 1 
Xa Xa 3638 ? 2 
X, 3815 ? 0 0 2 


As the charmed baryons have not yet been clearly identified, it is difficult to 
determine the success of the extended mass formula. 

Next we write down an extended mass formula for mesons. We have already 
noted, in the context of the SU(3) group, that the meson mass formula holds for 
the squared masses and not for the masses themselves. Since the mesons with 
C = 1 as well as those with C = — 1 have larger masses than mesons with C = 0, 
the mass formula must not contain C as a linear term, because in that case either 
the states with C = 1 or those with C = — 1 would have smaller masses than the 
states with C = 0. Therefore the simplést choice for the mass formula is a term 
proportional to C?, so that 


K? = uo + BC? + y[(T(T + 1)-—4Y7] + (J +1) . (11.35) 


This formula cannot explain the mass differences between w°, 6? and Y, 
because these states are degenerate within the 73-Y-C-diagram. These differ- 
ences can only be explained by taking into account the different quark composi- 
tions of the states (w° ~ uu, dd, 6° ~ ss, V ~ cc), i.e. different quarks should 
have different effective masses. Considering the magnetic moment, we obtain 
M. a © 330MeV, m,z 470MeV, while the charmonium model yields 
m, zx: 1.15 GeV. These mass differences can in fact be explained by these data. 

In order to apply the mass formula to vector mesons (J — 1), we use the 
SU(4)-formula 


K = uo + BC? + y[T(T + 1)-4Y¥?] . (11.36) 


With the data from Table 11.13 we derive the following values for the para- 
meters: 


Ho = (783)?(MeV)? 
y = — 7780 MeV? 
B. = 3432846 MeV? 


The masses of the other vector mesons are listed, in comparison with the 
observed values, in Table 11.14. 
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Table 11.14. Comparison of the predicted and observed 
values for the masses of the K*, F* vector mesons 


Particle Calculated Observed T Y C 


Mass [MeV] Mass [MeV ] 
K* 790 892 i 1 0 
F* 2012 2140 0 -—1-i1 


As in the case of the spin-flavour group SU(6), we note that the SU(4) meson 
mass formula is much worse than the baryon mass formula. Because f is very 
much larger than ui and y, the largest contribution to the mass is due to the 
charm term BC?; therefore it is not surprising that the masses of F* and D* are 
nearly equal (the difference is 2 MeV). - 

To summarize, we can state that the SU(4) symmetry is far more strongly 
viołated than the SU(3) symmetry. This can be seen especially in the mass 
formulae. Therefore the applicability of the SU(4) symmetry is much more 
restricted than that of SU(3), and one mostly tries to explain the fine structure of 
the level splittings of the charmonium states with a potential model. This also 
yields the transition probabilities and the decay widths from first principles 
without taking into account the SU(4) symmetry. Such a treatment may be 
successful, because the probably fundamental theory of interactions between 
quarks, the quantum chromodynamics (QCD), at energies much higher than 
1000 MeV leads to weak coupling and allows perturbative calculations. In the 
case of “light” baryons and mesons (i.e. those without charm), perturbation 
theory cannot be applied and symmetry considerations are quite successful. The 
spectrum of charmonium can be reasonably well explained in analogy to Bohr’s 
atomic model, because it can be understood as a nonrelativistic, bound state of 
two heavy particles. 


11.8 The Y Resonances 


In 1977 a team of physicists!’ observed the reaction p + N— u*gu^ + X at the 
Fermi National Laboratory (Illinois, USA) another family of very heavy meson 
resonances. These so-called upsilon resonances Y, Y', Y", Y" arein a way the “big 
sisters” of the charmonium states. Shortly after, experiments at DESY in 
Hamburg!? confirmed the Fermilab results with much higher resolution, and 
since then the masses of Y, Y' and Y" have been measured very accurately at 


11 S.W. Herb et al. (16 authors): Phys. Rev. Lett. 39, 252 (1977). 
12 C.W. Darden et al. (15 authors): Phys. Lett. 76 B, 246 and 78B, 364 (1978). 
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Fig. 11.21. Observed cross- 
sections v (e*e~ — hadrons) 
in the region of Y (Ihs) and 
Y' (rhs) The total widths 
are Dal z 7.8 MeV and 
Lall) S 8.7 MeV, while 
the decay widths into elec- 
trons are [’,(Y) z 1 keV and 
DIY) = 0.32 keV 


DESY: 
M(Y)= 9.460 GeV/c? , 
M(Y') = 10.023 GeV/c? , 
M(X") = 10.355 GeV/c? 


The cross-section for e*e~ scattering as a function of CM energy is depicted in 
Fig. 11.21. One concludes from the small leptonic decay widths!? of the reson- 
ances that they must be interpreted as bound states of a new heavy quark and its 
antiquark. The new quark is called b quark (“bottom” or “beauty”). 


9.40 9.45 9 


50 10.00 10.05 10.10 
vs[Gev] 


To explain the upsilon masses of about 10 GeV within the framework of 
a symmetry group SU(5) would require symmetry violations even larger than in 
the SU(4) theory, so that such symmetry considerations are abandoned. Instead 
this system is described within a potential model. Because of the high-energy 
scale, such a model represents an excellent approximation, and in this way the 
b quark mass is found to be 


M, = 4500 MeV/c? 


Since the relativistic corrections for the heavy b-quarks are smaller than for the 

light c-quarks, one hopes to get new information about the quark-antiquark 

potential from the measurement of the decay modes and further excited states of 

the bb system. In this way a better understanding of the fundamental interaction 

between quarks and antiquarks and the confinement problem is hoped for. 
The new resonances are clearly apparent in a plot of the ratio R, 


__o(e*e” — Hadrons) 


11.37 
c(e*'e —u*u) ' (11.37) 


which plays, as we have seen, (cf. Fig. 11.2) a decisive role in determining the 
correct quark model. In the energy region 2 GeV < Eem < 3 GeV, R is nearly 


13 J.L. Rosner, C. Quigg, H.B. Thacker: Phys. Lett. 74B, 350 (1978). 


11.8 The Y Resonance 


constant at 
R22 . (11.38) 


At higher energies R increases and reaches the value 3.5 at an energy of 4.5 GeV. 
In this region all the charmonium resonances are found. At an energy of about 
10 GeV, R runs through another threshold region, the region of the upsilon 
resonances. Here it rises to a value of nearly 4. 

The elementary process which produces the cross-section e*e ^ — hadrons is 
the annihilation of an e*e^ pair into a virtual photon followed by the creation 
of a quark-antiquark pair (see Fig. 11.22). 

Quantum electrodynamical calculations show!^ that this cross-section is 
essentially given by the square of the charges of the created particles. Since all 
quarks are created with the same probability (given sufficient energy), we sum 
over all quark charges and find that 


R-YQb. (11.39) 


By using the usual SU(3) quark model we obtain 
Rsu5 =$ +5 + § =$ =F , (11.40) 


though obviously this value does not agree with the experiment. If we take into 
account that each quark appears in three colours, we get 


Rr = 3) OF , (11.41) 


and for the flavour SU(3) model follows 
Rey =3xF=2 . (11.42) 


In fact this is the experimental value in the energy region E.m < 3 GeV. Hence 
we conclude that the [SU(3) colour x SU(3)avour | model describes the low-energy 
behaviour of R correctly. 

Evidently a new channel of particle production opens between 3 GeV and 
4.5 GeV, and we cannot explain the detailed structure of this transition within 
our simple model. However, starting at Ecm = 5 GeV, R is once again nearly 
constant. According to our considerations the value of R should now be 
described by the charm model. The charge of the c quark is Q — 2/3 and 
therefore we would get the wrong value, i.e. 


Ruas =Y > (11.43) 


if we counted each quark flavour only once. However, if we allow for colour, we 
obtain 


REGo s3 xP, (11.44) 


and once again this value agrees well with experiment. 


14 W, Greiner, A. Schäfer: Quantum Chromodynamics (Harri Deutsch, Thun 1989). 
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Fig. 11.22. Creation of a 
quark-antiquark pair 
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The recently discovered increase at 10 GeV can only be explained by a fur- 
ther quark flavour, the b-quark ("bottom" or "beauty"). Denoting the charge of 
the new quark by Q,, the relation 


R = 4.392 (11.45) 


must hold beyond 10 GeV. If we restrict ourselves to charges which are one or 
two thirds of the elementary charge, the experimental value of R yields 

b = + 1/3. The possibility Q, = + 1 /3 can be excluded by a simple considera- 
tion: The so-called A, particle, which consists of one u-, one d- and one b-quark, 
has the charge 


Q(4y) = (+3) +(-4) +0, 2140, . (11.46) 


In the case of Q, = + 1/3, the charge of A, would not be an integer. Conse- 
quently, because of charge conservation, the A, particle could not decay into 
known hadrons which all have integer charges. The A, would be absolutely 
stable. Since such a stable particle has not been observed, the b quark must have 
the charge — 1/3, like the d- and the S-quarks. 

Based on considerations of the theory of weak interactions, it has been 
conjectured that there is at least a sixth quark flavour, the t-quark (“top” or 
" true"). This quark, which has not yet been discovered experimentally, should 
have the charge Q, = + 2/3. Then all quark flavours can be arranged into 
doublets to give 


(3) (i) l (5) , and so on (?) (11.47) 


It is not known how many of these doublets exist. It is quite possible that more 
and more quark flavours will be discovered until it may become questionable to 
consider the quarks as “elementary” constituents. Various models of such 
possible quark substructure have already been proposed.!$ 


15 See Vol. 5 of this series, W. Greiner, B. Müller: Gauge Theory of Electro-Weak 
Interactions (Springer, Berlin, Heidelberg) to be published. 


19 Seeeg. R.N. Mohapatra: Unification and Supersymmetry (Springer, Berlin, Heidelberg 
1986). 
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12.1 Introduction 


Up to now, we have seen various examples of Lie groups, especially unitary 
(U(n) and SU(n)) groups. Let us see if we can find some common denominator in 
the structure of their algebras U(n) and SU(n) (algebras are denoted by lower 
case letters). 

The first example we discussed extensively is the SU(2) algebra, which is 
identical to O(3). Various notations were used but here we are interested in the 
spherical form J 2s JA 0; "n _) of the algebra, which then is given by 


[. J.] 2 24, , [fo] = £J.. (12.1) 


The operators J, and J_ can be interpreted as a raising and lowering operator 
respectively, simply because they raise and lower the magnetic quantum number 
by one. The operator J can be called “weight” operator because it gives just the 

^weight" M. Inspecting (12.1) more closely we can interpret. J, and J. as 
operators of weight plus and minus one respectively, because Jy acting on J +5 
defined by the commutator, gives back J + With a plus-minus sign. See also the 
definition of the regular representation of a Lie algebra, Section 5.3. There, the 
action of the generators on themselves defines a representation. In this sense, e.g. 
J J, can be viewed as a “state” of weight one, etc. Equations (12.1) tell us that 
J acting on J -, and vice versa, gives back the weight operator Jo and the 
action of Jy on J + Bives back J, with the “weight” in front. 

This division in terms of raising, lowering and weight operators turned out 
to be very useful in defining a suitable basis and in the construction of matrix 
elements (see Chapter 2 for the SU(2)-case). The question is now: Do other 
algebras show a similar structure? If yes we can copy the procedures proposed 
for the SU(2)-case and apply them to the other algebras. Let us consider next the 
SU(3) algebra as an example. 

In Section 7.3, Eq. (7.28), we indeed find the same structure. We have 
operators of “positive” weight (T,, Y, Ü), of negative weight (T_, y. U_) 
and two weight operators (73, Y). The weight operators commute with each 
other and form the so-called “carton” subalgebra, given by the maximal possible 
number of generators which commute with each other. Note that with the 
definition of “highest” weight, given in Chapter 7, Î,, P, and Ü _ are the raising 
operators in SU(3). Nevertheless, it is equally justified to define T,., V, and U, 
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as raising operators, resulting in a different highest weight state. All this is just 
a matter of definition and should not disturb us here. 

The structure of the SU(3) algebra seems to be more complicated but in 
reality it shows the same structure as SU(2). For reasons of brevity we now 
denote all raising and lowering operators as Ê, with a defining the weight of the 
operators. For example, the action of T, and Y on f + is given by 
[T4 f. .J= £T, and [Y, T.]=0, showing that the weight « of these oper- 
ators isx=(+1, 0). Analogously P, and Ü , have the weights (see Chapter 7, 
Eq. (728) «=(+4, +1) and a =( rj + 1) respectively. The weight 
« uniquely defines the operator! Also the weight operators 7, and Y we shall 
now denote specially by H; (i = 1,2). With this new notation the algebra reads 


[Ê,, Es] = N, Ea +p , Q # B (12.2a) 
[Ê,, É 4] = a H, (12.2b) 
[H;, £,] = a Ê, (12.2c) 
with N,,, «, a; being constants and summing over repeated indices. As an 
example for (12. 2a) there is the commutator (T.., P ]- —Ü., which reads in 
the new notation [É. i. 0)» Ê, -pl=- Êg, ED Le. the weights simply add. 
Ás an example for (12.2b) we have [Ü 4U-]23Y-— T4, which in the new 
notation reads Ec 4,41» Éoa-nl^ — H, T TA For (12.2c) we have 


(T;,U.]= T1Ü,, which now reads (Ai, Epes, m" = ( FANE zs, £1» 
giving the first component of the weight a = (a1, %2), Le. æ; is a weight compon- 
ent. Finally (12.2d) is represented by e.g. [7,, Y] = 0, which is [H,, H;] = 0. 
The two operators T, and Y form the Cartan subalgebra. As will be shown later, 
the a! in (12.2b) are related to the «;. For the moment consider them to be 
different. Also some change will come from the redefinition of the generators via 
a simple multiplication by a constant, which can be different for each generator! 
This redefines the weights and other constants in (12.2) accordingly. 

If it were possible to write an algebra in the form (12.2), then the advantage is 
obvious. The weight operators, together with the Casimir operators form 
a commuting set of Hermitian operators. Then states can be defined which are 
eigenstates with respect to these operators. Or in other words: we can systemati- 
cally define quantum numbers! Furthermore, we can define raising and lowering 
operators whose action can be deduced from the algebra itself, in just the same 
way as in Chapter 2 for the SU(2) group. Also, analogously matrix elements and 
Clebsch-Gordan coefficients can be calculated. 

In Exercise 7.1 we show that SU(4) also exhibits the structure of (12.2) and 
thus implies that possibly all known semi-simple algebras can be put to the form 
(12.2). 

As a last example we discuss a non-compact algebra sp(2, R). It is related to 
the one-dimensional harmonic oscillator (h = m = œw = 1) 


Å -i gx) (12.3) 


with [x, 9] — i. The name "symplectic" comes from first redefining X= Z, and 
p= Zp, resulting in the commutator [Z;, Z;] = igi; with (g,;) =(-9 $). Only 
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those transformations in the phase space (Zi, Z3) are allowed which preserve 
the “metric” (g;;), which is called symplectic. The number 2 is related to the 
dimension of the phase space. 

Instead of coordinates and momenta we can introduce boson creation and 
annihilation operators via 


~ ~ 


g =—~(b* +5) p=- - $) . (12.4) 


1 
V 
Let us now construct all possible squares, i.e. 

B*2bb Babb OÓC-bkbe€l. (12.5) 
The B* then raises a state of N-quanta by two quanta and B lowers it. The 
operator C stays within the same state or simply gives the weight (N + 3). With 
(12.7) we can connect all states of the one-dimensional harmonic oscillator, 


dividing the states into two spaces with N — even or odd. We can now define 
a lowest weight state (l.w.) by 


B|Lw.) =0 (12.6) 


having two solutions N = 0 or 1. The C applied to this state then defines the 
irreducible representation, i.e. ($) or (3) depending on whether we act on the 
space with N = even or odd. The representation is clearly of infinite dimension 
because we can apply B* as often as we wish. 

The operators in (12.5) form the algebra 


[B,B*]-46 [Ĉ,ĝ*]= + B+ [6B8]--B. (12.7) 
This algebra is called sp(2, R). Now let us redefine the operators, i.e. 

Bt+E,, >Ê, CH, . (12.8) 
With this the algebra reads 

[É.,, Ê] 9 — 4H, (Ay, Êa] 9 Ê+ 


In fact, multiplying B* and B by 4 only changes the first commutator now with 
a 2 in front. Comparing to (12.1) we then obtain nearly the same algebra except 


for the sign in the first commutator. This is no coincidence. The algebra is the 
same as the one of SU(I, 1), Le. sp(2, R) « SU(1, 1). More important for our 
puspose is that again we have the same structure. 

In conclusion, we have found various examples of algebras which can be put 
into a standard form, i.e. weight, raising and lowering operators. This remarkable 
property deserves more attention and investigation. In what follows, we will see 
that indeed all semi-simple Lie algebras can be put into the standard form and 
can be classified according to it. Though the algebra will have the same structure 
as indicated above, the constants N,,, % and x‘ will differ from the previous 
examples due to a convenient multiplication by constant factors of the gener- 
ators. 

Unfortunately, we have had to go through a rather dry topic, which is 
however necessary. During the various steps one has to keep in mind the various 
examples. As a reward one will understand that all semi-simple, classical Lie 
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algebras are related to each other in their structure and that there can be only 
a finite number of types of semi-simple algebras. This knowledge enormously 
simplifies the treatment and application of groups to various topics in physics! 


EXAMPLE M 


12.1 Weight Operators of the SU(4)-Algebra 


The algebra SU(4) was introduced in Chapter 11. It has SU(3) as a subalgebra, 
so we need only to see if the additional operators exhibit a continuation of (12.2). 
The answer is yes! For this use use the 4;-operators (i = 1,...,15) as defined in 
Eqs. (11.1)- (11.3). For À with i = 1,...,8 we have done this already i in Eq. (7.27) 
for SU(3). We do the same for the rest, i.e. we define F, = = 11, and introduce the 
Operators 


A a 4 4 6 
Z+ = Fis tiF; Ê, = /6 15 = Y Às (1) 


We now have three weight operators, namely H 1= T, H 2= Y and 
Ĥ, = = Bilis. This implies that the weight of the operators carry three numbers 
related to the action of H, (i = 1, 2,3) on the operators. 

_ In order to determine the weight of W,, X + and Z, we act respectively with 
H,,H , and Ê 3 on them. We start with W,. Using Table 11.2 and Eq. (11.4a) we 
obtain 


[H;, W.] = [14,105 tidio)] = + V. (2a) 
^ ^ 1. a » ^ 

[H;W,]- ae $0 + iso) = riW, (2b) 
^ a 63 i5 4 - 

[H;, W.] = ^s 2(Ag tiio) |= +2 + o (2c) 


This implies the weight x = (x,, «2, %3)= (+ 1, +4, +2) and the substitution 
of W, by 


W, > Ê cies £2 - (3a) 
Similarly we have 

Xt > Ec eii» (3b) 
and 


Zi > Eo, i1.» (3c) 


12.2 Root Vectors and Classical Lie Algebras 


The weight of each generator of SU(3) with respect to the third weight operator is 
zero as can be deduced easily from Table 11.2, because the commutator 
Â, = (\/6/2)Ais, ie. Ais with 4, (k = 1,..-,8), vanishes. 

Note also that in this example we choose the weights in such a way that no 
square roots appear. By a suitable rescaling, i.e. multiplication of the generators, 
this is changed. In fact the final convenient form of weights will deviate from the 
example. 


eee 


12.2 Root Vectors and Classical Lie Algebras 


In this chapter we shall try to classify all semi-simple Lie algebras. Since we 
know that one basis of a Lie algebra can be transformed into another by a linear 
transformation, we first search for a standard form of the commutators of the 
elements (generators) X , of a semi-simple Lie algebra. One arbitrary linear 
combination of these elements is denoted by A, where 


A=a'X, , (12.9) 
and another by X, defined by 
X=x'X, . (12.10) 


We now demand that these operators fulfil the eigenvalue equation 
[A,X] =rX , (12.11) 


where r and X represent eigenvalue and eigenvector respectively. By using the 
commutation relations between the X, 


[X,, X,]- = Cio X, , (12.12) 
equation (12.11) takes the form 
a'x'Cuu E, m rx Y, . (12.13) 


Since the X, are by definition linearly independent, then (12.13) is equivalent to 
(a^C,, — Tye)” =O , 

and the corresponding secular equation 1S 
det|a^C,,, — Tove] =O . (12.14) 


If the Lie algebra consists of N elements, then (12.14) has N solutions, although 
some of them may be degenerate. As Cartan showed, one can choose A in such 
a way that the number of different solutions of (12.14) becomes maximal. In the 
case of semi-simple Lie algebras only the eigenvalue r = 0 remains degenerate. If 
r = 0 is | times degenerate we call | the rank of the semi-simple algebra, because 
(12.11) with r = 0 defines the commuting elements H; of the Lie algebra. 
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. The eigenvalue r = 0 has | corresponding linearly independent eigenvectors 
H; which make up an /-dimensional subspace of the N-dimensional vector space, 
i.e. 


(A, H;]. - 0 (212,..,1) . (12.15) 


The eigenvectors É,, which correspond to the remaining (N — I) solutions, form 
an (N — 1)-dimensional subspace for which 


[A, E,]_ = a£, (12.16) 


holds, where the eigenvalues are now denoted by a. The values « are called the 
roots of the Lie algebra. Next we write 


[H;, £,].. = aE, ? [H;, BH, —0 


The commutativity of the H; may be understood by initially assuming that 
the H; do not commute, so that 


[HH] = CLH; with Cf; 40 , 

ie. the equation 
(Ci, — 50))H, — 0 

has at least one eigenvalue s that is non-zero. Now we replace A by 
A'=A+eH, , 


where £ is chosen so small that the eigenvalues r of (12.14) which are non-zero 
are not decisively altered (i.e. none of the eigenvalues become zero). We also 
obtain the eigenvalue £-s if we choose a suitable linear combination of H; for 
X and thus the degree of degeneration of the eigenvalue zero becomes smaller. 
This is in contrast to the assumption that A has already been chosen so that 
(12.14) has the greatest number of different solutions. Any operator A that 
commutes with all H; [as in (12.15)] can be expressed as a linear combination of 
the operators H,, ie. 


A=aH, . (12.17) 
To study the properties of the roots a, we calculate 
[A, [H;, Ê,]-]- = [A, Å, Ê,]- — [A, E,, Hj 
= [4, H.]- E, + H[A, £,]_ — [A Ê,]-Ĥ, — E,[A, H;].. 
—-a[H,É]. . (12.18) 


Here we have taken into account (12.15) and (12.16), though (12.18) can be 
obtained more quickly and in a more elegant way using the Jacobi identity. 


(A, LH; £,.].]. = — CA, [É,, 4]-]- - C£. (4, H,]-}- 
= «[H;, E,]- , 


once again using (12.15) and (12.16) in the last step. If É, is an eigenvector with 
eigenvalue «, then, because of (12.18), there exist / eigenvectors [H;, E,]_ with 
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the same eigenvalue. But since « is not degenerate, all (H;, £É,]- must be 
proportional to E,, i.e. 


(Ê; £j]. =a;E, , or (12.19) 
C%,= 4,62 . (12.20) 


In other words the E; and Ê, span the Lie algebra. The structure constants 
defined in (12.20) are denoted by C7, and have a very simple form because they 
are diagonal in « and o. From (12.16), (12.17) and (12.18) we see 

a=aa, , G=1,2,...,) . (12.21) 


Here the «, can be considered as the covariant components of a vector in an 
l-dimensional space. This vector is called the root vector. 
The Jacobi identity 


CÂ, [Ee £5]. ]-. + CÊ., (Ey, Al-1- + (Ey, (A, £,]-]- = 0 (12.22) 
in connection with (12.16) yields 

[À, CÊ., £,]-]- =(% + B EE, Ês- . (12.23) 
ie. [É,, É,]- is an eigenvector with eigenvalue a + f, if « + B #0. Hence 

[É,, É,]- = C2502* P É, +g 
If a + B = 0, then [E,, É5]- is a linear combination of the generators Hi, 

[E É..]- = CL -afi , (12.24) 
where C2, = 0 in the case o #a+ B. Ifa+ B is a nonvanishing root, then 

[É,É£,]. = NÉ, eg » ie Cu = Nag (12.25) 
holds. Next we construct the metric tensor 

Jao = CL CS, - (12.26) 


The summations over u and v are performed with respect to the restrictions 
(12.19), (12.20) and (12.24), 


Jao = Ci, Cy. + Ch aC + } Cap" Coste 
Bé c 


x as well as o is a fixed index, i.e. although z appears twice, one must not sum 
over it. In this equation only terms with c = — & can exist [cf. (12.19) and 
(12.24)], Le. 


gae = O , ifoz£z-wx. (12.27) 
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If — « does not solve (12.14), then det; Jao| = 0, which means that Cartan’s 
condition for a semi-simple Lie algebra is not satisfied. We thus conclude that 
for each nonvanishing root « of a semi-simple Lie algebra, — a is also a root. 

By normalizing the E, in such a way that g,_, = 1 and by reordering the 
basis elements, we obtain 


From det |g,y| #0 follows det|gi,| #0 and we obtain, by using (12.19) and 
(12.20), 


Ji = ChCh = Yay . (12.28) 


This tensor g;, can be considered as a metrical tensor of the I-dimensional space, 
which is spanned by the vectors « [cf. (12.21)]. It is only left to determine the 
coefficients in (12.24). 

Since Ciu = gjC}, the indices may be cyclically permutated, ie. 
Ci; = C; = Cii, as shown in Exercise 12.1, we find 


Ci, = 9 C, i = g* Cy a-a = g* Ci, = g*a, = x . (12.29) 
Hence 
[É,É ..]. - vB, | (12.30) 


Here the «! are the contravariant components of the vector x. Now we can write 
down the so-called Cartan- Weyl basis of the commutator relations of a semi- 
simple Lie algebra: 


(4,H,J-=0 , (i= 1,2,....0 (12.31) 
(H,,E,J-=aE, , (12.32) 
(Ex, E]. = NuÉ, , (a B 0) (12.33) 
[É.É ,] =Ê (12.34) 


Equation (12.31) may be used to define a commutative subalgebra, also called 
Cartan subalgebra, from the elements of the semi-simple Lie algebra. It repres- 
ents the maximal abelian subalgebra of a given Lie algebra. 
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EXERCISE ee 


12.2 Proof of a Relation for the Structure Constants Cj; 
Problem. Show that Cigi = Cui = Chik: 


Solution. By definition we have 


Cixi = guCh = in Ch Ch (1) 
so that, using the Jacobi-identity, we may write 
Cit — Cin C5 CL — im Cjk Cj; = Ch Chr im — h Ci Cim - (2) 


We see immediately by suitably renaming the indices j, m, and n that it remains 
unchanged under a cyclic permutation, e.g. 


Ce; Ch Cim = CaCO Ci - (3) 


12.3 Scalar Products of Eigenvalues 


In (12.21) and (12.29) we have seen that the eigenvalues « may be considered as 
vectors in an [-dimensional space. Now we define the scalar product of two root 
vectors as 


(x, B) = o'i . (12.35) 


For these scalar products the following Lemma 1 holds: 
If « and f are roots of (12.14), then 2(«,8)/(«,«) is an integer and 
{8 — [2a(a, B)/(a, x)]) is also a root. 


Proof: We suppose that « and f) are roots of (12.14) and choose a third root y in 
such a way that « + y does not solve (12.14). From (12.33) then follows 


[E_., E,]- = Nyy Ey -a 


Since we do not care about normalization, we denote the rhs by Ê’. Also 
adopting this definition in the following, we get 


[E_., É,]. = Ey. , [É E, ..]- = Ê’ 2 , 


and finally 
[É-,É,. 4]. = Éj ens - (12.36) 
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This series of equations has to terminate after n steps, because there only exist 
a finite number of Eg, that is 


[E Eng] = É intta=0 . (12.37) 
From (12.25) an analogous relation is also derived, i.e. 
[È Êj Dal- = Hisi Ê, ja . (12.38) 


By eliminating E. (j+ a from (12.36) and (12.38) and using the Jacobi identity, 
we deduce that 


bj. Ê; ja = (E..[E_., E’_j.]-]- 
= [Es as [É, É ,].]. — [E_., [É,. as E,]-}- 

[due to (12.31 — 34)] and because of (12.38), 

= CÊ; — ja, o H;]. + MLE 2, Êj- Dal- , 
which with (12.36) 

= oT H,, Es ig] - + 7H -ja , 
and finally using (12.32) 

= d(Y; - ja) £5, + ujE, ja 


The É; are linearly independent (since the Ê; are) and the last equation 
therefore yields the recursion relation 


His. = (83) — jla) - py. (12.39) 


Ho is not defined originally by (12.36), so that choosing 4o = 0, we apply (12.31) 
for all values j = 0; therefore we obtain by recursion from (12.39) 


K= jl) = zj — (ma) . (12.40) 
But now (12.37) shows that Hn+1 = 0; hence 
(x.y) = in(a,a) , Or (12.41) 


bp n =j + l)(a,a) 
If B is any root, there exists a certain j > 0 with the property that y = B + ja is 
also a root, but not y + a. Inserting this into (12.41) yields 

(2,8) =3(n ~ 2j) o) , or 

» 6D 


-2n-2j. (12.42) 


This equation proves the first part of our lemma, because the rhs is certainly an 
integer. 

(xa) must not be zero, because otherwise (12.41) would imply that « is 
orthogonal to all roots. Since these roots make up the whole /-dimensional 
space, this would be in contradiction to Cartan's criterion for a semi-simple 


12.3 Scalar Products of Eigenvalues 
algebra. Thus we can always divide by (x, x) and (12.41) also yields 


a, 
, 0.7) 
(a, a) 
To each pair a and y for which « + y is not a solution a series of roots corre- 
sponds 


»y-—a...y-n«X , (12.43) 


which is invariant under reflection at the hyperplane. This series also touches the 
origin and is orthogonal to the vector «. Since each f must be a member of one 
of these series, we can say that B = y — ma. à = y — (n — m)a is also a root 
because of reflection symmetry, ie. x = f — (n — 2m)a. Therefore (12.41) implies 
that 


(a, P) 
(a, a) 


is also a root, which proves the second part of Lemma 1. 
It is almost trivial to prove Lemma 2. If g is a root vector, then «, 0 and  —« 
are the only integer multiples (denoted by k) of a that are also root vectors. 


6= B—2a 


(12.44) 


Proof: From [E,, E,]— = 0 and (12.33) we directly see that 2x cannot be a root. 
But each value |k| >1 gives rise to a root series, which must contain 2a. 
Therefore |k| > 1 is impossible and Lemma 2 has been proved. 


Lemma 3 is also important. A root series based on a which contains another 
root f consists of not more than four roots, which satisfy 


2527 20 +1, +2 3 . (12.45) 


Proof: Since the case fj = +a was considered in Lemma 2, we can assume that 
B +a. We further assume that at least five roots exist, which we can denote by 
f — 2«, B — x, D, B + «, B + 2a. 

Lemma 2 shows, however, that 2x and 2(x + f) are not roots. On the other 
hand we have 


2x 2 (B4 2x)— B. and 2(x- B)-(B-- 22) - B 


Therefore the f-root series, which contains f + 2a, only consists of a single 
member, ie. f + 2a. Hence (f + 2a, p) = 0. Similarly neither f — 2% — B nor 
B — 2« + B are roots, so that (f — 2a, J) = 0 holds. Addition of both these 
equations yields (8, 8) = 0, which is only possible for fj = 0. Zero roots, how- 
ever, are excluded from our considerations and therefore at most four roots are 
left. 

We still have to prove (12.43). To that end we write down a root series 
analogous to (12.41). On one hand we have 


k+j+1<4 (12.46) 
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and on the other, according to (12.40), 


265 gi (12.47) 
(a, x) 


if we set n = k + j. But (12.46) yields k, j < 3 and so (12.47) proves the assertion. 


12.4 Cartan-Weyl Normalization 


Before we consider the graphical representation of the root vectors, we make 
some remarks about the Cartan and Weyl normalization. The constants N;; 
appearing in (12.33) have not yet been determined. Combining (12.36) and 
(12.38) and setting f = y — ja, we obtain 


"A = [Ên [É ,, £,.5]-]- = N-aa+plEw É,]- 
= N~a,0+pNapEo+p , (12.48) 
using (12.33) twice. Since u; is known from (12.40) and (12.41), then 


j , 
NaN -a,a+8 == 5" —j-t 1) (a, a) , 
and writing n = k + j, as above, we arrive at 
NagN uses T Dona). (12.49) 


The series of roots 
Bj , B+(j—l1)a, ...B. ...,fB —ka (12.50) 


belongs to (12.49), for which the constants N,5 are determined only up to 
a phase. However, we reach a consistent choice of phase if we take into account 
the antisymmetry of the Ns. For that purpose we have to require the validity of 
the relations 


Nag = — Ny, = — N 5-2 = IN ga 


12.5 Graphic Representation of the Root Vectors 


In view of (12.21), 
a = åa (i= 1, ...,l) 


can be considered as a root vector in an l-dimensional space with / covariant 
components «;. If we draw the vectors, beginning at a certain point, an l- 
dimensional diagram arises. Van der Waerden showed that exactly one system 
of root vectors corresponds to each diagram and he used this to give a complete 


12.6 Lie Algebra of Rank 1 


classification of the simple Lie algebras. His method is based upon the three 
lemmata which we have proved above. Here we once more repeat their relevant 
statements: 


1. If x is a root vector, then —« is also a root. 
2. If a and f are root vectors, then 2(a, B)/(a, &) is an integer number. 
3. If and f are root vectors, then £ — [2a(a, B)/(a. a)] is also a root vector. 


With help of the scalar product, defined in (12.35), we are able to introduce 
the angle @ between the root vectors « and fl, where 


(a, B) 


cos 6 = Se . (12.51) 
J (a, 8) CB. B) 
With (12.19) and Lemma 2 this yields 
cs?2$20 , $1.3. $2, orl . (12.52) 


Because of Lemma 1 it is sufficient to consider only positive angles, i.e. the angles 
$ = 0°, 30°, 45°, 60°, and 90° 
Now we connect these angles with the ratios of the scalar products: 


1. ọ = 0°. This angle only appears in the case x = p. 

2. @ = 30°. Then we have (x, B)/(% a) = 4 or 3 and (a, B)/(B, 8) = 3 or 4. There- 
fore we get (B,B)/(a,%) = 3 or 3. 

3. p = 45°. Then we have (x B)/(a,0)=% or 1 and correspondingly 
(a, B)/(B, B) = 1 or 3. Therefore (B, B) (a, a) = $ or 2. 

4. à = 60°. Here (x, B)/(a, 9) = 1 and (x, B)/(B, B) = 1 We obtain (f, f) = (o. 9). 

5. $ = 90°. (x, 8) = 0 and (f), B)/(«, a) is not determined. 
It is useful to introduce the ratio of the lengths of the vectors « and f, 


(a, x) 


=V (BB) 


If f is the shorter vector, the following picture is obtained from the statements 
made above: 


$239: k=3 $260: E -1 
Ó-45: k? =2 $ = 90°: k? not determined (12.53) 


k 


Now we are able to construct vector diagrams for all simple Lie algebras. 


12.6 Lie Algebra of Rank 1 


In the case | = 1, (12.31-34) and Lemma 1 yield only two nonvanishing roots, 
+a. Therefore we obtain à = 0° and the diagram becomes quite simple, which is 
shown in Fig. 12.1. There is only one Lie algebra of rank one, which is the SU(2) 
[or the SO(3), which is isomorphic to SU(2)] and is commonly called A. 
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—a 0 a 
o—— oo 


Fig. 12.1. Diagram of the 
Lie Algebra A, 
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Fig. 12.2. Vector diagram of 
the Lie algebra G, 


Fig. 12.3. Vector diagram of 
the Lie algebra B, 


Fig. 12.4. Vector diagram of 
the Lie algebra A, 


Fig. 12.5a. Vector diagram 
of the Lie algebra D,. 
b Vector diagram of the Lie 
algebra C, 
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12.7 Lie Algebras of Rank 2 


The various diagrams of second rank Lie algebras are two-dimensional. We 
describe them separately according to the angle @. 


$ = 30°: 


The system of coordinates is chosen such that the vector x given by (1,0) is 
shorter than the vector p. From (12.53) we have (B, B) = 3, and because the angle 
between « and £ is 30°, the coordinates of B are [3/2, /3/2]. From (12.51) it 
follows that the vectors —a and —B belong to the diagram, too. Since 
(a, B)/(B, B) = 1/2, we see from Lemma 3 that « — f is a vector of the diagram 
with the coordinates [ —1/2, — 5/2]. Thus it follows from Lemma 1 that 
B — a, with the coordinates [1/2, ./3/2], also belongs to the diagram. 

By successive application of this method we can find all 12 vectors Which are 
nonzero. (Of course, for l = 2 there are two null vectors which belong to the Lie 
algebra). The diagram of this Lie algebra, labelled Gz by Cartan, is represented 
in Fig. 12.2. Note that the long vectors pointing to the outer edges are each given 


by the sum of their two neighbouring vectors. 
$ — 45°: 


Proceeding in the same Way as above we obtain Fig. 12.3. This represents the B, 
Lie algebra according to Cartan's notation. It contains 10 vectors including the 
two null vectors and describes the Lie algebra of the group SO(5). 


$ = 60°: 


In this case one obtains a hexagonal vector diagram that belongs to the A, Lie 
algebra. 

This Lie algebra represents the group SU(3) and contains 8 vectors, includ- 
ing the null vectors. 


$ = 90°: 


There are two different diagrams in this case (shown in F igs. 12.5a and b). 

The vector diagram D; contains 6 vectors and can be separated into two 
groups of orthogonal vectors. Therefore it represents the Lie algebra SO(4), 
which is isomorphic to the direct sum of two SO(3) algebras. The second 
diagram belongs to the Lie algebra denoted as C, by Cartan. It results from 
a rotation of 45? of B, thus being isomorphic to it, and represents the algebra of 
the generators of the simplectic group Sp(4) in 4 dimensions. 


12.8 Lie Algebras of Rank | > 2 


The generalization of the vector diagrams for all possible simple Lie algebras of 
higher rank was given by Van der Waerden. 


12.9 The Exceptional Lie Algebras 


B; We introduce the vectors 

e; —(1,0 and e,=(0,1) 
and construct the vectors +e,, te, and +e, +e, with all possible combina- 
tions of the sign. Then we have 

(+1,0), (0, £1), (1, +1) and (—-1, £1) 


in the coordinate representation. There are 8 vectors, which together with the 
two null vectors form the diagram B,. For B4 we consider the orthogonal 
vectors 


e, =(1,0,0), e= (0,1,0) and e, = (0,0,1) 


We build the vectors +e; and +e; +e; and obtain 18 vectors, which represent 
the 21 roots of B, including the three null vectors. For the general diagram B, we 
consider / orthogonal unit vectors and construct the vectors 


re, and +e, +e; (Lj-l,...l) (12.54) 


of an /-dimensional space, which yields 2/? vectors. Including the / null-vectors 
we obtain the vector diagram which represents the Lie algebra of rank /(2] + 1) 
and belongs to the group SO(2/ + 1). 


C; For C, we can use the same unit vectors as in the case B,, but we need to 
construct 

+2e, and  teijtej; (ij-1,...,l) (12.55) 
as vectors of the diagram. Evidently C, is of the same order as B,, but it belongs 
to the Lie algebra of the simplest group Sp(2l). 
D, For | > 2 we again use the same unit vectors and consider the vectors 

tei te; (üj-1,..,I) . (12.56) 
Al(l — 1) vectors of this kind exist, thus the algebra is of order /(2] — 1) and 
therefore D, represents the Lie algebra of the group SO(21). 
A; We choose | + 1 orthogonal unit vectors of an (/ + 1)-dimensional space and 
build all vectors of the form 

e—e; (íLjol,;..,.I*1) . (12.57) 


Now we project the vectors onto a suitable /-dimensional subspace, yielding 
I(l + 1) vectors. Together with the / null vectors they correspond to a Lie algebra 
of order I(l! + 2), belonging to the group SU(I + 1). 


12.9 The Exceptional Lie Algebras 


The four series of vector diagrams A,, Bi, C; and D, correspond to the four 
classical Lie algebras of the groups SU(! + 1), SO(2! + 1), Sp(2I) and SOQLI). As 
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Van der Waerden showed, there are only five other diagrams which belong to 
the exceptional Lie algebras and there are G;, F4, Eg, E; and Eg (in Cartan’s 
notation). 


G;: This diagram has already been discussed. 


F,: For this diagram we add the 16 vectors 
Ilte te teste) (12.58) 


to the vectors of B4. These 48 vectors, together with the 4 null vectors, represent 
52 roots and the algebra of F, is therefore of rank 52. Obviously B, is 
a subalgebra of F,. 


Es: We add the following vectors to those of As: 


2e, and Ute be betes teste)t (12.59) 
where in the parenthesis we choose three positive and three negative signs. Then 
we have 72 nonvanishing roots, and the algebra is of order 78. Clearly the Lie 
algebra Eg contains the algebra of the group SU(6) & SU(5) as a subalgebra. 


E,: Together with the vectors of A;, we consider 
ilte, tete tetes teste tes) , (12.60) 


where we choose four positive and four negative signs and obtain 126 non-zero 
vectors belonging to the algebra E; of order 133. Evidently the algebra of SU (8) 
is a subalgebra of E;. 


Es: For this diagram we take the vectors of Dg and add 
Hte, te:te,te,tes teste te) , (12.61) 


where we choose an even number of positive signs. Therefore the algebra Eg is of 
order 248 and contains the algebra of the group SO(16) as a subalgebra. 


12.10 Simple Roots and Dynkin Diagrams 


Van der Waerden’s method for the construction of the vector diagrams is 
suitable only for groups of order / < 2, because for | > 2 a two-dimensional 
representation is not possible. Dynkin showed that most of the information 
about the roots of a semi-simple Lie algebra are contained in a small part o of 
the entire set of root vectors X. These special root vectors are called simple roots. 
Dynkin also showed that the simple roots can be represented in two l-dimen- 
sional diagrams, the Dynkin diagrams. From these diagrams one can easily 


12.10 Simple Roots and Dynkin Diagrams 


obtain the complete set of root vectors, including their lengths and the angles 
between them. 

We call a root « a positive root if in some given basis the first non-zero 
coordinate is positive (of course, this depends on the basis choice). For example, 
we consider all non-zero roots in the diagram B,, for which there are 8 vectors 


(1, 0); (1, D; (1, — 1); (0, 15 (0, — 15 (7 LOS (— 1,1y(-L-9 


The first four of this set are positive root vectors. Generally speaking, one half of 
all non-zero vectors of a diagram are positive. 

We call a root simple if it is positive and cannot be represented as the sum of 
two positive roots. For example we have 


(1,0) = (1, — 1 - (0,1) or (1,3 2(,09) - (0,1), 
and therefore, (1, 0) and (1, 1) are not simple roots. A corresponding decomposi- 
tion of (0, 1) and (1, — 1) is not possible, implying that the simple roots of B; are 
a=(0,1) and f-(l— D . (12.62) 


Obviously, all simple roots are linearly independent and we denote the system of 
all simple roots by c. We can represent every positive root as 


y= Y ka, (12.63) 


aeg 


where the k; are non-negative integers. A semi-simple Lie algebra of rank | has 
exactly | simple roots, which form a basis of the /-dimensional space of the root 
vectors. 

Because the connection with the lemmata given above is evident, we give the 
three following lemmata without proof: 


Lemma 4. If x and f are simple roots, then their difference is not a simple root, 
i.e. 


if «peo , then «— féc 


Lemma 5. If «, f eo, then 


(12.64) 
where p is a positive integer. 


Lemma 6. If x, f € c, the angle pag between them is either 90°, 120°, 135° or 150°. 
If (x, «) < (B, B), then 


1 for Pap = 120° , 
TOME for bp = 135° 
(x) | 3 for dup = 150° , (12.65) 


not determined for Pap = 90° 
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For illustration we consider B, and B;. Due to (12.51), for B, the angle between 
the simple roots « and fi given in (12.62) is found to be 


(a, B) 
oste TU ET - A , 
ie. 
bap = 135° , (12.66) 
and due to (12.65) the relation between the lengths is 


ee 223. (12.67) 


For B, there are three simple roots 


27(0.01 , B=@1,-1) , y=(1,-1,0 , (12.68) 


Which obey the relations 


COS ag = — 4 > Le. beg = 135°, BP) a 


(x) 
COS Gag =O , Le. deg = 90? , Be m2 
có, - -$ , ie dy = 100" , a (12.69) 


A usual representation of the vectors (12.68) would be three-dimensional. 
Dynkin gave a prescription how to present the simple roots of every semi-simple 
Lie algebra in a two-dimensional space. 


12.11 Dynkin's Prescription 


Every simple root is represented by a small circle in the diagram. The circles are 
connected by one, two or three lines, according to whether the angle between the 
corresponding simple roots is 120°, 135? or 150°. Circles which belong to 
orthogonal roots remain unconnected. Circles corresponding to simple roots 
with the shortest length are filled, whereas circles corresponding to roots with 
the largest length remain unfilled. This prescription is unique because every 
simple Lie algebra contains simple roots with at most two different lengths. 
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EXAMPLE Se 


12.3 Dynkin Diagrams for B, 


According to (12.66) and (12.67) the Dynkin diagram for B, is simply 


and due to (12.69) the Dynkin-diagram for B, is represented by 


Gg» 
B a 
oO 
y B 
Order Cartan's 
Notation 
I(l + 2) A 
(21 + 1) B, 
iz2 
K(21 + 1) C, 
l>3 
(2I — 1) D, 
PE 
14 G2 
52 F4 
78 Eg 
133 E; 
248 Eg 


Group 


SU(I + 1) 


SOQI + 1) 


Sp(2l) 


SO(QL) 


G; 


F4 


E6 


E; 


Es 


Dynkin 

Diagram 
O—O-—O---O 

Oy A2 Qt 
O—O—O---G—» 
A, 2 Oly 


«1 Az Xz Oy 


Xi X5 A3 A4 Xs 
O—O—O0-—0—O 


: 


Xs 


Xi X2 Ay He Xs Ay 


0707797979 


O 
ay 


hy 05 03 A4 Xs He Ay 


091 777 


ag 


Solutions 


€; — ej(ij = 1, vee d+ 1) 


+ ĉi and tet €j (i,j = 1, eee ,l) 


— 


+ 2e; and te;te;(ij-l...,l) 


tei tej;(íje 1,...,1) 


+ 2e; Fe; Fe, (i,j,k = 1,2,3, i #j #k) 


As for B, plus the 16 solutions 
li +e, tetes + ea) 


As for A; plus solutions 

+ J2 e; and 
j(Xeteteteateiete2 
(an arbitrary choice of 3 “+” and 

3 “ —" signs for the terms in parentheses) 


As for À4 plus the solutions 

(+e, £e: te te, tes te tetes) 
(an arbitrary choice of 4 “ + " and 

4 * — " signs for the terms in parentheses) 


As for D, plus the solutions 
Z(t e, +e te, te, tes tes tetes) 
with an even number of plus signs. 
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Repeating this method we obtain the Dynkin diagram of every Lie algebra B,, 
i.e. 
o] a2 OT 


Dynkin showed that to every sample Lie algebra there exists a unique representa- 
tive diagram. These diagrams are given in the above table. Other diagrams are 
not possible. 


12.12 The Cartan Matrix 


The Cartan matrix is important for subsequent applications; hence we show the 
Cartan matrix (A;;) with the elements given by 


Aij = (ai, x5)/(a;, a) (12-70) 


for a, € c. For every Dynkin diagram we can easily calculate the corresponding 
Cartan matrix by making use of the Lemmata 4 to 6. From (12.70) the diagonal 
elements are always 2 and the non-diagonal terms are equal to — 3, — 2, — 1, 
and 0. 


EXAMPLE Se 


12.4 The Cartan Matrices for SU(3), SU (4) and G, 


The Dynkin diagram for the Lie algebra of the group SU(3) is 


OO 
a1 o 


From this we calculate that 
(a1, x2) = (25, 45) = 1 and (x1, 42) = —4 , 


because the angle between the simple roots a, and «, is 120°. Therefore the 
Cartan matrix for SU(3) is 


2 — 1 
—1 2 
The Dynkin diagram for SU(4) is 
omoa 


Q1 ar a3 


12.13 Determination of all Roots From the Simple Roots 
and thus 
(a4, 81) = (2, &2) = (85, %3) = 1, (01, %2) = (a2, %3) = — 5 


and (a,,%3) = 0. For SU(4) the Cartan matrix is 
2 —1 0 


For G, we have the simple Dynkin diagram 


CR» 
ay a2 


where (x1, %1) = 3, (#2, 42) = 1 and (%1, 4) = — 3 because 


(a>, X3) = vV (%1, a4) (M2, &3) cos 150° 
= —/(%, 1) (%2, %2) Ja : 


Therefore the corresponding Cartan matrix is given by 

2 —1 

~3 2 
————————————————— 


12.13 Determination of all Roots from the Simple Roots 


We now show how to determine the complete Lie algebra from the system c of 


the simple roots. For that purpose we search for a series k,, ..., kı of integers, 


such that Y, eo Kii is a root. 

For practical applications it is sufficient to determine only the positive roots. 
If B = y. kia; is a root, then we call IB] = ¥|k;| the height of f. Obviously the 
height is a positive number and all simple roots have the height 1. To continue, 
we assume that we know the positive roots of height n. Then all the positive 
solutions of height n + 1 have the form f — « + «j, with a; ec. For a given 
positive root « of height n, we must therefore determine those « e o whose root is 
given by « + a. If a = a, then it follows that « + a; is no root and in that case 
we can assume that « = F k;a;, with some k; > 0 (i +j). These linear combina- 
tions x — a, & — 2a, ..., being roots, are positive and are of height lower than n, 
so that we can deduce from our assumption which combinations yield roots. 
Thus the number s of the z;-series which contains a, 


& — $85, ..., 05... KF Ej, 
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is already known. For t the relation 
I 
t=s—2(a,a,)/(a;,0)=s— Y. kiAg (12.71) 
i=} 


holds and it may be determined by using the Cartan matrix. Because a + « jig 
a root only if t > 0, we can easily determine whether a given « + a; is a root or 
not. 


EXAMPLE Se 


12.5 Determination of the Roots of G, Using the Corresponding Simple Roots 


From Example 12.3 we know the Dynkin diagram 


QR» 
a} a2 


and the corresponding Cartan matrix 


2 —1 (1) 
-3 2 
for the Lie algebra G;. Therefore we know from (1) that 
2(@1,%2)/(01,4,)= —1 and 2(a,,@)/(a2,0,)= —3 . (2) 
Because x, — à; is not a root, it follows from these relations that the series 
a, containing a, and the series «, containing x, have the form 
45,05 04. 5 04,0, + 85,0, + 205, €, + 303 


Here the only positive root of height 2 is x, + &;. Also because «; + 2a, is no 
root, we conclude that x, + 2a, is the only root of height 3. 2a, + 2x; is also not 
a root; thus a, + 3a, is the single root of height 4. Finally, from (12.71), we find 
that 


2(a%1 + 342, &1)/(&1, %2) =2 -3 = —1 , 


which means that (x, + 3a.) + «, = 2a, + 3a, is a root. It is the only root of 
height 5, because «, + 4a, does not represent a root. Since the linear combina- 
tions (20, + 345) + a, = 3(x, + a) and (20, + 345) + a; = 2(a, + 225) are not 
roots, there are none with a height greater than 5. Consequently the roots of 
G, that are non-zero are 


tgi, t0, Ha, +a), + (X,- 202), + (%1 +382) + Qa, + 322) 


12.14 Two Simple Lie Algebras 


12.14 Two Simple Lie Algebras 


As an illustration we want to determine the Lie algebras of the groups SO(3) and 
SU(3). The Dynkin diagram for SO(3) is simply one circle 0, meaning that there 
exists one simple root, which we mark by J ~. In Van der Waerden’s representa- 
tions the corresponding figure looks like 


Je m 
—1 0 +1 


The corresponding commutator algebra follows from (12.3 1)—(12.34), i.e. 
[H,,H,]- =0 , [H,,J.]- = tj. , [J.,4-]- =Ê, 


In order to obtain the above algebra, we express H, and J by the infinitesimal 


^ 


operators of angular momentum Jx, Jy and J, for SO(3), so that 
Â =f, and J, -1(. tif) 
Thus we obviously obtain the known commutator algebra for angular momen- 


ta. As we can see, the new definition deviates from the one of Chapter 2 by 
a factor of 4. 


The Dynkin diagram of SU(3) is 
Q————— —O 


This means that there exist 2 simple roots of equal height, enclosing an angle of 
120°. Of course — a and — f are also roots, as is + (x + f, so that adding 
these roots we obtain the diagram for A; shown in Fig. 12.6. We normalize the 
roots by using 


ijwxj-Ó) 
a 


and thus obtain 


1 1 1 
= — (1,3) B95—zü,-3, x-B- (1,0) 
a 5! ) B 5 5 | B J8 


NE 3 


For the commutator algebra (12.31)-(12.341 we obtain 
[Â,, ÊJ- = 1/2/33 Ess [Â Ê; J- = tiÉ.. 
(Ay, Ê,- = 12/3 Ess [H, Ê -= *iÉug 
[H, Esespl- = V3 Eee n [H; É apl- 70 
(Ê, E... - 12/3 B, +48, [Ên Bp) = ES HC TH 
[E is. E-e+ml- = 1/3 i [E,, £j]- = 1/./6 Ex+e 
[E,, Ex+e]- =9 [Es, £,.5]- = 0 
(E,,E-eepl- = — I 6É-; [Es E-w+m)- = 1//6 Ê-a 
[H,,H,]- =0 
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for A, 
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Fig. 12.7. Illustration of the 
derivation of the weights of 
all members of an irreducible 
representation from the lar- 
gest weight A,,,x 


12.15 Representations of the Classical Lie Algebras 


There is a method which allows us to construct the irreducible representations 
of every Lie algebra using the above table. We want to illustrate this method 
without further proof. The basis vectors |u> of an irreducible representation are 
classified by their eigenvalues with respect to the operators H; of the Cartan 
subalgebra, i.e. 


Hi|u» = A(u)u» . (12.72) 


One defines the weight of a state |u» to be the vector (rank for N of the Lie 
algebra) 


A(u) := (A1(u), A5(u),...,Aw(u)) . (12.73) 


For the weights one introduces the following ordering relation: The weight A is 
called greater than the weight A’ if the first non-zero number 
A, — àia i= 1, 2,..., N, is positive. This ordering relation determines uniquely 
a maximal weight Amas for each irreducible representation, which has the 
properties: 


a) Am, is not degenerate, i.e. there exists only one state with the weight Amar. 
b) There is a one-to-one correspondence between the occurring irreducible 
representations and the corresponding A,,,,. 


One can prove these statements by generalizing the considerations of Chap. 7 in 
connection with SU(3). To justify the following procedure, we want to illustrate 
for the SU(3) triplet that one can deduce the entire irreducible representation 
from the largest weight Amar. To this end, in analogy to Lemma 1, we need the 
following: 


Amax = Ay = (1/2, 1/2 V3) 


Lemma 1’. For every weight of an irreducible representation A and for every 
root x, 2(A, a)/(x, x) is an integer and A — 2«[(A, «)/(a, «)] is a weight of the 
irreducible representation. 


12.15 Representations of the Classical Lie Algebras 


The greatest weight of SU(3) is Amax = 4u = (1/2. 1/2 JA. The simple posit- 
ive roots for the SU(3) are (see last section) 


a = Jap, - /3/2 ; B= 20. /3/2) 
Because of (A, a) = 0, (A, B) = 1/ J2 it follows from lemma 1’ that 
= (1/2, 1/2/38). da =(~ 1/21/2/3) , As = 0, — 1/2) 


The complete determination of an irreducible representation from Amax is 
generally more complicated because of the degeneracies, ie. there are more 
states with the same weight. To obtain the general scheme for the complete 
determination of the irreducible representations of any simple Lie algebra, we 
must therefore: 


1. be able to write down all the largest weights Amax and 
2. know how often each state is occupied. 


Problem 1 was solved by Dynkin by defining a new weight A. 


A... An) > Alin- Aw) 7-24 , (12.74) 
(ai, a) 

where the positive roots are denoted by a, ... y. From lemma 1' it follows that 
all 7, are integers and so the first problem is solved; Dynkin showed that all 
A = (Aq, Aa, Ay), With A; = 0, i = 1, 2,..., N, appear as the largest weights. The 
first problem thus reduces to writing down all N-dimensional vectors A with 
non-negative integer components. 

By considering the series of roots one can derive the following extension of 
lemma 1’: 


Lemma 7. If A and 4; > 0, then A — à; is also a root, where &; is the simple root 
a; in the “Dynkin basis", and 


a = Ay = Aj 


Lemma 7 provides the weights in the Dynkin basis. To transform this basis into 
the usual one we write 


A= Y bjaj— ai =} bjAj b; = Y ai(A Dij . (12.75) 
J j i 
For the calculation of the degree of degeneracy one can use the so-called 
Freudenthal recursion formula, given by 
[(Amax + 5, Amar + 5) — (A + ô, A + ô) Jn, 
=2 Y Na+k(A+ kaa) , with (12.76) 
z pos. root 
k>0 


ô=} Y a«a; 
& pos. root 
ô = (1, 1,..., 1) in the Dynkin basis ; 
n, is the number of states of weight A ; 
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and 


(A, A’) = » bibi (a&i, a) 
ij 


= 2; a(A" "ila, aJa (AT iy 


ijki 


= Y aja; (a5, a5) (A^ Dij 
jl 

- aya; 
ji 


Gy = [ (a, «;)/2] [A^ Jy - (12.77) 


The metric G;; is uniquely determined by normalizing the longest appearing 
roots to 2. Finally we give the so-called Weyl formula, whch allows us to 
coinpute the dimension of an irreducible representation from A max- 
N(Am)- [] (Amar + 5, a)/(5, 0). (12.78) 
« pos. root 
Concluding, we summarize the procedure for determining the irreducible repres- 
entations of a given simple Lie algebra: 


l. From the Dynkin diagram (see the table of Example 12.3) we obtain all 
Positive roots o;. 

2. Wecalculate the Cartan matrix A and the metric G using (12.74) and (12.77). 

3. From (12.78) we get all Amax Of the irreducible representations with not too 
large dimension. 

4. For the irreducible representations of interest we construct the diagram for 
the weights, making use of Lemma 7 and (12.78). 


In Example 12.6 we shall perform this calculation for the octet representation of 
SU(3), though in practice one can use tables calculated by computers. 


EXAMPLE BEANNEN 


12.6 Analysis of SU(3) 


1. We make use of the above table. Because the SU(3) is of second rank, with the 
two simple roots 


a —/2(.0) a, = ./2( — 1/2, 3/2), 
it follows that 


43 = Oy + az = \/2(1/2, ./3/2) , 
Where «,, &3, a3 are the positive roots in the considered basis, which were fixed 


by a, = /20, 0). 
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2. We calculate A and G. Ai; = 2(a,, «j)/(a;, ai); 


2 — 1 1/2 1 
A= = 7 Le. 
(2, ;) and G i ;) Le 
ğı =(2, — 1), & = ( — 1,2), & = č, + č = (1, 1) 


3. We take Ama, Which has the general form Ama; = (p, q), so that from (12.78) 
follows that 


2 
wil 1/3(1 1) 2 1 sT 
a 2/- 


1/3(2p + q + 3, p + 2q + 3)" 
A= A1 42,23 (1, 1)a* 


=(p + 1)x(q+ 1)x4x(p+q+t 2) 


21 
1/3(p + 1,4 + (i y 


N(p, q) 


This is exactly the relation which has been derived in Exercise 7.9. Thus for 
SU(N) the so-called Dynkin labels correspond to the labels derived from the 
Young diagrams. 

4. We want to construct the octet Ama: = (1, 1), for which the scheme below 
holds. 


Amax = (1, 1) 
-å / DS RA (1, 1) 


-1,2 2-1 
CLD Q =D  ugpindie-rue” (71.2. @ D 
—à» — ay —— | 
(0, 0) (0, 0) (0, 0) 
CRDI O 2) (22) d, -2) 


-b-D Ca, - 


For Amax = ( — 1, 2), (12.78) yields 


1/2 1\/2 1/2 1\ (0 
lest ;) ()- e»$6 ;) (2) es 
1/2 1 2 

= 2n - 1, (Í, TIE E ) ( - ) 


Because A,,,, is not degenerate if follows that 
(8 —6)-1,257 204,1 72 M-1,2,)= 1 
Correspondingly, (2.68) results in 


A = (2, —1) , Ma-yp=!1 
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So, for Amax = (0, 0) we have 


2 1\/1 1/2 1\/ 2 
sans (7 2) (7) es =2 fre. e = 93 (; JC) 
enara C (Zeman? DO 


=2(2+2+2)=12 , 
6n(o, o = 12 > no, o = 2 


This result could also have been obtained by the “spindle rule”, which states that 
the root diagrams are convex, i.e. the number of states which are obtained by the 
first, second, etc. subtraction, cannot decrease and then increase. 


mmm 


13. Special Discrete Symmetries 


In the last two chapters of this book we return to symmetries which have 
a general significance in quantum mechanics. We shall begin with the discrete 
symmetries of space inversion and time reversal. 


13.1 Space Reflection (Parity Transformation) 


Parity plays an important role in quantum mechanics. One often finds! that the 
eigenfunctions of the Hamiltonian either stay the same or change sign when 
a parity transformation is performed, i.e. when r is replaced by ( — r), as long as 
the transformation does not effect the potential energy. A physical state is 
defined to have positive parity if the wave function does not change, whereas it is 
of negative parity if the wave function changes its sign. 

At first we adopt a similar approach as in the case of rotations [cf. Chap. 1, 
Eq. (1.46)] and the transformation is written as 


r-Ryg-—r. (13.1) 
If we choose R, to be 
—-1 0 0 
R,=—-1=| 0 -1 0|. (13.2) 
0 0 =l 


this yields a space reflection. Obviously, R, is real, orthonormal and, in addi- 
tion, Ry! = R,. But as the determinant of R, is — 1 this cannot be a trans- 
formation of the group SO(3), because the determinant of a rotation matrix is 
always 1. Every real orthonormal 3 x 3 matrix which has determinant — 1, can 
be written as a product of R, and a matrix that represents a rotation. The unit 
matrix 1 and R, together form a discrete group of two elements E; for which 
E = 1. 

Now we consider a physical system in a state |a) represented by the wave 
function w,(r). Under a space reflection this state is transformed into |a' 5, with 


1 See Vol. 1 of this series, Quantum Mechanics, An Introduction (Springer, Berlin, 
Heidelberg 1989). 
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Wa(r). We assume that these two states are related by 
V. (Rr) = aalr), (13.3) 


where we still have to determine a. The discrete nature of a space-inversion 
implies that a appears in this relation, in contrast to the analogous relations for 
translations or rotations [see (1.17) and (1.64) respectively]. 


Remark. For such continuous transformations one could also introduce factors 
a analogous to (13.3). These factors would be continuous functions of the 
respective transformation parameters, i.e. a = a(a) for translations and a = a(4) 
for rotations. These continuous functions must have the value 1 if the trans- 
formation parameters are zero, ie. if the transformation is just the identity 
transformation. However, one can show that factors with this property have no 
physical meaning. 


In analogy to former definitions we now introduce the unitary space-reflec- 
tion operators U by the equation 


Ü palt) = v.e). (13.4) 
which [with (13.3)] yields 
Ü Vr) = ab (R1 tr) = a (Rar). . (13.5) 


Here we have made use of the fact that the inverse of a reflection is also 
a reflection; thus we apply this operation twice, we get 


Ü? y(r) = aU y, (R,r) = a y (Ri Ran = yer). (13.6) 


On the other hand, two consecutive space reflections transform coordinate 
space into itself, so that Ü? must transform every state into itself. This means 
that U?y, and y, can differ only by a phase factor, since U, is a unitary 
operator. Therefore the absolute value of a? must be 1 and consequently the 
same holds for a. In addition we can impose a further restriction on a. 

The physical states of a system of particles, which we denote by w,(r), can be 
superposed to give 


W=} Au), (13.7) 
leading to 
Utiu(r- YalAQO . (13.8) 


The rhs of (13.8) describes a state which is different from y(r) unless all factors 
a? are equal. Only then do two space reflections in sequence reproduce the 
original state up to a phase factor. This means that a2 has to be the same for all 
states that can be superposed. Therefore it seems adequate to choose a certain 
value of a for each kind of particles. A rotation by 27 does not change the state 
vector of particles with integer spin; we assume the same for space reflections, 
and therefore a? = 1, which impliesa = + 1. Particles with half-integer spin can 
be coupled in pairs, yielding states with integer spin. Therefore we expect that 
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a for particles with half-integer spin can take on the same values as the factor a? 
for particles with integer spin, so that a can be + 1 and +i, ie. at = 1. In 
Volume 3 of this series we have seen that the spinor of a spin-i particle is 
reproduced by a rotation by 4r. 

In order to determine a experimentally for different particles, one has to 
include their mutual interaction. Let us consider for example the z? meson, 
which has zero spin. It decays into two photons (see Example 8.6). Assuming 
that the parity of a system is conserved during the decay we can determine the 
internal parity of x? relative to that of the electromagnetic field. One finds 
a= — 1, so that the z? meson has a negative parity. It is called a pseudoscalar 
particle, whereas a spin zero particle with a = + Lis called a scalar particle. The 
charged mesons x ^ also have spin zero, though it is not possible to determine 
their internal parity relative to the electromagnetic field, because they cannot 
decay into photons due to charge conservation. On the other hand these pions 
are created and annihilated in interactions between nucleons. Thus we can 
determine their parity relative to the nucleons, provided that parity is conserved 
in these interactions, too. According to such considerations, one assigns negative 
parity to pions and positive parity to nucleons. 


13.2 Reflected States and Operators 


The equation of motion of a space-reflected state is obtained by the application 
of U, to the equation of motion of the original state. As expected, a reflected 
state fulfils the same Schródinger equation as the original state, if H and 
Ü, commute, i.e. 


[D,H]-0 . (13.9) 
In this case H and U, can be represented by diagonal matrices and the energy 
eigenstates can simultaneously be chosen to be states of good parity. In analogy 


to Example 1.6, (1) the matrix elements of a dynamical variable A for reflected 
states are equal to the matrix elements of Ut AU, for the original state, because 


Oval ALOU p> = IÜTAULIU,) - (13.10) 
Since U, was chosen to be a unitary operator, (13.5) becomes, on applying Ut, 


Yalt) = a01 V (i n) 


Or 


Uu. o ciun Á- (13.11) 
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By means of this equation the expression U trU, can easily be calculated: 


ÜlrÜ,v,(r) = aU trp. (Ri! v) 


= a(R Dy (RR) =(— DUA) (13.12) 

Since (13.12) holds for every w,(r), we conclude that 
ÜlrÜ,- —r , (13.13) 
so that instead of (13.4), the last equation could also be used to define the 
operator U. Because of p = — ih V and L = rx p, one finds in the same way that 
UjpU, = —p and (13.14) 
UILU,=L . (13.15) 


Given that the operator Ú, acts only on spatial coordinates, but not on the spin, 
it must commute with S. Because of (13.15) we therefore find that 


UtsU,=S , (13.16) 
OJO =F , (13.17) 


with J = L + §. The results (13.13)- (13.17) show that coordinates, momenta, 
and angular momenta behave under space reflections exactly the way as ex- 
pected classically. Accordingly, spatial coordinates and momenta are examples 
of vectors, also called polar vectors, whereas angular momentum is an example 
of an axial vector or pseudovector. 


13.3 Time Reversal 


The classical equations of motion for particles which move in a conservative 
potential are symmetrical if the direction of time propagation is reversed, since 
they only contain second derivatives with respect to time or squares of first 
time derivatives. In general we expect that this symmetry of time reversal also 
holds for quantum mechanical equations. However, we shall see that time 
reversal has some special properties in quantum mechanics. In part this is due to 
the fact that in quantum mechanics the time coordinate (contrary to the space 
coordinates) is not represented by an operator in Hilbert space, but is taken to 
be a parameter of the state. Therefore there is no analogue of (13.13). We require 
time reversal to transform the wave function w,(r, t) of state x into y, (r, — t), 
ie. we demand that y,(r, — t) propagates according to the reversed time 
direction. In this new state the signs of momenta and angular momenta are 
reversed, whereas all other quantities remain unchanged. Time reversal is de- 
scribed by the time-independent operator 7, which is defined by the equation 


Åp, t) = Vulr, — t) . (13.18) 


In the following we shall consider physical systems for which T is a symmetry 


13.4 Antiunitary Operators 


transformation. This implies that, with u,, Tu, is also an eigenstate to the 
Hamiltonian (which is supposed to be time-independent) with the same eigen- 
value Ex. 

Let us consider the Schrédinger equation 


ih Yale t) = Hy,(r.t) , (13.19) 


where H does not depend on time. For the time-reversed function Y (r, t), the 
Schródinger equation therefore becomes 


-in ele) = elt) (13.20) 


where the negative sign on the rhs is due to the time derivative. For T to be 
a symmetry transformation it must commute with the Hamiltonian, which can 
be expressed by 


TA=AT , o THT-H. (1321) 
This can be verified in the following way: we multiply (13.19) with T from the ths, 
which yields 


aA A 


(Fit ne Aplr, t) =(TAT H Îl, t) = ATL.) (13.22) 


This operation has been performed carefully, in the sense that we have included 
the imaginary unit i into this operation, ie. we have. allowed TiT ! zi. 
Furthermore we have taken into account that the real parameter t commutes 
with T. [Instead of (13.21) we could have required that THT! = — H,so that 
i commutes with T. In this case, however, time reversal would also change the 
spectrum of the Hamiltonian, which is then no longer positive definite. This 
would be physically unacceptable.] Comparing (13.22) with (13.20) shows that 
we have to postulate 


fif!--i. (13.23) 
This is a special case of the general relation 

T(ay) = a*TV , (13.24) 

Tap + by) =a*Ty +b*Ty . (13.25) 


An operator which obeys these equations is called an antilinear operator. 
Accordingly the time reversal operator T is antilinear. 


13.4 Antiunitary Operators 


We introduce the operator of complex conjugation K by the definition 


Ky =4* , (13.26) 


445 


446 


13. Special Discrete Symmetries 


for any function y. Obviously K? = 1, and K obeys the relations (13.24) and 
(13.25), i.e. it is antilinear. Now each antilinear operator can be represented by 
a product of K with a linear operator. Of special importance are products for 
which the linear operator is unitary. Such operators are called antiunitary, and 
clearly K itself is antiunitary. 


EXERCISE Se 


13.1 Effect of an Antiunitary Operator on Matrix Elements of Wavefunctions 


Problem. Prove that the inner product of two states is equal to the complex 
conjugate of the inner product of the states which are obtained by applying an 
antiunitary operator A to the former states. What follows for the norm? 


Solution. The two states are characterized by their wave functions, which we 
denote by W, and yg. From these states we obtain y, = Aw, and ys = As. 
Since A is antiunitary this can be written as 


A=UK , (1) 
with unitary U. This yields 
Wa =Upt and wy =Uys . (2) 


Using this we can write the inner product as 


QC» = [Prius = [ad r(Uys) (Cup) = [ryz! Ut Uys 
= [etel = (a|B>*=<Bix> , (3) 


where we have made use of the fact that U is unitary. For the norm we get 
(xix > = Calar* = <alx> , (4) 


since it is real number, which means that the norm remains unchanged. 


According to the result of this problem, it is plausible to assume the time 
reversal operator to be antiunitary since it does not change the norm of the 
states and the absolute value of the inner product of two states also remains 
unchanged. Therefore we write T in the form 


T= UK (13.27) 
with unitary U. Now we want to find an explicit expression for the operator Tin 


such a way that in the time-reversed state the signs of all momenta and angular 
momenta are reversed, whereas all other quantities remain unchanged. First we 
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examine — as the simplest case — the situation for a particle with spin zero. The 
corresponding states are characterized by a single component wave function. 
From any given wave function y, we construct 


pelr, t) — rir, t) . (13.28) 


Denoting the corresponding time reversed states by v.(r,t) = TV..(r, t) and 
Ug = Ti/s we get an analogous relation, 


Welt, — t) = runt) . (13.29) 
since r does not change sign under time reversal. From this we find that 

rT, = rj, = Wy Tp Tr), . (13.30) 
y, can be chosen arbitrarily and so it follows that 

rT=Tr . (13.31) 


We now write the state which is obtained from y, by applying the momentum 
operator as W,, ie. y(r, t) = pw.C(r, t). Concerning the time-reversed states we 
expect 


Vy(r —t)= —py.(r —t) , (13.32) 
to hold, because the momentum changes its sign under time-reversal. This yields 


pTV.Ar, t) = bbe, — t) =V,(r, t) 


= — Ty,(r,t)= — Tpv,(r,t) or (13.33) 
pT= -Tf . (13.34) 
In a similar way we find for L-rx that 
ÍT- -TL . (13.35) 
In the coordinate representation r is real operator and p= —ihV is purely 


imaginary. The simplest choice for T which fulfils (13.31), (13.34) and (13.35) is 


^ 


U=i , 
so that 
T=K , (13.36) 


though this conclusion depends on the representation chosen. In the momentum 
representation (where v, is a function of p, not r) the momentum p is real 
multiplicative factor and r is purely imaginary r — ihV,) In this case the 
representation (13.27) for T is also valid, but now U has to be an operator which 
transforms p into — p, i.e. 


Uw.(p) = Yal — P) 


We now return to the coordinate space representation, where for a particle with 
spin we expect 


ST= -TS , (13.37) 
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[in analogy to (13.35)] as well as 
JT2-TJ. (13.38) 


We have already seen that the form of T depends on the representation. 
Furthermore we have to choose a specific set of spin matrices if we consider 
particles with nonzero spin. We choose them in such a way that S, and S, are 
real operators and S, is purely imaginary [see e.g. (2.21b) for particles with spin 
1 and (221a) for particles with spin +]. This can always be achieved by a suitable 
unitary transformation. — — ` A 

The symbols r, S,, and $, are now real operators, whereas p, L, and S, are 
purely imaginary. If T were equal to K, then (13.31), (13.34), and (13.35) would be 
fulfilled as well as (13.37) for the component S,. On the other hand the equations 
for S, and S, would not be fulfilled. Therefore we have to choose a unitary 
operator U in the general representation (13.27) of T which commutes with 
f, p, L, and S, and which obeys the relations 


S,U = —US, and S,=U= —US, . (13.39) 
If we choose U to be a function of $, alone, then the first three conditions 
[r, Ü]- = [5 0]- = E, 0]. = [$, 0]- =0 


are satisfied. On the other hand one can show (see the following problem) that 
(13.39) is also fulfilled if one chooses 


Ü —exp( — in$,/h) . (13.40) 


Our considerations of rotations in Chap. 3 also led us to this expression. There 
we saw that the unitary operator exp( — i$ - S/h) represents a rotation by an 
angle $. Therefore a rotation by an angle z around the y-axis as in (13.40) trans- 
forms S, into — $,, and S, into — $,. For a particle with spin 4 this takes on 
a simple form, 


T= —ié,K , (13.41) 


where 6, is the Pauli matrix 


EXERCISE Se 


13.2 Commutation Relations Between U and $ 


Problem. Prove. for Ü — exp( — inS, /h), the validity of the relations US, = 


^ 


— S,U and US. = — S,U by using the commutation relations between S, and 
+= S, + iS,. 
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Solution. Using the general commutator relations 


[$, $;]- = iisk (1) 
it follows directly that 

[$,$,]. = +98, . (2) 
These relations can then be cast into the form 

$$, = SS, + AS, = S,( E Al) , (3) 


with the unit matrix 1. Now we assert that 
SS, = S4 (S, + ht (4) 
holds for every n. 
Proof. Obviously (4) is satisfied for n = 1. If we assume that it also holds for 
a certain n > 1, we only have to show that it is also true for n 4- 1, i.e. 
$7 1$, = SSS, 
= $,(S (S, + ht)" 
= $, (S, + RI)(S, + n 
=$, (ay! . (5) 
Now we can calculate US 4: 


A —in\"1l « a 
US + -Y() SyS 


a —in\"1 > 
Si 5(=") "i + hil)" 


= f erp] — z6G t "| 


-$,Üexp(t(—im) . (6. 

On the other hand, the last factor is equal to — Í, because 

exp( + izt) = lexp(+iz)=icosr= —1 , (7) 
and thus (6) becomes 

US, = —$,U . (8) 
If we write down the real and imaginary parts separately, we get 

US, = — SU and (9) 

US,= —S,U . (10) 


This separation is possible because Ü, $, and $, are real operators. 


-—D-mm—————————————ÍH—Ü— 
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13.5 Many-Particle Systems 


If we have a system of many particles, the time reversal operator T can be 
written as the product of unitary operators U belonging to the individual 
particles and the operators K, i.e. 


T = exp{ —inS,,/h} -- exp( —inS,,/A}K (13.42) 


These operators may be placed in an arbitrary order, since each operator acts on 
the state of a different particle. Therefore they commute and the operator 
T obeys the relation (13.37) for each particle spin. Since all operators $, are 
purely imaginary, all exponentials in (13.42) are real and therefore commute 
with K. Knowing K? — 1, we find that 


T? = exp( — 2inS,,/h} -- exp{ —2inS,,/h} . (13.43) 


Each exponential represents a rotation by 2z, so that the corresponding coordi- 
nate space is transformed into itself. For particles with integer spin, the exponen- 
tials are equal to + 1, whereas for particles with half-integer spin they are — 1. 
Therefore T? is + 1 or — 1, according to whether the number of particles in the 
system with half-integer spin is even or odd. 

As we have already mentioned, if u, is an energy eigenfunction, then so is 
Tur, and both have the same eigenvalue. Let us first assume that there is no 
degeneracy. In this case Tu, represents the same state as u,, so that we can write 


Ty = cu , (13.44) 
with some complex number c, leading to 
Tu, = T(cu,) = c*Tuy, = lcu, . (13.45) 


T? = +1, |c|? 2 1 describes one possible situation. On the other hand, if 
T? = — | there is no c, in accordance with (13.46). This means that the 
application of T must yield a new state and the corresponding eigenvalue is 
degenerate. 

In this case we can show that u; and Tu, are orthogonal to each other. 
According to Exercise 13.1 we have (Ti, T;) = (Vi, V2)* = (a, V1). If we 
now choose y, = Tu, and y; = u,, we get 


(Tu, Tu) = (up, Tu). (13.46) 


On the other hand, 7? = — 1, so that the lhs of (13.46) is — (u,, Tur). Therefore 
both sides of (13.46) differ by a sign, and this is only possible if 


(ur, Tu,)=0 , (13.47) 


which means that both states are orthogonal to each other. Hence for every state 
u, we can find a well-defined degenerate state Tu,, so that the number of 
degenerate states is always even. 
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We want to consider a system which has no spin (or where the spin is irrelevant). 
In this case U = 1 is the unit matrix, and T = K if we choose to work in the 
space representation. Furthermore we assume that there is an operator A, which 
commutes with K and whose eigenvalues A, are not degenerate. We shall denote 
its eigenfunctions by a, so that 


Aa,(r, t) = A,a,(r,t) . (13.48) 


As we have explained above, Ka, represents the same state as a,, and we can 
write Ka, = a* = ca,, where c is again complex. The function a, can be split up 
into its real and its imaginary parts, i.e. a, = v, + iw,, with two real functions 
v, and w,. The above equation now reads 


v, — iw, = c(v, + iw,) or (1—c)vy, -i(1 - e)w, . (13.49) 


This shows that v, and w, are proportional to each other; therefore a, is real up 
to some complex factor. In this sense, in particular all nondegenerate eigenfunc- 
tions can be chosen real if the system is invariant under time-reversal. 

Sometimes the above arguments can also be extended to the case of degener- 
ate states. An interesting example is the real Hamiltonian which includes an 
arbitrary spherical potential, i.e. which fulfils the relations 


[H,£].-0 , [H,K]_=0 and [K, P]. -0 . (13.50) 


It is well-known that the energy eigenfunctions (belonging to E,) can be 
characterized by the quantum numbers k, l (angular momentum), and m (projec- 
tion of the angular monentum), so that we can write these eigenfunctions as uy. 
The operator of the z-component of the angular momentum (with eigenvalues 
m) is purely imaginary: L, = ih(0/09). In accordance with (13.35) it does not 
commute with K; therefore we cannot argue in the same way as above that 
Kui, = CUgjm, Which would imply that uj, is real (up to an irrelevant complex 
constant). This can also be seen directly by the fact that these eigenfunctions are 


proportional to the spherical harmonics Y, (0, $), which are all complex for . 


m #0. On the other hand, if we restrict ourselves to functions with m — 0, then 
we only have eigenfunctions of L, with the eigenvalue zero, ie. Luyo = 0. From 
the general relation (13.35) then follows, because of L,K = — KL,. 


LKugo-0 . (13.51) 


Kujo is therefore an eigenfunction of L. with eigenvalue zero, too. If we do not 
have an additional degeneracy, we can be sure that the eigenfunctions of H and 
L with m = 0 are real functions in a generalized sense, i.e. up to a phase factor. 


14. Dynamical Symmetries 


We have seen in the preceding chapters that the symmetry and degeneracy of the 
states of a system are associated with each other. For example, a system that 
possesses rotational symmetry is usually degenerate with respect to the direction 
of the angular momentum, i.e. with respect to the eigenvalues of a particular 
component (usually J,). An exception is the case J = 0. In the case of the discrete 
symmetries of space-inversion and time-reversal discussed in the previous chap- 
ter, degeneracy is less common since the transformed states are quite frequently 
equal to the original states. 

Subsequently we will see in more detail that beyond the degeneracies arising, 
say, in rotational symmetry there is the possibility of degeneracies of different 
origin. Such degeneracies are to be expected whenever the Schrödinger equation 
can be solved in more than one way, either.in different coordinate systems, or in 
a single coordinate system which can be oriented in different directions. From 
our present considerations we should expect these degeneracies to be associated 
with some symmetry, too. These symmetries differ essentially from all the others 
considered so far, because their nature is not geometrical. They are called 
dynamical symmetries, since they are the consequence of particular forms of the 
Schrödinger equation or of the classical force law. We shall examine two 
relatively simple quantum mechanical examples which, starting from the corres- 
ponding classical systems, allow the derivation of the existence and then the 
general form of the dynamical symmetry in very nearly the same way as for 
geometrical symmetries. Of course this is not possible in general; indeed many 
quantum mechanical systems have no classical analogue. 


14.1 The Hydrogen Atom 


First we investigate the classical Kepler problem. In relative coordinates the 
Hamiltonian is given by 


H=p?/2u—kx/r . (14.1) 


Here u is the reduced mass of the system and x is a positive quantity (for the 
hydrogen atom x = Ze?) The bound solutions of the classical problem are 
ellipses, and the distance from perihelion P to aphelion A is called 2a. If 
b denotes the length of the minor semiaxis, the eccentricity e is e = (a? — b*)'/*/a 
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and the distance f from focus M to the geometrical centre is f = a» e (as shown in 
A Fig. 14.1). 
Since H is independent of time, the total energy E is a constant of motion: 
and, because H possesses rotational symmetry, the orbital angular momentum 
L = r x pis a constant of motion. L is evidently an axial vector perpendicular to 
the plane of the orbit. It is easy to show that (Exercise 14.1) 


Fig. 14.1. Classical Kepler E= —xf2a , and L? = uka(1 — e?) . (14.2) 
orbit with the centre of grav- 


ity M located in one of the The rotational symmetry of H implies that the orbit lies in some plane through 
foci of the ellipse the centre of gravity M though it is not enough to ensure that the orbit is closed. 
A small deviation of the potential term from the Newtonian form V(r) = — x/r 
causes the major axis PA of the ellipse to precess slowly and so the orbit is not 
closed anymore. This suggests that there is some quantity other than H and 
L which is a constant of motion for potentials of the form — x/r. It can be used 
to fix the orientation of the major axis in the orbital plane. We thus look for 
a constant vector M pointing from M to P or to A. 
Such a vector has been known for a long time and is called the Runge-Lenz 
vector. It has the form 


M —pxL/u—xr[r , (14.3) 


for which M is easily seen to be a constant of motion. Since L = 0, we find, by 
differentiating M with respect to time, that 


M = px Lju — kr/r + kr(r-p/(ur?) , (14.4) 
using the relation p = ur. If we take into account the relation L = r x p, we find 


M = r(b-p/n — p(p-r)/u — p/(ur) + riv pyc/(ur?) 
Since Newton's equation is p= — xr/r? we see that 
M=0 , (14.5) 


Le. M is a constant of motion being a vector of length xe directed from M to 
perihelion P (see Exercise 14.2). There are two relations that are independent of 
the special choice of the orbital parameters a and e (see Exercise 14.3): 


L-M=0 and M?zQEL/uc-x?. (14.6) 


In order to treat the hydrogen atom quantum mechanically we have to replace 
the classical functions by operators, which can be done easily for r,p and L. 
However, the vector products px L and — L x p are not identical, because the 
components of Ê and f do not commute. Therefore the expression in (14.3) 
following from the replacement of the functions by operators is not Hermitian 
and we redefine M as a symmetrized expression: 


2 125; o; 
M-—(pxL-íxpB-x.. (14.7) 
2u r 


14.2 The Group SO(4) 


By considering the commutation relations for r and p we can show that 


[M,H]-=0 , (14.8) 
L-M=M-L=0 and (14.9) 
M? =2H/p(L? +h?) + . (14.10) 


Relation (14.8) is the quantum-mechanical analogue to (14.5) and the expres- 
sions (14.9) and (14.10) correspond to (14.6). 

The relations (14.7—10) were used by Pauli in 1926 to calculate the energy 
levels of the hydrogen atom. He regarded the three components of M as 
generators of infinitesimal transformations. Following this method we deduce 
the algebra of the six generators L and M, which consists of 15 commutation 
relations. Three of these are the known relations for the angular momentum 
Operators: 


[L;, Lj]- = ihe rp L, . (14.11) 


The commutators that include one component of M and one component of 
L yield nine further relations, 


[M;, ÊJ- = ihe; My . (14.12) 


After some additional calculations, we find the last three commutation relations, 
~ ^ a h ^ ^ 
[M;, M;j]- = —21— H£iy Ly . (14.13) 
H 


The components of Ê constitute a closed algebra, as we have seen in Chap. 2, 
and generate the group O(3). The Í and M together, however, do not form 

a closed algebra since, although the relations (14.12) involve only M and L, 
relation (14.13) brings in the operator Â as well. However, given that H is 
independent of time and commutes with Z and M, we can restrict ourselves to 
a subspace of the Hilbert space that corresponds to a particular eigenvalue E of 
H. Then H in (14.13) can be replaced by its eigenvalue E. For bound states E has 
negative values, and it is convenient to replace M by 


M'--uDEM . (14.14) 
Evidently (14.12) and (14.13) are thus transformed into 

[Mi, Lj]- —ihez;, M; and (14.15) 

[Mi,M;].-—ihsi,L, . (14.16) 


14.2 The Group SO(4) 


The six generators L, M' constitute a closed algebra. To clarify this we relabel 
the indices of the components of L. First we write 


r=(r1,r2,73) and Ê= (fi, Po, ps) , (14.17) 
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for which 

[ri, pj] - = ihói (14.18) 
holds and we find, because of 

L-nbj-rb . (14.19) 


the “natural indices” 
L= (Lo3, L5, Li) (14.20) 


for the L-operators. We now extend the indices to i, j = 1,2, 3,4 by introducing 
fourth components r4 and f, that fulfil (14.18) and (14.19) and for which 


Mi-La , Mj-La , Mt=Ly, (14.21) 


is valid. It is easily verified that (14.18), (14.19) and (14.21) lead to the commuta- 
tion relations (14.11), (14.15) and (14.16). The six generators L;; obviously 
constitute a generalization of the three generators £ from three to four dimen- 
sions. The corresponding group can be shown to be the special orthogonal 
group or the proper rotation group in four dimensions, i.e. SO(4). It includes all 
real orthonormal 4 x 4 matrices with determinant equal to + 1. This evidently 
does not represent a geometrical symmetry of the hydrogen atom since the 
fourth components r4, and f, are fictitious and cannot be identified with 
geometrical variables. For this reason SO(4) is said to describe a dynamical 
symmetry of the hydrogen atom. It contains the geometrical symmetry SO(3), 
generated by the angular momentum operators L,, as a subgroup. 

It is essential to note that the SO(4) generators are obtained by restriction to 
bound states. For continuum states E is positive and the sign inside the square 
root of (14.14) has to be changed in order for M' to be Hermitian. But then the 
sign on the rhs of (14.16) changes and the identifications of (14.21) are no longer 
possible. It turns out that the dynamical symmetry group in this case is 
isomorphic to the group of Lorentz transformations in one time- and three 
space-dimensions, rather than to the group of rotations in four space-dimen- 
sions. This is expressed by notation SO(3, 1). 


14.3 The Energy Levels of the Hydrogen Atom 


It now is comparatively simple to find the energy eigenvalues. We define the 
quantities 


Í[-i(L-M) and K-i(L—- M), (14.22) 
which satisfy the commutation relations 

i, Î]- = iliis, , (14.23) 

[K, Kj. = ihe K, , (14.24) 
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[Â R]-=0 , (14.25) 
[£8] -[É H].-0. (14.26) 


Because of (14.25) the algebras of the J, and K, are decoupled; therefore each 
I and K constitutes a SO(3)- or SU(2)-algebra, and we at once realize the 
eigenvalues to be 


P= il+ DR , i-0LlL.. , (14.27) 
=k(k +1)? , k20, 5l... (14.28) 
Relations (14.23)-(14.26) show that the SO(4) group is of rank 2, because one 
operator I, and one operator K; form a maximal system of commutating 
generators. Thus there are two Casimir operators which may evidently be 
chosen to be 
=i(L+M’)? , and (14.29) 
=4{ -MF . (14.30) 
Alternatively they may be chosen to be the sum and difference of I? and R?: 
C, = P + KR? =H + mM”) , (14.31) 
C,=P-K*=L-M' . (14.32) 


Equation (14.9) shows that C; = 0, so that we should only deal with that part of 
SO(4) for which 4? = K?. Thus i = k, and the possible eigenvalues of C, are 


C, = 2k(k+1)h? , k=0,4,1,.... (14.33) 
Transforming (14.31) by taking into account (14.14) and (14.10) yields 
=4(2?—~AM?) = — uc /AE-ihR? , (14.34) 
so that, using (14.33), the energy eigenvalues are found to be 
E = — uk?/[2h? (2k + 17] with k-20,51,.. . (14.35) 


Note that one is allowed to use half odd-integer values for i and k; as we soon 
will see this does not yield any contradiction for the physical quantity 
£ = Î+ K. Using the triangle rule we see that / [in Z? = I(l + 1)h?] can have 
any value in the interval i + k = 2k, ...,]i — k| = 0 (subsequent values differ by 
steps of one unit). Obviously / is an integer, as it should be in the case of the 
orbital angular momentum. Also the degeneracy of states is reproduced cor- 
rectly: [, and K, can each have 2k + 1 independent eigenvalues, and therefore 
there are altogether (2k + 1)? states. Also, in the preceding chapter we recog- 
nized that L is an axial vector, not changing its sign on space inversion. But it is 
apparent from (14.7) that M is a polar vector, which does change sign. We thus 
expect that states characterized by the symmetry generators Ê and M need not 
have well-defined parity. This is actually the case, since states of even and odd 
l are degenerate in the hydrogen atom. 
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Fig. 14.2. Orbit of the clas- 
sical harmonic oscillator. 
Centre of force in the middle 
of the ellipse 
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14.4 The Classical Isotropic Oscillator 


The three-dimensional isotropic harmonic oscillator is described by the Hamil- 
tonian 


H=p’*/2m+4Kr? . (14.36) 


A particular classical orbit is an ellipse with semiaxes a and b. The major 
semiaxis forms an angle « with the x aixs (see Fig. 14.2). As in the Kepler 
problem, H and L are constants of motion with values given by 


E —iK(a?- b?) and (14.37) 
L? -mKab) . (14.38) 


The fact that the orbit is closed again suggests that there is some other constant 
of motion that can also be used to characterize the angle «. But comparing the 
corresponding figures, (Fig. 14.1 and Fig. 14.2) there is a striking difference: In 
the Kepler problem the centre of force is a focus of the ellipse, whereas in this 
problem it is at its centre. 

Therefore the directions OA and OP are not equivalent in the Kepler 
problem, and the minor semiaxis is not a symmetry element. In contrast, in the 
oscillator problem both directions along the major semiaxis as well as the minor 
semiaxis are good symmetry elements. We thus expect that the additional 
constant of motion is not a vector (as in the Kepler problem), but rather 
a quadrupole tensor. We get 


Qxy = Ta(a? — b?)sin2a , Q,. = Qx: =0 
Qo =4a/,/3(a? + b?) and Q, = la(a? — b?)cos2a (14.39) 


As already expected from Fig. 14.2, the tensor components remain unchanged if 
a is replaced by « + f, or if a and b are interchanged and « is replaced by . 
x + inp at the same time. 


14.4.4 The Quantum Mechanical Isotropic Oscillator 


Since the quantum mechanical problem separates in cartesian coordinates, the 
energy levels are easily found to be 


E, =(n+3)h,/K/m with n=n,+n,+n, , 
ny, ny, n; = 0, 1,2, .... (14.40) 
Obviously the states are 4(n + 1)(n + 2)-fold-degenerate. The parity of the states 
is positive or negative, depending on n being even or odd. Thus the only possible 


values of l are just n, n — 2..... down to 1 or 0, and each / occurs just once. It can 
be shown that in SU(3) it is possible to construct a Casimir operator from L and 
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the quadrupole tensor. Using the spatial representation one can find the relation 
€ = E! [R^ + mK/(h? a?)(Q2, + Q7. + O3. + Q5 + Qi) 


= —34+4h?(./mKr’ + p*/,/mK) . (14.41) 


If we express the quantities in brackets in terms of the Hamiltonian, we find that 


C= —3+4m/(3h?K)H’ . (14.42) 
Substitution of the eigenvalues (14.40) yields 
= (n? + 3n) (14.43) 


for the nth eigenvalue. Since SU(3) is of rank 2, there are two Casimir operators, 
which can be characterized by two parameters À and p, and which take on the 


values 0, 1,2, .... The general expression for one of the Casimir operators in 
terms of these parameters is 
—$(? + Au + u? +34 + 3p) . (14.44) 


Comparison with (14.43) shows that only the representations of SU(3) with 
(A, u) = (n, 0) are realized by the isotropic oscillator. The situation here is 
somewhat analogous to that in the hydrogen atom, where only the representa- 
tions of SO(4) with i = k are realized. In contrast to the hydrogen atom we have 
seen that there is no parity mixing in the isotropic oscillator, since the / values in 
each degenerate state are either all even or odd. This is to be expected, because 
all eight generators, i.e. the three components of L and the five components of 
the quadrupole tensor, do not change sign on space inversion. The group 
theoretical classification of the isotropic harmonic oscillator plays an important 
role in the explanation of the structure of light atomic nuclei in the framework of 
the shell model!. 


EXERCISE Se 


14.1 Energy and Radial Angular Momentum of the Hydrogen Atom 
Problem. Derive relation (14.2). 
Solution. In spherical coordinates the Hamiltonian (14.1) is given by 


L x 
H= aA. (1) 


leg. J.M. Eisenberg, W. Greiner: Nuclear Theory, Vol. III: Microscopic Theory of the 
Nucleus, 2nd ed. (North-Holland, Amsterdam 1972). 
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Exercise 14.1 


At the aphelion r, and the perihelion r, the radial momentum is p, = 0, so that 
we have two equations for the total energy: 


L^ k 
= —- i 2a 
Asin (Aphelion) . (2a) 
L ox 
——- iheli 2b 
maim (Perihelion) . (2b) 


If we divide (2a) by rZ and (2b) by r2 and then subtract them from each other, the 
unknown angular momentum is eliminated, yielding 


Eln +t) = —k . (3) 


By subtracting (2) directly we have, in addition, that 
L? 
24^ *a)-—Khh . (4) 


With the help of the geometrical relations r,=a+/f, rp=a—f and 
f = (a? — b*)'/*, we find that 

t+m%=2a and nr=a?—f?=b? . (5) 
Equations (3) and (4) thus yield the desired result. 


E--. (6) 


L? = 2ukr,ry/(r, + Mp) = ukb?/a = nka(1 — e°) . (7) 


EXERCISE Se 


14.2 The Runge-Lenz Vector 


Problem. Show that the Runge-Lenz vector can be written in the form 
M =ker,/r, , (1) 


where r, is the vector directed from the centre of the ellipsoidal orbit to the 
perihelion, and e is the eccentricity. 


Solution. We start with (14.3). Since M is a constant of motion, we can evaluate 
the rhs for r = r, and, because of the relation L = r x p, r, p and L form a right- 
handed system of vectors at every point of the orbit. At the perihelion r and p are 
perpendicular, that is, p x L is oriented in the same way as r. This can easily be 
seen using the general rule for double cross products: 


pxL-px(rxp)- rp? —p(r-p) , (2) 
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yielding 
(p x L), = rp? = rn, L?jr? (3) 
at the perihelion. With the help of (3) we have, using r, = a — f = a(l — e), 


k«a(1 — e?) 


Aia, Tee rem (4) 


1 

-(px L), =f 

u P P 
This enables us to write the desired equation for M, i.e. 


(px D, — = = ke . (5) 


EXERCISE Se 


14.3 Properties of the Runge-Lenz Vector M 
Problem. Derive relation (14.6). 
Solution. First we prove (6a) by writing 


L-M 2 - L-«(px D) - Lx» 
u 


= -<(rxp)xr=0 , (1) 


because a mixed product including two identical vectors always vanishes. Next 
we establish (6b) through 


1 
M? =— (px L}? - 2— (px Dr K? 
"ul ur 


1 
= PD - (p-L)*]-2—=(rxp)-L +? 
p ur 


1 


a 


(p?L?) -2—-L? +x? , (2) 
ur 


because again p. L = p- (r x p) = 0. The first two terms can be combined to 
produce 


2 
mtes) 


22 LPH k ZEL +R . (3) 
u p 
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EXERCISE ——— T 


14.4 The Commutator Between M and Ê 


Problem. Prove the quantum mechanical relation 


Solution. Since we only have to deal with operators in the rest of the exercises in 
this chapter, confusion is hardly possible so from now on for convenience we 
drop the operator sign. It is well known that the above Hamiltonian commutes 
with the angular momentum operators, [H, L;].. = 0, for all i. Next we calculate 
two auxiliary commutators, necessary for the subsequent calculations: 


[pi Hj. = e| po al 


= ihe(a.4—20) = iic% , (1) 
r r r 


Xi 2| 2 pylli aX 
ee 


Now we have 


Xi Õik — XjXy Xi 
0,48, wih = Tik CÓ ži 
X;Xg XiXk 


Xi Xi na 
à, +3 —2 îr — = +0 , 
k r? ph E ppp 


and therefore 
Xi Xi 1 Xj 
EI =m -547a -SI (2) 


For the commutator in question we have 


[Ms H]- =z px L- Lxpy, t]. ~ c H , (3) 


> 
r 


and the second commutator can be further reduced yielding 
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which just corresponds to (2). The first commutator is then treated in the 
following way: 


[((pxL —Lxp), H]- = Deu LL — Lip) H]- . (4) 


Since H and L commute, H can be brought into the left-most position [note (1)] 
so that 


. X 
pjI4H — Ljp,H = pjHL, — LjHpy + ilicL, 5 


Xk Xj 
= Hp; Lr — HL py + ihe (L5 — 3n) 
Now we insert L; = $ m,n EjmnXmPn and the analogous expression for L, and find 


[(pxL — Lxp), H]- —ihc Y, ei 


jkmn 


X X; 
x m XmPn 3 — <3 kmn € . (5) 


To proceed further we use the simply derived auxiliary commutator 


x . Okn Xk Xn 
[pa 3] = 50) 


and thus we have 


[(px L — Lxp), H]- 


. Xm Xk X;X 
= —(ih)*c Y Eijk fem s — Ekmn zea, 
jkmn 
. x . Xk Xp X 
— (ih)? c Y EijkEjmk — + 3(ih)*c Y. Eijk Ejmn — 7 — . (6) 
jkm r jkmn r 


Sn nfijmnXmxX, Vanishes for all j, as can easily be seen by explicit notation, since 


IN Nn 


[Xm Xn ]—- = Oin the last term of (6). The indices j and k may be interchanged in 
the second term of the first sum, yielding (by use of £4; = — &j,) the first term of 
this sum once again. Now we have 


—2e(ih)? Y gts st Ox = — 2eGR) Y, (amin — Sundin) c3 ôn 
kmn 


jkmn 
= 2c(ih)* (3 Y Xy, T-— 1 J , 
Y k r 


using the relation 
2, EijkEimn = OjmOkn — ÔjnÔkm >» (7) 
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Exercise 14.4 


which can easily be verified. The second sum in (6) can be simplified with the 
help of this relation, too, i.e. 


` Xm . Xm 
— (ih c » Eijk € jmk 73 = —(ih)*c » (Dij jm -— ÓimÓ jj) PEJ 
jkm jm 


= —(iħ}c (3 -3 :J = 2c(h) = 


r r 


Collecting all the contributing terms, we find on the one hand, using (6), that 
1 € va | Xi 1 Xi 
— — L 2t Zi l0 4 ô 8 
5, PXL Lx p); H]- 4 Uh) (3 "Lie P e) ( ) 
and on the other hand from (2) that 
_o| % -Egam [Sla 9 
[žu] - = (ih) (3 Dae SEA) . (9) 
Adding Eqs. (8) and (9) yields [M;, H]_ = 0. 


EXERCISE Si 


14.5 The Scalar Product L-M 


Problem. Prove the quantum mechanical relation É- M = 0, using the defini- 
tion of M given in Exercise 144. 


Solution. a) We have L-r/r = 0 since 


Y LT = Y, tuens = Y GimnPakin = +À Y, Gnd (1) 
l imn 


imn imn 
Since Y, mEimnXmX; = 0, the first sum vanishes, as does the second because of 


Eimm = 0. 


b) Furthermore we have L-(px L) — L:(L xp) = 0 due to 
2 bin Li(pjLy — Ly pe) = Y, Li Y, Fije(EemnPjMmPn — EjmnXmPnPr) 
ijk i jkmn 
= Y Li Y (Dim jn — ÜinÓ im) Dj Xm Ds — Y Li Y (ÓtmÓin — Stn Oim) Xm Pk 
i jmn i kmn 
= 2, Li b (DjXip; — DjXjDi — XjPipj + T (2) 
l J 


(in the last transformation we have changed the summation index from k to j). 
Using the commutation relations for x and p, [p;, x;]- = — ihdj;, we end up 
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with 
» Li h (pjXiD; — PiXjPi — XjPiDj + "ei 
i J 


=) sin DjXi Pi — Papi XjPi — pn XjDi Pj Pei 2 
ijmn A ~ A A 
xi pj ^ ihóij pix, t ihói, pixj * ihóij Xi Pa 7 Vióni 


= » xe Pari pj — ilio; p.p; — PnDiPjXj — iio; psDi 
Xi Dn — ihdin 
— Papi XjPj—ihppdiypp + Xi Papj —dh Öm pi ) 
WY Ww U 


=0 after sum =0 after sum = 0 since 
over n,i over m,i Eimi =O 


= 3 cnn Xi PaP? mi ih Oni p; — ihóijp,.D; 
=0 after sum =0 since 
over i,m Eimi 7 


— Pn PiPjXj — ihó p.p; — Bhgr) 


=0 after sum 
over n,i 


= Y Finn Xm(— 3ih5ijPaP;) = 0 6) 


ijmn 


since 
Y Ógpj— Pi > X EimnXmPn Pi = Y Xm Y EimnPnPi =O, 
j imn m in 


Note that Y, 0,4 = 3, and that the last sum vanishes for the same reason given for 
the case of the position operators in Exercise 14.4. 


EXERCISE E 


14.6. Determination of M? 


Problem. Prove the quantum mechanical relation M? = 2H/p(L + h?) + c?. 
For the definition of M see Exercise 14.4. 


Solution. First we prove the auxiliary relation 
(L x p); = Y jkein Lie = Y, ei pkL; + ih Y. EijkEjkmPm 
jk jkm 


= —(pxL);+ 2ihpi , (1) 
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Exercise 14.6 using Y; pEjkiêjkm = 25im and the well-known commutation relation LL; px]- 
= ih Y mEjkmPm- Hence we find 


2 


1 r 
2 = — — — _ 
M J rx Lxp) Hd 


1 c r 
= —— 4(px L — ihp)? —- (px L — ihp):- 


r? 


cr 
-a; xL — ip) + 0? . (2) 


The first quadratic expression on the rhs yields 
(px L — ihp)’ = (px Ly — iħ(p x Lp  ihp:(px L) — h? p? 


These items are now evaluated separately [see Exercise 14.4, Eq. (7)]. First 


we obtain 
(px Ly = Y Eijk Einm Pj Lk Pn Lm 
ijkmn 
= » (9 jn Okm = ÔimÔkn) Pj Lk Pn Lm 
jkmn 


= Y) (piLupj Ly — pj LkPr Lj) 
jk 


Using Y, Lip, = Dk.m.n€emnXmPnPr = 0, the second term vanishes, while in the 
first term the commutation of L, and p j yields 


=} pi Lk +ih Y CeimPsPmLn = pP E? , (3) 
jk jkm 
with the last sum again vanishing. Furthermore we have 
p'(pxL)- Y CukpDipjLy =O , (4) 
ijk 


which is the same for the classical case, whereas 
(px L)-p= Y Eijk Dj Lipi = È &jkD; Di Ly + ih Y Eijk ekimP jPm = 2ihp? » (5) 
ijk ijk ijkm 

since the first sum vanishes and the relation Èk, iEkijEkim = 20 jm may be used in 
the second sum. Collecting the terms yields 

(px L — ihp) = p? L? — 2h p? — h?p? = p(L2 + h?) , (6) 
The further terms are treated as follows: 

(px L) " - 2 Eijk Pj Ly T 


ijk 
Xi . Xm 
= > Gp; — Ly + ih Y CiikEkimDj — 
ijk r ijkm r 
Xi . Oi XiXj ih a 
=) uk pj Ly — ih) sg ~ -—" Ly + 2i p^ 


(using the commutator [x;/r, L,].. = ih È mEikmXm/r in the penultimate line). 
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The second sum, however, vanishes since £j, =0 and Y; 6j x;x; = 0. 
Substitution of Y; jc x;p; by Le yields 


1 
(px Ly: =-Y LL, + Zip” . (7) 
r r^ r 
Altogether we find that 

r . r li, aF 1, 
-(pxL—ihp) + (px L —thp)-- =-L* —ih--p+-L 
r r r r r 

+ 2ihp-—ihp-— , 

r r 


and, using p'r/r — r/r- p — 2ih/r, we get 


2,5. 2 


"r^ rühy | U^ +) T 


Collecting all these partial results we end up with 
M? = m m — Ap? (L? +h?) — "LS +h?)+c? , 


and therefore 


2 2 p? 2 2 2 2 2 2 2 
M? =- m (L?+h*)+c? , M = AL +h*)+c* . (9) 


EXERCISE Se 


14.7 Proof of the Commutation Relation for [ M;, Z;] - 


Problem. Prove the commutation relations 


[M;, Ej]- = ih Y cin My 
k 
Solution. It is convenient to verify the relation explicitly for its components, e.g. 
1 
[Mx L,]- = ihM, = KZ L-— ihp), —C z, L,| 


1 
= uU Es, — pzLyLy — LypyL, + Lypz;L,) 


h X x 
+ FL — pxLy) + «(u.s — 7 L,) . (1) 
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14. Dynamical Symmetries 
We have 
PyL, Ly = p,L,L, — ihpyL, = LyplyL, — iħp, Lx , 
and 
pzLyLy = Lyp,Ly — ihp,L, , 
and therefore 
PyL, Ly — p L,L, — LypyL, + Lyp, Ly = ih(p,L, — p,L,) 


In addition, 
Ly Ps — pxL, = —ihp, , and LI-ÍL- -ih* , 
r 


using the commutation relation [L;, p,]-. = ih Y, ei; p, already mentioned in 
Exercise 14.6; thus we obtain 


h . 
(Mz, L,]- = iT (eL, — PyLa —ihp.) — iħc =ihM, (2) 
What we still have to prove is that, e.g., [M,, Lx] = 0. Continuing, we write 


Ra: — ip); — 274 
u r 


1 
= p PT s — Pz Ly Lx — Ly pyL, + Lxp;L,) 
Ah x x 
+1—(Lypy — pyby) + L,— — — Ly > (3) 
H r r 


which leads to 
PyL:Lx = p,L.L. + ihp, Ly = Lsp; L- — ihp,L, + iħp, Ly , and 
p.L,L, = p: Ls Ly — iħp; L: = L,p,L, + ihpyL, —ihp,L, , 
yielding 
PyLzLx — PzLyLx — LypyL, + LxpzLy=0 . (4) 


Furthermore L,p, — p,L, = 0, but also L,x/r — x/r Lx = 0 (since [x;/r, L;]- 
= ih>,€:.X,/r). So we end up with 
[M,,L,]=0 . (5) 


The remaining commutation relations can be derived by cyclic permutation of x, 
y, and z. 
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EXERCISE Se 


14.8 Proof of the Commutation Relation for [M i H jd- 


Problem. Prove the commutation relations 


21h - 
[ M;, M jl- = u H Y sula 


Solution. As in the preceding problem we proceed by proving it for its compo- 
nents. 


M,M, — M,M, 


-[osi- Wn. ež (px L — ii), - ch 


1 
-f gxr- inp), — eZ Hi (px — inp), — ež} (1) 
1 "D . 
= u? (py L. — pL, mi ihp.)(p. Lx — Px L, ~ ihp,) (2a) 

1 . 

— pe (D. Lx — pxL — ihp,) (p, L. — Pz Ly = ihp,) (2b) 
ci y a 

+ u E (p, Lz = PzLy mi ihp,.) = (p, L: —pzL — ip.) — 4 (2c) 
c . X x m 

T u Lr = DxL. m ihp,) T — " (p; Lx — Px Lz m n . (2d) 


After performing the multiplications in (2a) and (2b) we end up with 18 terms. All 
terms created by multiplication with ip, or ihp, cancel (maybe one has to 
commute terms). This leaves 


1 
ga OE. uM Dy L:piL, — pzLy pe Ls + pzLyp.L, 


— p,LgpyL, + PzLxPzLy  pxLp,L. — PxLzPzLy) 
We have 
py Lip. = pypzL,L, + ihpyp.Ly 
= p,LypyL, + ihpyp,Ly — ihp,p,L, , 
PzLxPzLy = pzpzLxLy + ihp.p,Ly 
= p,pL,L, — ihp,p,L, + ihp,p,Lz 
= p,Lyp,L, — ihp,p,L, + ihp;p,L, — ihp,p.L. , 
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Exercise 14.8 Px LzPy Lz = pxpyL,L, — iħpxpx L: 
= py,L,p.L. — iħpxPxL: —ihp,p,L, , 

PzLyPxLz = pzpxLyL, — ihp,p,L, 
= p,L,p,Ly —ihp,p,L, + ihp,p,.L, , 


so we obtain 
ih 2 2 
ye PrPzLy — Pz L, — PzPyLy + P: L, 


-= PzPxLx = prL, m p;L, m pL, + PzPxLx) 


ih 
= — we? ^L, (3) 
for (2a) and (2b). Now consider the remaining terms of (2c) and (2d), which lead 


to 


x X uu X y y... y 
L.—-— xL,-— hp, — — L,- zay ~ x 
Pedag — Pals Mp, Z — Pyles + pLy7 + ihps — 


x x x y y TD 
—~p,L,+—- xL; h- 7 z——Pp:ly—ih=p, . 4 
>? +P +1 „Py + = Pyk >? y-1 >? (4) 


Here we find 


y y +p YX x x xy 
x-=—p,tihkh— and —p,—-- —-p,—ih— 
Pep iP uh " o? P 7 Py r? 


The differences of the terms remaining in (4) may be simplified with the help of 


x 
^r 


X x ae, 74 
PzLx- =p L = - p: L; + ih — Ly , 
r r' r 


< 


y y TOL 
.Ly-=p,-L,=-—p,L,+ih-=L, , 
Pz yy p y LP yt! r? y 


` 


X 
—p,L,~= —px- L, m ihp, > 
r r r 
fl 2 . 
= -inL + ih( 2-25) 1. iho, ; 
r r r r 
y y a x 
-pLI- TPs? L: — thpy — 


y (1 y po Xx 
= -inL en(- 25) L+ iho” 
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This leaves the remaining terms as 
x x Xx x y y y y 
Pz Lx "in Px Lz "iu PL. + ;PxL. — py L; " + pL, " + "PL. + z PL, 


af X yz 1 x? 1 y? x y 
-in( S44 us S) 3 L: += Dy Px) > 


r 


(5) 
and we have 
xL, — yL, = —ih(x(y0,z0,) + y(z0, — x0;)) 
= —ihz(yd, — x0,) = —zL, 
Substituting xp, — yp, by L: we can transform (5) into 
1 2 1 2 
in] Set ext ty Lt Lf ait (6) 
r r r r 
Collecting the partial results (3) and (6), we end up with 
hp? c 2ih fp? c 
=j- )1,4-— 1, =—-2i-| — —- JL, 
[Ma My) s (2) ar pe r 
- rit ur, (7) 
H 


[M,, M,]- = 0 is evident, and the remaining commutation relations are de- 
rived by cyclic permutation. 
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15. Mathematical Excursion: Non-compact Lie Groups 


15.1 Definition and Examples of Non-compact Lie Groups 


Compact and non-compact Lie groups differ from each other in their essential 
properties (which will be discussed later), so we should investigate the group 
quality “compactness” more fully. 

A Lie group is compact, if its parameter range is compact. This non-topologi- 
cal definition is somewhat simplified, but is perfectly adequate for our purpose. 
In the case of parameter ranges that are subsets of IR", this means, owing to the 
theorem of Heine-Borel, that the parameter range has to be closed and bounded. 

Ás an example we consider SO(3y every element of this Lie group can be 
written as exp( —i@L), where $ = ($x, $,. 4.) stands for three real parameters. 
Ás discussed in Sect. 1.9, the parameter range of SO(3) is the set of all rotation 
vectors ó whose endpoints lie within a sphere of radius m, so that |ó| < x. 
A sphere is a compact set, and therefore SO(3) is compact. 

The case of SU(2) is similar; its elements are given by 


exp (2) = cos ($) 1 - isi (2) (15.1) 


(with the unit vector n = $/|ó| = 4/4). Because of the periodicity of sin x and 
cos x, we need only a range |@| x 27, and thus the rotation vectors ¢ fill a sphere 
of radius 2z. Another proof of the compactness of SU(2) will be given in 
Exercise 15.1. 

As the first example of a non-compact Lie group we take SU(1,1). To 
understand the definition of this group better, we turn to the definition of the Lie 
groups SU(n) once more: these are unitary n x n matrices C lines, n columns) 
with determinant 1. For Ü eSU(n) we thus have Ut = Ü T 

Now let us consider the action of the transformation U on an n-dimensional 
vector Z = (z,,...,Z,)’ with complex components z; (i = 1, ..., n). We get a vec- 
tor Z’ = UZ and 


IZI? =(Z)tZ’ = ZtUtUZ = ZZ = |Z I? 


(because Ut = U~'). Thus every matrix of SU(n) transforms n-dimensional 
complex vectors in such a way that their norm is conserved, where this norm is 
defined as 


WZ = inl +--+ + lanl? 
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As we have 

IZ) = /2'9Z , (15.2) 
where g is the so-called metric tensor, we get such a norm if the metric tensor is 
just the n-dimensional unit matrix, ice. 

9 = lin 


As a generalization of SU(n) one can now define the Lie groups SU(p, q) 
(with p + q = n), which transform n-dimensional complex vectors in such a way 
that a norm is conserved, but this is now defined in a different way: 


toc Iz, = |Zp+1l? =o Iz, 


This norm corresponds to the metric tensor 


, (hg 0 } 
j= (15.3) 
k 1 


For Ü eSU(1, 1) we thus have 
(5) =U (5) with |24[? — |22? = |z, [2 — Jz; ^. 
22 Z3 


Furthermore, Ü € SU(p, q) has the determinant 1. 


EXERCISE Ss 


15.1 Representation of SU(2) Matrices 


Problem. Show that every U € SU(2) can be written as 


3 
U = Uoo +i X U;, Oy, (u,e IR; Go = Lia) 
k=1 


with uo + uj + u$ + u$ = 1, and prove the compactness of SU (2). 


Solution. We use (15.1): 


E 


3 
U = la cos(p/2) — in- ésin(/2) = 65 cos($/2) — i Y. nô sin(d/2) 


k+1 
Thus 
~ 3 . 
U —ug6o +i Y ug , with ug =cos(d/2), u,- —n, sin($/2) , 
k=1 


3 
= Y ug = sin?(/2) X n? = sin?(¢$/2) , 
k=1 k 


15.1 Definition and Examples of Non-compact Lie Groups 
because |a| = 1, 
3 
= uĝ Y, uj = cos?(ó/2) + sin?(¢/2) = 1 
k=1 


This is the surface (topologically, the boundary) of a 4-dimensional unit sphere 
and is therefore a compact set, so the SU(2) is compact. 


EXERCISE m 


15.2 Representation of SU (1, 1) Matrices 


Problem. Show that every Ü eSU(1,1) is a complex 2x2 matrix with 
a) Uté;U =ô, and detÜ —1 


b) U = 70969 + 0410, + 20; + 10363 5 (v, € IR) > 
with vi —v? — v3 +02 =1 


Why is SU(1, 1) not compact? 


Solution. a) As the norm is to be conserved, we have 


IZi-J/Z'9Z J/ZUÜ'90z- ZZ , 


whence follows: 


it follows that 
Ü'8, Ü = G3 
det U = 1 is necessary, because U eSU(L, 1). 


b) Let Ü — (: 4 with a, b,c,d e C. This leads to 
C 


Ü'aÜ = a* c*V(1 0 a bY [(aa*—cc* a*b—c*d 
9V —ipe gel\o —1/ lc dj \ab*—cd*  bb* — dd* 
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It follows that 

a*b — c*d 20 (A) 

la? —|]e? 21 (B) 

ld? -|b 21 © 

1 = det Ü — ad — bc. (D) 
(A) x a yields 

0 = ja|?b — c*ad = lab — c*(cb + 1) 

= (laf — 1e?) — c* = b — c* 

Thus 

b=c* (E) 
With (E) we get from (A) 

b(a*—d)=0 , thus a*=d 
Hence, 


A a b 
g= b* a* 
With a = x + iy, b = z + it, 
A (t2 Md 
g = . . 
z—it x—iy 
St Vay (h 9, P n (o -i 
Salo Plo —1/*7l1 oJ 7 o 
= X69 + Zô; — tó; + iyô3 , 
Le. with Vvo = x, V; = Z, v2 = — t, v3 = y. 
võ = vp — vi + 03 =x? + y? (2? + t?) = fal? — |b? = fal? — Jef? 2 1 


The range with «5 — v? — v3 + vi = lisa non-bounded set and therefore is not 
compact, so SU(1,1) is not compact. 


EXERCISE EEEEEEEEEIEEMEMEIENMEEEMEEMEEMEMEREMMMNAMEAMNNMN 


15.3 Non-compactness of the Lorentz Group 
Problem. Show that the proper Lorentz group L (Exercise 3.4) is not compact. 


Solution. The 6 real parameters of L are the rotation angle c and the rapidity 


& = (f/iBl)tanh ~ ' || with B = v/c. 


15.1 Definition and Examples of Non-compact Lie Groups 


Now, the magnitude of the relative velocity » between two coordinate 
systems is always smaller than c, which leads to 0<|f| « 1. This yields 
0 < tanh‘ |f| < oo and thus also 0 < |£| < oo. So the parameter range of L is 
not bounded and therefore is not compact. 


Remark. Here one can see that it is very important to use the correct para- 
meters to check compactness. In the single components of the rapidity £, the 
Lorentz group is additive, by which the non-boundedness is immediately obvi- 
ous. In the components of the velocity fl, however, we have a complicated law of 
addition, which makes the proof of the boundedness much more complicated. 
One can show that |fl| = 1 is not an element of the Lorentz group! 

Now we come to another class of non-compact Lie groups, the groups 
SO(p, q) (with p + q =n), which are a generalization of the special n-dimen- 
sional rotation groups SO(n). 

Whereas U eSO(n) transforms a vector x eR" in such a way that |x|| = 
/ x" x is conserved (i.e. à = Lim), SO(p, q) transformations leave invariant the 
norm 


PAL ++ |x,|? = [xy «il? mE EA = y xTóx 


[xl] = 


with 


^ Lip) 0 ) 
g = 
( 0 1, 


The determinants of the SO(p, q) transformations matrices are + 1. 

As is well known, proper Lorentz transformations leave the quadratic form 
x? + y? + z? — (ct) invariant and can thus be described by SO(3,1). The 
non-compactness of the Lorentz group (cf. Exercise 15.3) is therefore a special 
case of the non-compactness of all Lie groups SO(p, q) (with p,q # 0). 


EXERCIS| 


15.4 Generators of SO(p, q) 


Problem. How many real parameters has a Lie group Ü eSO(p, q) with 
p+q=n)? Find a set of generators and show that the resulting infinitesimal 
operators (cf. Sect. 3.13) can be represented as 


^ 


ô ô 
Ly =i(u 2x2) „(i< j) fori,j=1,...,pandi,j=p+1,...,n 


> . Ó 6 
Ly=i(u 2 +x2) , for i 2 1,...,p and jJ=pr+il,...,n 
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Solution. For infinitesimal transformations we have 


478 
Exercise 15.4 
U = Lin + SU 3 
where SU may contain only infinitesimal real parameters. With x’ = Ux 
(x e R") it follows from norm-conservation that 


(x')’ gx’ = xTUTGUx=x"Gx , 


and thus 


UTGUx = 9 + 6U"G + 96Ü + O(6U?) = ĝ 
Because 97 = ĝ, this leads to 
gSU = —(gSU)* 
The following ansatz is very helpful: 
, (A B 
ôU =| 2. a 
un 
(for example, B is also p x q matrix), 
s (A BN suas -ÂT €T 
= 90 -( ^c 1) = eo (C b? 


It follows that 


^ 
3 


4 , BT=—D 


AT=—A 
Thus SU has the following form: 


where A and C are, respectively, real antisymmetric p x p and q x q matrices, and 
B is an arbitrary real p x q matrix. So the number of parameters is 


for Â: p(p—1)/2 
for Ĉĉ: q(gq— 1)/2 
for B: pq 


Together, 
1 2 2 1 2 
3 Lp’ + 2pq+ 4° —p-d]75l(p* a — (p+ al 


n(n— 1) (n=p+4q) 


— 
— 


I| m 


15.1 Definition and Examples of Non-compact Lie Groups 


Thus SO(p, q) with p + q =n has as many parameters as SO(n) (cf. Exercise 
3.17). Now we determine the generators. Let 


0 — 012 — 1, 
à12 
A= : 
—p-1.p 
0 


Ap~i.p 
be an antisymmetric matrix. Then the corresponding generator is 
- ð a 
$4 =i-— A 
rt óa,, 
0 .. -1 
207 for rt-í,..,pr«t 


-— 


1 .. 0 
Analytically, 
($4) = i(—ó,9,- 0,94) (rt Lp r < t; and i j= 1, wey B) 


In a completely analogous way one gets for the generator of the matrix Ĉ 
($5), = i( 5,154 094) (nt pL. r< i and i,j =1,...,n) 


The remaining part of S U can be parametrized as follows: 


b, pei Di ptq=n 
( 0 a) B b ppt b pipa 
BT 0 bi ptt eee by pi 
bDi p+q=n Dy.p+a 
Correspondingly, we have 
... 5M). 


($8), = i(6,:6,; + 6,00) (r Ls ptm pt 1,...,m andi, j= 1, 


Now the infinitesimal coordinate transformation can be written as 


Xk = Û,, Xj = (Lin + 5U), jx; 


n P a n a 
i » Xj 2 (a $3; + > (c Seu 
j=l r,t=1 rt=p+1 
(r <t) 


p nh - 
+> Y (b. SEX; 


r=1 t=p+1 
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Exercise 15.4 Hence, we get the following infinitesimal operators Ê, (3.71). For r, t = 1,...,p 
and r « t, 
a "0 
L, =1 — XI 
D ay, ' 


óU «0 OX, k+1 


ð 28 A v" i64 Ó 
a =l Y (-9 2 (Sady Xe 5c 


mA ð â 0 
= — 6494; OvjOri jz =I ra. PM 
P MK a Ono) OX, i(. dx, 7 x) 


In an analogous way for r,t = (p + 1),....(p+q=n)andr<t 


ð EN ð x Ó 
óU =0 OX, u " Ox, Ox, 
For r=1,...,p and t=p+1,...,n the minus sign is just replaced by a plus 
sign: 


n Oo 
Ly =i > a Xk 
k+1 [Crt 


LAE X, Lu 2 
su -0 OX, — ' Ox, ' x, 


The commutators of these infinitesimal operators can be calculated easily 
knowing that [0/0x;, x;] = ój. 


. 0.60, 
La =i Y ab, * 


k+1 


15.2 The Lie Group SO(, 1) 


In order to have a simple and clear example in mind, we concentrate in the 
following on SO(2, 1), ie. p 2 2 and q = 1. Here we have three generators 
(L15, L43 and L;3) and their commutation relations 


[Liz L] = —iL 2; , [Z2 224] = il; , [15,223] = iL; . (15.4) 


However, usually we do not use these three generators, but the following: 


j= -Lia=-i(sS+y 2) (15.5) 


(this choice is allowed, because the Lie algebras (755, L45, L12} and {L23, L13, L12} 
are isomorphic; see Example 3.20). 
Now, the commutation relations adopt a very suggestive form: 


[/.J,] 9 —if, , [4,4] if. , Sait, . (15.6) 


15.2 The Lie Group SO(2, 1) 


But for the minus sign in the first commutator, these are just the well-known 
commutation relations of SO(3) ([J;i,J;] = iY, &ijxJ,). Formally one gets the 
commutation relations of SO(2, 1) from those of SO(3) by making the replace- 
ment 


~ ~ 
șa ~ ~ ~ ~ 


J,7 J, =i, , J>J =iJ, , J,7J, =, 


(However, this projection of the real Lie algebra of SO(3) on the real Lie algebra 
of SO(2, 1) is no isomorphism, because imaginary coefficients are used.) 

This relation between SO(2, 1) and SO(3) makes it possible to recognize 
immediately that SO(2, 1) is not compact, because the group elements of the 
SO(3) transform as follows: 


exp[ —i(z,J, + a,J, + a,J.)] -> expla, J, + a, J, — ia, J.) 
The first two terms in the exponent of the SO(2, 1) group element are responsible 


for the fact that the absolute value of the group element is no longer bounded. 
Hence, it follows immediately that SO(2, 1) is not compact.. 


EXERCISE Se 


15.5 Casimir Operator of SO(2, 1) 
Problem. a) Determine the Casimir operator of SO(2, 1). 
b) Express this Casimir operator in terms of 
m =J,+ iJ, and J, 
Solution. a) SO(2, 1) has rank 1 and therefore only one Casimir operator. This 


Casimir operator is given by (cf. Sect. 3.9) 


ij 


where g" is the inverse Cartan metric tensor: g” = (g;,;)~*. In its turn, gj; 
depends on the structure constants C;;, (recall that [J;,J;] — iy. Cij.Jx) as 
follows (cf. Example 3.9): 


gij = » Citi C jik 
kl 


For SO(2, 1), because C;j, = —Cj4, one has only three linearly independent 
non-vanishing structure constants: 


Cio37 —1 , Caa =i , Cia--i 
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All structure constants with two or three equal indices vanish, and so gi; can 
easily be determined. For example, we have 


gii Y Cii Cii = C123 C132 + Cia2 C123 = 2( —i)( 71) = —2 
kl 


-2 .. 0 -1/2 .. 0 

gj=| : 72 :]7957| : -2 : 

0 . 2 0.  .. 1/2 

Hence, C = 1(— J2 — J? + J2), or, if one suppresses the factor 1/2 for conveni- 
ence. 

6--31-J314J2 
b) We get 

PBdo-$ajB(pgej1. 2-3, 
and thus 


^ 


=-(f, l +I) +=- J +P, 


Alternatively, 


From these two representations of the Casimir operator in terms of J NE - 
and J, one can deduce important consequences for unitary representations (i.e. 
J! = Jifori = x,y,z) of SO(2, 1). As in the case of the unitary representations of 
SO(3) one can choose the corresponding states to be eigenstates of C and J;: 


C|Xa» = X|Xa» , J,|Xa» =a\Xa) (15.7) 


with real numbers X and a, because C and J, are Hermitian for unitary 
representations. In the case of SO(3) we had the relations X = j(j + 1) and 
a = m, and by this we got (j < 0) 


j(j+1)—-m(m+1)20, thus 
X —a(at1)z0 with X20 . (15.8) 


This yielded —j < m x j, and so the existence of a finite number ( = 2j + 1) of 
different states [Xo, a = m> for a fixed X, — j(j + 1) was demonstrated. Here 
one speaks of finite-dimensional irreducible unitary representations. 

The relation for unitary representations | X a» of SO(2, 1), which is analogous 
to (15.8), can be found as follows. 

We know from Exercise 15.5 that 


C=-J,J-+ 2-3, >J, J- -—640.41-J, 
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me eee 
Now, J_= Ji, which leads to JJ. = JJ Y. But this means that Jij is 
a positive definite operator, because applying it to an arbitrary state |y> yields 


QJ Jil» = Cele) z 0 


with |o» — Ji|W». From this it follows for eigenstates |y» with 
(J.J V) = blx» 


QUA blo z0-b-0 


(b is real, as J.J t. is Hermitian). In particular, when applied to |Xa) we get: 
J.J.|Xay =(-C + J2 — J.) Xa 2(— X + ala + 1)|Xa) , 


i.e. | Xa) = is an eigenstate of J, J- with the eigenvalue —X + a(a 4- 1) z 0. In 
an analogous way it follows from Exercise 15.5 that 


FJ, =J-Jt=-+]J? +J, 
and thus 
—X +a(a+1)2>0 
Altogether we have 
—-X+a(a+i1)2>0 . (15.9) 


As C is Hermitian, X is real. However, contrary to the case of SO(3), one cannot 
say anything about the sign of X, because here C is not a sum of positive definite 
Hermitian operators. EM 

The relation (15.9) has an important consequence for the dimension of 
irreducible unitary representations of SO(2, 1), because for both positive and 
negative X the value |a| has no upper bound. Hence, it follows that for every 
X there is an arbitrary number of a’s and so we have an infinite-dimensional 
irreducible unitary representation. The fact that the compact SO(3) possesses 
finite-dimensional, but the non-compact SO(2, 1) infinite-dimensional, irredu- 
cible unitary representations is not pure chance. On the contrary, one can show 
that the following theorem is valid: 


i) Every irreducible unitary representation of a compact Lie group is finite 
dimensional. 

ii) A coherent, simple, non-compact Lie-group permits no finite-dimensional 
unitary representation except the trivial one (where all generators are repres- 
ented by the unit matrix). 

We notice that SO(2, 1) is coherent (i.e. possesses a coherent, connected 
parameter range) and also simple (see Sect. 3.3). 

But let us return to the irreducible unitary representations of SO(2, 1). The 
relation (15.9) furthermore states that the jin X = j( j + 1) need no longer be an 
integer or half-integer number. Again, the reason for this is that there is not 
always a breaking condition for a which gives a relation between a and X or j. 
Therefore one distinguishes between discrete and continuous series for X. In the 
latter, X can adopt arbitrary real values within a certain range. For details, 
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please refer to the literature’; we mention here only a special continuous series, 
namely that with X < —1/4. With X —j(j + 1), this leads to 


p-jris(a4D'«0. (15.10) 
Therefore one chooses here 
j^ —-1/2+ik , keR . (15.11) 


Then we have 
X =j(j+1)= —k? -1/4 


Because of —X > 1/4 and (15.9), for every fixed k, a has to fulfil the condition 
a(a + 1)> —1/4. But as we have 


a(a+1)+4=(a+4)20 


(for a e IR), arbitrary real a are permitted. However, as shown in the literature, 
adjacent values of a differ by 1; this can be derived from the properties of J + and 
J. 


15.3 Application to Scattering Problems 


Continuous series such as j = —4 + ik are predestined for the group-theoretical 
treatment of problems in quantum mechanics, where continuous (energy) eigen- 
values appear: for example scattering problems. The procedure will be outlined in 
the final exercise. 


EXERCISE m 


15.6 Coordinate Representation of SO(2, 1) Operators 
Problem. Determine the explicit coordinate representation of the SO(2, 1) oper- 
ators C and J, in polar hyperbolic coordinates: 
x=rcoshocos@ y=rcoshesing z= rsinh o 
r>0;-w<o<wm0<G¢<22 


(Why do J + and J, not depend on 7?) Then perform a similarity transformation 
Ó — ÜOÜU ^! with U = cosh! o and find the coordinate representation of the 


! LC. Biedenharn in Noncompact Groups in Particle Physics, ed. by Y. Chow (Benjamin, 
New York 1966) p. 23. 


15.3 Application to Scatttering Problems 
eigenvalue equation 
Clim> =j(j + Dm» (with J,|jm> = m|jm>) 


Solution. The following differentials are to be calculated: 


9 r3 3 | 06 0 
ôx  Oxór dxdo Ox0Q ' 


Using the inverse transformations 


r= /x?+y?—z? , ozssinh!(G/J/x-yb-z), 
$ —tan '(y/x) , 


one gets for these differentials 


_ ô  sinhgcosó ô sng @ 
ax — cosh @ cos $ or r de rcoshodd 
0 . ,0 sinhosing ô cosÓ ĝ 
By ^ Chesne = — r do reosho ad 
ô , ð coshọ ô 
z7 —sinh o cos $ = + - 30 
and, hence, 


Thus these SO(2, 1) generators are r-independent. This is clear insofar as in the 
given coordinates we have for r = const. (i.e. no r-dependence) 


x? + y? — z? = r?(cosh? o — sinh? o) = r° = const. 


Thus the two coordinates Q and $ alone completely parametrize a domain of IR? 
(a hyperboloid), which is invariant under SO(2, 1) transformations. Therefore the 
generators J, and J,, with whose help these transformations can be executed, 
have to be r-independent, too. (The analogue to this is spherical coordinates 
(r,0, $) with r = const. in the case of SO(3), whose transformations leave the 
surface of a sphere invariant.) 
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The similarity transformation with U = cosh'/? o only concerns the oper- 
ator (0/0Q), because (00/09) = 0. The transformation is 


ð QV i 0 
jo =| cosh*’* o oo cosh Q 


Ó 
= —+tanho+ 3o 


(This similarity transformation is convenient, because the volume element 
for the hyperboloid x? + y? — z? = const. (calculated with the norm 
lri? = x? + y? — z?) is proportional to cosh g. So the essential part of the 
volume element is included in the wave functions y’ = cosh!? oy so that one 
can use a volume element proportional to dod for integrations.) Thus we get 


^ 


+» .8 5 [ô . 0 
J= J= -iz Ji = es 2 EI 


A: n s 9 0/09) + 1/4 


To solve the eigenvalue problem 

Clm» =j(i+ Dm», Jujmy = ml jm) 
we make the following ansatz: 

Cool jm» = Uj,(g)e'"* 


This immediately solves the second eigenvalue equation. Substituting for Ó in 
the first equation yields 


4.2 uuo Junto = —-LIG + 1) + 4] Uim = -(j + 4)? Uim 


But this is just a one-dimensional Schrödinger equation (with h = m = 1) for the 
so-called Póschl-Teller potential 


V(Q) = —Vo/cosh? o 


with strength V; = m? — 1/4! The eigenenergy of this potential-problem is 
E; = —(j + 1/2)". Using the continuous series (15.11), j = 1/2 + ik(k e IR), one 
gets 

Ej = Ey j) =k? >0 


5 


and can thus treat the scattering problem (E > 0) for the Péschl-Teller potential 
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in a group-theoretical way. The infinite-dimensional irreducible unitary repres- Exercise 15.6 
entations of SO(2, 1) (i.e. k fixed, m variable) describe a scattering problem with 
fixed energy k? and variable potential m? — 1/4. 
Generalizations for scattering problems with up to three space dimensions 
and other potentials are given in the literature?. 


2 Y. Alhassid, F. Gürsey, F. Iachello: Ann. Phys. (N.Y.) 167, 181 (1986); J. Wu, F. 
Iachello, Y. Alhassid: Ann. Phys. (N.Y.) 173, 68 (1987). 
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